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with nonlocal initial-boundary and integral overdetermination conditions. We use the Fourier method and
the Schauder principle to investigate the solvability of the direct problem. Further, the problem is reduced
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Introduction and setting up the problem

Nowadays in the theory of mathematical physics equations, investigations devoted to the
direct and inverse problems take an important place. These problems arise in situations, when
the structure of the mathematical model of the studying process is known and it is necessary to
set the problems of determining the parameters of the mathematical model itself. Such problems
include the problems of determining various kernels, leading and lower coefficients of equations,
nonlocal initial and boundary conditions, and so on (see [1]).

Problems with nonlocal conditions for partial differential equations have been studied by
many authors. In the paper [2—4], two initial-boundary problems for a hyperbolic equation with
nonlocal conditions are considered and a method for proving the solvability of nonlocal problems
with integral conditions of the first kind is proposed. The method is based on the equivalence
of a nonlocal problem with an integral condition of the first kind and a nonlocal problem with
an integral condition of the second kind in a special form. As a result, the unique existence of
generalized solutions of both problems is proved.

An m-point nonlocal boundary value problem was studied for quasilinear differential equa-
tions of first order on the plane by David Devadze (see [5]) and the conditions for the existence
and uniqueness of a generalized solution in the space were proved.

In the articles [6-8], the unique solvability of nonlocal inverse boundary value problems for
hyperbolic, elliptic equations with overdetermination conditions is considered. The existence and
uniqueness theorem for the classical solution of the considered inverse coefficient problem is
proved for the smaller value of time.

The inverse problem of determining the time-dependent thermal diffusivity and the temper-
ature distribution in a parabolic equation in the case of nonlocal initial-boundary conditions
containing a real parameter and integral overdetermination conditions are investigated in the
works [9-15]. Sufficient conditions for the existence and uniqueness of the classical solution to
the inverse problem of this equation are obtained for small time.

The problem of determining the kernel k(t) of the integral term in an integro-differential heat
equation was studied in many publications, [16-24], in which both one- and multidimensional
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inverse problems with classical initial, initial-boundary conditions were investigated. There is
proven existence and uniqueness of inverse problem solutions.

In this article, we study an inverse problem in integro-differential equation for a second-order
parabolic equation with nonlocal initial-boundary conditions. For the inverse problem of deter-
mining the kernel k(¢) function in the one-dimensional integro-differential parabolic equation, the
existence and uniqueness of the solution to this problem is studied.

Let 7> 0, I > 0 be fixed numbers and Dy, = {(z,t) | 0 < z <[, 0 <t < T}. Consider the
inverse problem of determining the functions wu(z,t), k() such that they satisfy the equation

t
Up — Ugg = / k(t — T)u(z,7)dr, (z,t) € Dy, (0.1)
0
the nonlocal initial condition
u(z, 0) + Mz, T) = p(z), « € [0,1], 0.2)
the boundary conditions
u‘l“:o = u|$=l = 07 ()0(0) = (p(l> = 07 te [07T]7 (03)

and the additional condition

/0 w(z)u(x,t) de = h(t); (0.4)

here A > 0 is a given number, p(z), w(zx), h(t) are given functions of x € [0,] and ¢ € [0, T].

It is clear that (0.1)~(0.3) constitute a nonstandard problem since the initial data u(z,0) is
specified in terms of the solution at ¢ = 7. There are a variety of physical situations that
might be modeled by (0.1)—(0.3). A straightforward interpretation is that u(x,t) represents the
concentration of some diffusing substance, whose initial level is unspecified, although it is known
that this initial level must be balanced against some weighted average of all future levels of
concentration. Condition (0.4) represents a space average measurement of the temperature. This
inverse formulation is significant to modeling several practical applications related to unknown
potential and temperature. For instance, in the various fields of human activity, such as mineral
exploration, medicine, seismology, biology, desalination of seawater, movement of liquid in a
porous medium, etc.

In the direct problem, for given numbers [, 7', A and sufficiently smooth functions k(t), ¢(x),
it is required to find a function u(z,t) € C%(Dg;) () C(Dyy) satisfying equations (0.1)—(0.3).

