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�àññìàòðèâàåòñÿ ëèíåéíàÿ èãðîâàÿ çàäà÷à óïðàâëåíèÿ íà ìàêñèìèí ñ îãðàíè÷åíèÿìè àñèìïòîòè÷å-

ñêîãî õàðàêòåðà (ÎÀÕ), êîòîðûå åñòåñòâåííî âîçíèêàþò â ñâÿçè ñ ðåàëèçàöèåé ¾óçêèõ¿ óïðàâëÿþùèõ

èìïóëüñîâ. Â ñîäåðæàòåëüíîì îòíîøåíèè ýòî ñîîòâåòñòâóåò èìïóëüñíûì ðåæèìàì óïðàâëåíèÿ ñ ïîë-

íûì ðàñõîäîâàíèåì òîïëèâà. Âîçíèêàþùàÿ èãðîâàÿ çàäà÷à îòâå÷àåò èñïîëüçîâàíèþ àñèìïòîòè÷åñêèõ

ðåæèìîâ óïðàâëåíèÿ îáîèìè èãðîêàìè, ÷òî îòðàæåíî â êîíöåïöèè ðàñøèðåíèÿ, ðåàëèçóåìîé â êëàñ-

ñå êîíå÷íî-àääèòèâíûõ ìåð. Èñõîäíàÿ ñîäåðæàòåëüíàÿ çàäà÷à óïðàâëåíèÿ äëÿ êàæäîãî èç èãðîêîâ

ðàññìàòðèâàåòñÿ êàê âàðèàíò àáñòðàêòíîé ïîñòàíîâêè, ñâÿçàííîé ñ äîñòèæèìîñòüþ ïðè ÎÀÕ, äëÿ êî-

òîðîé ïîñòðîåíà ñîîòâåòñòâóþùàÿ îáîáùåííàÿ çàäà÷à î äîñòèæèìîñòè è óñòàíîâëåíî ïðåäñòàâëåíèå

ìíîæåñòâà ïðèòÿæåíèÿ (ÌÏ), èãðàþùåå ðîëü àñèìïòîòè÷åñêîãî àíàëîãà îáëàñòè äîñòèæèìîñòè â êëàñ-

ñè÷åñêîé òåîðèè óïðàâëåíèÿ. Äàííàÿ êîíêðåòèçàöèÿ ðåàëèçóåòñÿ äëÿ êàæäîãî èç èãðîêîâ, íà îñíîâå

÷åãî ïîëó÷àåòñÿ îáîáùåííûé ìàêñèìèí, äëÿ êîòîðîãî çàòåì óêàçàí âàðèàíò àñèìïòîòè÷åñêîé ðåàëèçà-

öèè â êëàññå îáû÷íûõ óïðàâëåíèé. Ïîëó÷åíî ¾êîíå÷íîìåðíîå¿ îïèñàíèå ÌÏ, ïîçâîëÿþùåå íàõîäèòü

óïîìÿíóòûé ìàêñèìèí ñ ïðèìåíåíèåì ÷èñëåííûõ ìåòîäîâ. �àññìîòðåíî ðåøåíèå ìîäåëüíîãî ïðèìåðà

çàäà÷è îá èãðîâîì âçàèìîäåéñòâèè äâóõ ìàòåðèàëüíûõ òî÷åê, âêëþ÷àþùåå ýòàï êîìïüþòåðíîãî ìîäå-

ëèðîâàíèÿ.

Êëþ÷åâûå ñëîâà: êîíå÷íî-àääèòèâíàÿ ìåðà, îáëàñòü äîñòèæèìîñòè, ëèíåéíàÿ óïðàâëÿåìàÿ ñèñòåìà.
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Ââåäåíèå

Â ñòàòüå ðàññìàòðèâàåòñÿ çàäà÷à íà ìàêñèìèí ñ îãðàíè÷åíèÿìè èìïóëüñíîãî õàðàêòåðà,

êîòîðûå ñîñòîÿò â ñëåäóþùåì: èññëåäóåòñÿ âçàèìîäåéñòâèå äâóõ ëèíåéíûõ óïðàâëÿåìûõ ñè-

ñòåì ñ ðàçðûâíîñòüþ â êîý��èöèåíòàõ ïðè óïðàâëÿþùèõ âîçäåéñòâèÿõ; äëÿ êàæäîé èç ñèñòåì

ïîñòóëèðóåòñÿ ïîëíîå ðàñõîäîâàíèå ýíåðãîðåñóðñà íà ñîîòâåòñòâóþùåì ïðîìåæóòêå âðåìåíè.