Let C™(0, 1) be the class of m times continuously differentiable with all derivatives up to the
m-th order (inclusive) in (0,1) functions. In the case m = 0 this space coincides with the class of
continuous functions. C™J(Dqy) is the class of m times continuously differentiable with respect
to z and j times continuously differentiable with respect to ¢ all derivatives in the domain Dy
functions.

§ 1. Investigation of the direct problem

The solution of equation (0.1) with the nonlocal initial condition (0.2) and the boundary
conditions (0.3) satisfies the relation

u(:c,t):q)(x,t)—)\/T/lGo(a:,E,T+t—T)/Tk(oz)u(f,T—a)dadfdr—i—
D — (B

Gz, &t — k , T —a)dadédr,
[ [ east=) [ tauter—a)dadsr
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where

/G’Ox{t €) dg,

o
(= ™m
G(z, &, t) = Z’TQSm—fsml:c,

M)2t ™ ™

2 o0
Go(x, &) _721 +)\e T e_(l smTf'sme

Denote the operator taking the function u(z, t) to the right-hand side of (1.1) by L. Then (1.1)
is written as the operator equation

u = Lu. (1.2)
Let

Py = max |[®(z,t)], ko= max |k(t)],
(z,t)€D 1y t€[0,T]

let S4(0) = {u | ||u|]| < d}, let d be some positive number.

We use the Schauder principle (see [20, p. 411]) to the existence of solution of the operator
equation (1.2).
Lemma 1. Suppose that the following conditions are satisfied: p(x) € C[0,1], k(t) € C[0,T],
©(0) = () = 0. Then for all T and d > Dy satisfying the estimate

2(d — o)

0<T <, |22
S S AN

(1.3)

the operator L is uniformly bounded and equicontinuous.

Then according to the Schauder principle there exists at least one classical solution of prob-
lem (0.1)~(0.3) in the space C*!(Dqy).

P ro o f First, we establish the uniform boundedness of the operator L. To this end, we show

that there exists a p € (0,d] such that ||Lu|| < p, where ||Lu|| = max |[Lu|. For u € S4(0)
(l‘,t)eDTl

and (z,t) € Drp, we find estimate ||Lu|| < ®q + kod(1 + )\)%2 = p. For T that satisfies the
estimate (1.3), the operator L is uniformly bounded.

Definition 1. An operator L is said to be equicontinuous if for each ¢ > 0 there exists J, =
= d0p(e) > 0 such that the inequality

||LU1 — LUQH S 9
holds for all (z,t) € Dyy, ui(x,t), us(z,t) € Sy(0) with [Jui(x,t) — ua(z,t)|| < do.

We consider the estimates

||LU1 —LUQH S
<A ﬁ;ze%T / / Go(z, €, T+t—7‘)/ k(a)(ui (&, 7 — ) —ul(f,T—a))dadng‘ +
+ max / / (2,6, — / k(o) (w1 (6,7 — @) —m(f,r—a))dadfdr‘ <

T? T?
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Consequently, if we take Jy = (IHQW, then inequality (1.3) will hold for § € (0, o], the
operator L is equicontinuous. Then the operator L is completely continuous on Sy, and it has at

least one fixed point on Sy by the Schauder principle. The proof of the lemma is complete. [

Thus, Lemma 1 implies the following assertion on the existence of a solution of the operator
equation (1.2).
Let us prove the uniqueness of this solution.

/ 2
T < m, (1-4)

the operator equation (1.2) has a unique solution in the class C*'(Dry).

Theorem 1. For all u € S4(0) and

Proof Letproblem (0.1)-(0.3) have two solutions wuy, us, u; # us. We denote their difference
by ¥ = u; — us. For the difference 1), we obtain the problem

t
Uy — Vo = / k(t — )9z, 7)dr, (x,t) € Dy,
0

Hx,0) + X2, T) =0, x€]l0,l],
19|$:0 - 19|m:l =0, te [OvT]

The solution of this problem can be written as
T l T
ﬁ(x,t):—)\/ / Go(x,g,Tth—T)/ k(a)0(&, 7 — o) dad€ dT +
o Jo 0

+/Ot/0lG(x,§,t—T)/OTk(a)ﬁ(f,T—a)dadde.

Estimating we have

1
1@y < §k0T2(1 + )[e@y)-

Hence for 7' that satisfies estimate (1.4) we obtain u; = us. The proof of the theorem is
complete. 0

§ 2. Classical solvability of inverse problem

The solution of the nonlocal initial-boundary problem (0.1)—(0.4) satisfies the integral equation

T+t pl TH+t—7
u(z,t) :<I>(:L’,t)—>\/ : /0 Go(sc,é,T)/O ! E(a)u(, T+t —7—a)dadédr +
t (2.1)

+/Ot /Ol Gla.€,7) /OtTk(a)u(f,t— — o) dadg dr.

Now we write a property of the Green function which will be needed in the future.

Remark 1. The integral of the Green function does not exceed 1:

l l
/Go<x,5,t>dfs/ G, t)de =1, ze[01], te[o,T]
0 0
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We differentiate the equation (2.1) with respect to ¢ and rewrite the result in the form
! T
wle,t) = uat) 42 [ Gula&0) [ ayu(€.T - a)dad -
0 0
T+t pl
—)\/ / Go(z, &, T)k(T +t — a)u(§,0) dadé dr —

T+t THt—7
—)\/ +/G0x£7')/ ’ k(a)u (&, T+t — 71— a)dadédr + (2.2)

// (2, €, T)k(E — T)u(, 0) dé dr +
+/0 /O G(:E,S,T)/O k(@) ug(é,t — 7 — ) dade dr.

We calculate the derivative ®,(z, t), using the relation

Got(@, &, 1) = Goge(w, €, 1).
Integrating by parts, using matching conditions ¢(0) = ¢(l) = 0, we find that

2o = 4 ([ ot €000 t€) = [ G 0016 de = [ Gl 00

Suppose that the conditions w(0) = w(l) = 0 are satisfied. Let us multiply (0.1) by w(x) and
integrate over x from 0 to [. Taking into account conditions (0.2)—(0.4) and differentiate with
respect to ¢, we obtain the relation

%g; - ﬁ /0 W (2 )y, ) i — ﬁ /0 k() h(t — 7) dr. (2.3)

We represent the system of equations (2.1)—(2.3) in the form
9= Ag, 2.4)

where g = (g1, g2, 93) = (u(x,t),ui(x,t), k(t)) is the vector-function.
A = (A, As, A3) is defined by the right sides of equations (2.1)—(2.3):

T [ T
Alg:gm—A/ /Go<x,s,T+t—r>/ gs()g1(6,7 — a) da dé dr +
0 0 0

t l T
" /0 /0 Gla.b,t— 1) /O ga(0)g1 (6,7 — o) davdé dr,

l T
Asg = gos + A / Go(z, €., 1) / g3(0)gn (6, T — o) davdé —

k() =

T+t l
- A Go(x, &, T4+t — ,0)dadé dr —
[ / o(z,€,7)gs(T + £ — a)g(€,0) davdg dr
T+t [ T+t—1
ZA / / Gola, €, 7) / () go (6T + 1 — 7 — o) dad dr +

t pl
+A /(; G<x7£77—)g3<t—T)gl(£70)d§d7__'_

t l t—T
+/ / G’(az,f,r)/ g3(a)g2(&,t — 7 — ) da d€ dr,

1 t
= go3 — —/ x)ge(x,t) dr — h_ g1(T)h(t — 7) dT.
0
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The following notations have been introduced in the equalities (2.1)—(2.3):

h'(t
n(2) = (g0 (1.), (0 2) gu0) = (000,240, 5 ).
Theorem 2. Let conditions

(z)) € C?[0,1], h(t) e C?*0,T],

(z),w
/ ) dx = h(0) + Ah(T),
p(0) =p(1) =0, h(0)#0, A>0, w(0)=w()=0

be satisfied. Then there exist sufficiently small numbers T* € (0,T), I* € (0,1) such that the
solution to the integral equations (2.1)~(2.3) in the class of functions u(xz,t) € C*! (DTZ*),
k(t) € C[0,T*] exists and is unique, where Drp = {(x,t) | x € (0,1*), t € (0,T*]}.

Proof We introduce the notations
Yo = HSOHCQ[O,I]a Wo = ”WHCQ[O,I]u ho = HhHCQ[O,T}-

We define, for the unknown vector-function g(x,t) € C(Dg,), the following norm:

||g||=max{ mas |g(¢.6)]. max |ga(e.1)], max |gg<>|}.