Êðîìå òîãî, òðåáóåòñÿ äëÿ êàæäîé èç ñèñòåì �îðìèðîâàòü ïðîãðàììíîå óïðàâëåíèå îòëè÷íûì

îò íóëÿ òîëüêî íà èñ÷åçàþùå ìàëîì ïðîìåæóòêå âðåìåíè (òî÷íàÿ ïîñòàíîâêà çàäà÷è ðåàëè-

çóåòñÿ â àñèìïòîòè÷åñêîì âàðèàíòå). �åàëüíî ïðîöåññ óïðàâëåíèÿ ñèñòåìàìè îñóùåñòâëÿåòñÿ

ïîñðåäñòâîì ¾óçêèõ¿ (ïî âðåìåíè) èìïóëüñîâ ñ ïîëíûì ðàñõîäîâàíèåì ýíåðãîðåñóðñà (çàïàñà

òîïëèâà).

Â ñâÿçè ñ îáùèìè çàäà÷àìè èìïóëüñíîãî óïðàâëåíèÿ îòìåòèì îñíîâîïîëàãàþùèé ïîä-

õîä Í.Í. Êðàñîâñêîãî (ñì. [1℄), ñâÿçàííûé ñ ïðèìåíåíèåì àïïàðàòà îáîáùåííûõ �óíêöèé.

Ýòîò ïîäõîä ïîñëóæèë îñíîâîé äëÿ ìíîãèõ ïîñëåäóþùèõ èññëåäîâàíèé â îáëàñòè èìïóëüñ-

íîãî óïðàâëåíèÿ (ñì. [2�4℄ è äð.).

Îñîáåííîñòüþ íàñòîÿùåé ðàáîòû ÿâëÿåòñÿ òî, ÷òî ïðè ðåàëèçàöèè èìïóëüñíûõ âîçäåéñòâèé

â óñëîâèÿõ ðàçðûâíîñòè ïðàâûõ ÷àñòåé äè��åðåíöèàëüíûõ óðàâíåíèé òèïè÷íî âîçíèêàþò ý�-

�åêòû òèïà ïðîèçâåäåíèÿ ðàçðûâíîé �óíêöèè íà îáîáùåííóþ. Â êëàññå ëèíåéíûõ óïðàâëÿ-

åìûõ ñèñòåì óäàåòñÿ ïîëó÷èòü îïèñàíèå óïîìÿíóòûõ ý��åêòîâ íà îñíîâå ïîñòðîåíèÿ ðàñøè-

ðåíèé â êëàññå êîíå÷íî-àääèòèâíûõ (ê.-à.) ìåð (ñì. [5,6℄). Íàñòîÿùàÿ ðàáîòà ìîæåò ñ÷èòàòüñÿ

åñòåñòâåííûì ïðîäîëæåíèåì [7,8℄, ãäå ðàññìàòðèâàëèñü âîïðîñû ïîñòðîåíèÿ àñèìïòîòè÷åñêèõ

àíàëîãîâ îáëàñòåé äîñòèæèìîñòè (ÎÄ); ýòè àíàëîãè èìåþò ñìûñë ìíîæåñòâ ïðèòÿæåíèÿ (ÌÏ).

Äëÿ ïîñëåäíèõ â [7,8℄ ïîëó÷åíî (äàæå â íåñêîëüêî áîëåå îáùåé çàäà÷å) ¾êîíå÷íîìåðíîå¿ îïè-

ñàíèå; îòìåòèì òàêæå ðàáîòó [9℄. Â íàñòîÿùåé ðàáîòå ïðèâåäåíû ðåçóëüòàòû êîìïüþòåðíîãî

ìîäåëèðîâàíèÿ äëÿ ïðèìåðà èãðîâîé çàäà÷è óïðàâëåíèÿ ìàòåðèàëüíûìè òî÷êàìè.

1

�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå �ÔÔÈ (ïðîåêòû �� 16�01�00649, 16�01�00505).
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� 1. Ñâîäêà îáîçíà÷åíèé îáùåãî õàðàêòåðà

Èñïîëüçóåòñÿ ñòàíäàðòíàÿ òåîðåòèêî-ìíîæåñòâåííàÿ ñèìâîëèêà (êâàíòîðû, ïðîïîçèöèîíàëü-

íûå ñâÿçêè, ∅� ïóñòîå ìíîæåñòâî). Ñèìâîë def çàìåíÿåò �ðàçó ¾ïî îïðåäåëåíèþ¿, à ∃ !� �ðà-

çó ¾ñóùåñòâóåò è åäèíñòâåííî¿; ,� ðàâåíñòâî ïî îïðåäåëåíèþ. Ñåìåéñòâîì íàçûâàåì ìíîæå-

ñòâî, âñå ýëåìåíòû êîòîðîãî ñàìè ÿâëÿþòñÿ ìíîæåñòâàìè. Êàê ïðàâèëî, íèæå ðàññìàòðèâàþòñÿ

ñåìåéñòâà ïîäìíîæåñòâ (ï/ì) òîãî èëè èíîãî �èêñèðîâàííîãî ìíîæåñòâà. Ïðèíèìàåì àêñèîìó