(z,t)€DTy (x,t)€Dqy te[0,T]
We have
||go||:max{ max [go(@.0)]. max[gale.t)] . max |903()|}>
({L’,t)GDTl (:B,t)EDTl [ T]
where

max |go1(z,t)] < max
(l‘ t)eDT[ ($ t)EDTl

!
/0 Gyl €. ) (E) d&‘ < o0,

max |goo(z,t)] < max

I
/ Go(, &, )" (§) df‘ < %o,
0

(1‘ t)eDTl (1‘ t)eDTl
W'(t) ho
< <—
e [gos(t)] < max h@)’ h(0)

Denote by S(go, p) the ball of vector-functions g with center at the point gy and radius p > 0,
i.e., S(g0.p) ={g 1 llg — goll < p}.

Obviously, ||g|| < 2||go|| for g(z,t) € S(go, |lgol|). We prove that the operator A is contracting
on the set S(go, ||go||) if the number 7" is chosen in suitable way.

Now we check the first condition of contractive mapping [19, pp. 87-97] for operator A.
Let g(z,t) be an element of S(go, ||gol|). Then for (x,t) € Dy, we have

[A19 = goill = max [(A1g — go)| <
x,t)€EDry
< max / /Gox £, T+t—7‘)/ g3(a)g1 (€, T—a)dadng‘Jr
$t)EDTl 0

+ max
(l‘ t EDTl

// (2,6, — /gg(a)gl(f,T—a)dadng‘g(1+)\)T2||go||2.

0
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It follows that if T" < , /m =T, then Ayg € S(90, ||90l|)-

|A2g — goz|| = ( max  |(Az2g — go2)| <

x t GDTZ

<A max
{L' t eDTl

T+t
/ N / Go(,€,7)g5(T + t — a)gu (€, 0) dadde’ n

/Goxu/ 9:(0)01(6.T — 0) davde | +

0

+ A max
(:Bt EDTl

T+t T+t—
/ /Goxﬁf/ g(a)gQ(g,T+t_7_a)dad§dT’+

+ A max

$ t)EDTl

+ max

o / / (x,&,7)g3(t —7)g1(&,0 deT’ +

// (26,7 / 0:(@)ga(€.t 7 — @) dad dr| <

< 2(1+ NT?gol* + 42X + 1)T | go ).

+ max
(1‘ t EDTl

It follows that if

VACY+ 129012+ 2(1 + Nlgoll — 202X + D)|gol|
T < - T27
2[lgolI(1 + A)

then Asg € S(go, ||gol])-

A = A
| Asg — gos|| = HngT(]K 39 — go3)| <

! " t w0l+h0
/0 " (2)ga(w, 1) di — / ()bt = 7)dr| < o]

1
max

<
- h(O) te[0;T]

If this satisfies the following conditions

then Asg € S(go, ||90]|)-

As a result, we conclude that if 7" and [ satisfy the conditions 7" < min{T;}, i = 1,2,3, [ < [y,
then operator A maps S(go, ||go||) into itself, i.e., Ag € S(go, ||90]])-

Further we check the second condition of contractive mapping. In accordance with (2.1) for
the first component of operator A we get

I(Ag" — Ag*)ll =
" webn //G”’f“t—ﬂ/ [93(@)gh(€. 7 — a) — g3(a)g3(&, 7 — )] dardg dr +
T ohen // (2,81 = /[ ()gi(ﬁ,r—oz)—9§(a)gf(£,r—a)]dad§df‘.

Here the integrand in the last integral can be estimated as follows

9291 — g9 || = ||(95 — 93)g1 + g3(g1 — g})|| <
<2|lg" = g*|| max (||g1]] [|2]]) < 4llgol [|g" — 97|
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We have that the first component of A can be estimated in the following form:
I(Ag" = Ag*)ill < 27% (1+ A llgoll [|g* — o7

Now we choose number 7" so that the expression at ||g* — ¢?|| becomes less than 1, i.e., the
inequality

277 (14 ) [lgoll < 1

is fulfilled. From these estimates it is clear that if 7" is chosen from condition 7" < —L— =

2(1+2) llgol
= Ty, then the operator A; satisfies the second condition of contracting mapping.

The second component of A can be estimated in the following form:
1(Ag" = Agh)all < (2llgoll T*(1 +X) +4(1 + 2X)[l90lIT) [|g" — o7

Now we choose number 7" so that the expression at ||g' — ¢?|| becomes less than 1, i.e., the
inequality

20l gol| T*(1+ X) +4(1 + 2\)[|go[| T < 1

is fulfilled. From these estimates it is clear that if 7" is chosen from condition

7~ VACAH D2gofl* + 201 + Nllgoll — 222 + Dllgoll _

T57
2/|goll(1 +A)
then the operator A, satisfies the second condition of contracting mapping.
Similary,
1
1(Ag" = Ag)sll < = (wol + hoT) lg" — gl
h(0)
IfT < %;wol =1Ts | < %2) := Iy, then the operator Aj satisfies the second condi-

tion of contracting mapping. As a result, we conclude that if 7', [ are taken from conditions
T € (0,min(T})), i = 1,6, [ € (0,min(ly,l5)) then the operator A carries out contracting map-
ping of the ball S(go, ||go||) into itself and according to Banach theorem in this ball it has a
unique fixed point, i.e., there exists a unique solution of operator equation (2.4). The proof of
the theorem is complete. O

Since the integral equations (2.1)—(2.3), which are the same of the vector-operator equa-
tions (2.4), are equivalent to the inverse problem (0.1)-(0.4), for small 7' there is a unique
solution to the inverse problem (0.1)~(0.4) k(t) € C[0,T].

Conclusion

In this work, the solvability of a nonlinear inverse problem for integro-differential heat equa-
tion with nonlocal conditions was studied. Firstly we investigated solvability of the direct prob-
lem. The (0.1)—(0.3) problem was replaced by an equivalent integral equation. Existence and
uniqueness of the direct problem solution was proven. The inverse problem was considered
for determining the kernel %(¢) included in the equation (0.1) with integral observation (0.4) of
the solution of this system with the initial and boundary conditions (0.2), (0.3). Conditions for
given functions have been obtained, under which the inverse problem has a unique solution for a
sufficiently small interval.
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BECTHUK YIMYPTCKOI'O YHUBEPCUTETA. MATEMATUKA. MEXAHUKA. KOMIIbIOTEPHBIE HAYKH

MATEMATUKA 2023. T. 33. Bem. 1. C. 90-102.

. K. /lypoues, K. K. Kymaes, /1. /I. Amoes
3agaya ompejaesneHusi sApa B MHTerpo-iuddepeHuINaILHOM YpaBHEHHH NapadoIdvecKoro Tuma ¢
HEJIOKAJILHBIM YCJIOBHEM

Kniouesvie cnosa: naTerpo-nuddepeHnnanb-Hoe ypaBHEeHHE, HElOKalbHas HadalbHO-KpaeBas 3ajaada, o00-
parHas 3aja4a, UHTETpaJlbHOE ypaBHeHue, npuHuun [laynepa.

VIK 517.958
DOI: 10.35634/vm230106

B nmanHo#i pabore uccnemyercss oOparHas 3afada JUI OXHOMEPHOTO HHTErpo-anddepeHnanibHOro ypas-
HEHMsI TEIUIONMPOBOIHOCTH C HEJIOKAJIBHBIMU HayaJIbHO-KPAeBBIMU M MHTETPAJIbHBIMU YCIOBUSMHU Mepe-
ompeneneHus. Mbl ucrons3oBaiu Merox Pypre u npuanun llaynepa s nccinemoBaHus pa3pelImMOCTH
npsiMoM 3amadn. [lanee 3ama4a CBOAUTCS K SKBUBAJICHTHON 3aMKHYTOM CHCTEME MHTEIPabHbIX YPABHEHUN
OTHOCHTENBHO HEN3BECTHHIX QyHKIHI. CyliecTBOBaHHE U €IMHCTBEHHOCTD PEIIeHUS WHTETPaJIbHBIX ypaB-
HEHUH J10Ka3bIBaeTCsS C MOMOILIBIO CKUMarolero otTodpaxenus. HakoHern, ¢ moMOIIbIO S5KBUBaJICHTHOCTH
HOJIy4aeTcs CYIIECTBOBAHUE U €IMHCTBEHHOCTh KJIACCUYECKOIO PELICHUS.
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