âûáîðà. Äëÿ ïðîèçâîëüíîãî îáúåêòà s ÷åðåç {s} îáîçíà÷àåì ñèíãëåòîí, ñîäåðæàùèé s. ÅñëèH �

ìíîæåñòâî, òî ÷åðåç P(H) (÷åðåç P ′(H)) îáîçíà÷àåì ñåìåéñòâî âñåõ (âñåõ íåïóñòûõ) ï/ì H;

èòàê, P ′(H) = P(H) \ {∅}.
Êðîìå òîãî, ÷åðåç Fin(H) îáîçíà÷èì ñåìåéñòâî âñåõ êîíå÷íûõ ìíîæåñòâ èç P ′(H). Åñëè

X � íåïóñòîå ñåìåéñòâî, Y � ìíîæåñòâî, òî

X|Y , {X ∩ Y : X ∈ X} ∈ P ′(P(Y ))

åñòü ñëåä ñåìåéñòâà X íà ìíîæåñòâî Y. Åñëè A è B� ìíîæåñòâà, òî ÷åðåç BA
îáîçíà÷àåì

ìíîæåñòâî âñåõ îòîáðàæåíèé èç A â B; åñëè h ∈ BA
è C ∈ P(A), òî h1(C) , {h(x) : x ∈ C} ∈

∈ P(B) (îáðàç C ïðè äåéñòâèè h), h1(C) 6= ∅ ïðè C 6= ∅.
×åðåç R îáîçíà÷àåì âåùåñòâåííóþ ïðÿìóþ, N , {1; 2; . . .} ∈ P ′(R) åñòü íàòóðàëüíûé ðÿä;

ïîëàãàåì, ÷òî ýëåìåíòû N (íàòóðàëüíûå ÷èñëà) íå ÿâëÿþòñÿ ìíîæåñòâàìè. Ïóñòü ïðè s ∈ N

(
1, s , {k ∈ N | k 6 s}

)
&
(
−−→s,∞ , {k ∈ N | s 6 k}

)
;

ïîëó÷àåì äâà íåïóñòûõ ï/ì N. Åñëè H � ìíîæåñòâî è k ∈ N, òî âìåñòî H1,k
èñïîëüçóåì áîëåå

òðàäèöèîííîå îáîçíà÷åíèå Hk, èìåþùåå ñìûñë Hk = H × . . .×H︸ ︷︷ ︸
k ðàç

; ýëåìåíòû Hk
ÿâëÿþòñÿ,

ñòðîãî ãîâîðÿ, êîðòåæàìè (hi)i∈1,k : 1, k → H. Ïîñëåäîâàòåëüíîñòè â H ñóòü ýëåìåíòû ìíîæå-

ñòâà HN
è òîëüêî îíè.

Ýëåìåíòû òîïîëîãèè. Åñëè (X, τ) åñòü òîïîëîãè÷åñêîå ïðîñòðàíñòâî (ÒÏ), òî ÷åðåç

(τ− comp)[X] óñëîâèìñÿ îáîçíà÷àòü ñåìåéñòâî âñåõ íåïóñòûõ êîìïàêòíûõ [10, ñ. 196℄ ï/ìX. Åñ-
ëè ïðè ýòîì A ∈ P(X), òî ÷åðåç cl(A, τ) îáîçíà÷àåì çàìûêàíèå ìíîæåñòâà A â ÒÏ (X, τ). Ïóñòü
ïðè x ∈ X N0

τ (x) , {G ∈ τ | x ∈ G}; òîãäà [11, ãë. I℄ Nτ (x) , {H ∈ P(X) | ∃G ∈ N0
τ (x) : G ⊂ H}

åñòü �èëüòð îêðåñòíîñòåé x â ÒÏ (X, τ). Çàìåòèì, ÷òî ïðè (xi)i∈N ∈ XN
è x ∈ X

(
(xi)i∈N

τ
−→ x

)
def
⇐⇒ (∀H ∈ Nτ (x) ∃m ∈ N : xk ∈ H ∀ k ∈ −−−→m,∞).

Åñëè (X, τ1) è (Y, τ2)� äâà ÒÏ, X 6= ∅, Y 6= ∅, òî

C(X, τ1, Y, τ2) , {f ∈ Y X | f−1(G) ∈ τ1 ∀G ∈ τ2}

åñòü ìíîæåñòâî âñåõ íåïðåðûâíûõ îòîáðàæåíèé èç (X, τ1) è (Y, τ2). Åñëè âòîðîå èç óïîìÿíó-

òûõ ÒÏ� âåùåñòâåííàÿ ïðÿìàÿ R â îáû÷íîé | · |-òîïîëîãèè τR, òî óïîìÿíóòîå îáîçíà÷åíèå

óïðîùàåòñÿ: äëÿ êàæäîãî ÒÏ (X, τ), X 6= ∅, ïîëàãàåì C(X, τ) , C(X, τ,R, τR).

Åñëè k ∈ N, òî îñíàùàåì R
k
òîïîëîãèåé τ

(k)
R

ïîêîîðäèíàòíîé ñõîäèìîñòè; äàííàÿ òîïîëîãèÿ

ïîðîæäàåòñÿ íîðìîé ‖·‖k ïðîñòðàíñòâà R
k, êîòîðóþ äëÿ îïðåäåëåííîñòè çàäàåì óñëîâèåì: ïðè

x = (xi)i∈1,k ∈ R
k

‖x‖k , max
16i6k

|xi| ∈ [0,∞[.

Äëÿ ëþáûõ äâóõ ÒÏ (X, τ1) è (Y, τ2) ÷åðåç τ1 ⊗ τ2 îáîçíà÷àåì åñòåñòâåííóþ òîïîëîãèþ

ïðîèçâåäåíèÿ [10, 
. 127℄ óïîìÿíóòûõ ÒÏ.
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� 2. Ìíîæåñòâà ïðèòÿæåíèÿ (îñíîâíûå ïîíÿòèÿ)

�àññìîòðèì íåêîòîðûå îáùèå êîíñòðóêöèè, ñâÿçàííûå ñ çàäà÷åé î äîñòèæèìîñòè ïðè ÎÀÕ.

Â ýòîé ñâÿçè �èêñèðóåì â íàñòîÿùåì ðàçäåëå íåïóñòîå ìíîæåñòâî E, ýëåìåíòû êîòîðîãî ðàñ-

ñìàòðèâàþòñÿ â êà÷åñòâå îáû÷íûõ ðåøåíèé (óïðàâëåíèé), à òàêæå ñåìåéñòâî E ∈ P ′(P(E)),
îïðåäåëÿþùåå óïîìÿíóòûå ÎÀÕ. Òàêèì îáðàçîì, E åñòü íåïóñòîå ïîäñåìåéñòâî P(E). Áîëåå
òîãî, ïîëàãàåì, ÷òî

β[E] , {B ∈ P ′(P(E)) | ∀B1 ∈ B ∀B2 ∈ B ∃B3 ∈ B : B3 ⊂ B1 ∩B2} (2.1)

è, êðîìå òîãî, β0[E] , {B ∈ β[E] | ∅ /∈ B} (ñåìåéñòâî âñåõ áàç �èëüòðà ìíîæåñòâà E), ìû
îãðàíè÷èìñÿ ðàññìîòðåíèåì ñëó÷àÿ

E ∈ β[E], (2.2)

÷òî äîñòàòî÷íî äëÿ âñåõ ïîñëåäóþùèõ öåëåé. Èòàê (ñì. (2.1), (2.2)), E � íàïðàâëåííîå ñåìåé-

ñòâî, à òîãäà äëÿ âñÿêèõ ÒÏ (Y, τ) è îòîáðàæåíèÿ f ∈ Y E

(as)[E;Y ; τ ; f ; E ] ,
⋂

Σ∈E

cl(f1(Σ), τ) (2.3)

åñòü çàìêíóòîå â (Y, τ) ï/ì Y. Åñëè (Y, τ) åñòü ÒÏ ñ ïåðâîé àêñèîìîé ñ÷åòíîñòè, à ñåìåéñòâî E
èìååò ñ÷åòíóþ áàçó [6, (3.3.17)℄, òî ìíîæåñòâî (2.3), èìåíóåìîå íèæå ÌÏ, äîïóñêàåò ñåêâåíöè-

àëüíóþ ðåàëèçàöèþ:

(as)[E;Y ; τ ; f ; E ] = (sas)[E;Y ; τ ; f ; E ], (2.4)

ãäå (çäåñü è íèæå; ñì. òàêæå [7�9℄)

(sas)[E;Y ; τ ; f ; E ] ,
{
y ∈ Y | ∃ (xi)i∈N ∈ EN :

(∀Σ ∈ E ∃m ∈ N : xk ∈ Σ ∀ k ∈ −−−→m,∞) &
(
(f(xi))i∈N

τ
−→ y

)}
.

Çàìåòèì, ÷òî ÌÏ (2.3), (2.4) ìîãóò èñïîëüçîâàòüñÿ â êà÷åñòâå ¾îñíîâíûõ¿ ëèáî ¾âñïîìîãà-

òåëüíûõ¿. Ïîëàãàåì äàëåå, ÷òî ¾îñíîâíîå¿ ÌÏ ÿâëÿåòñÿ âñÿêèé ðàç õàóñäîð�îâûì ÒÏ, à ¾âñïî-

ìîãàòåëüíîå¿ � êîìïàêòíûì. Èòàê, ïóñòü (H, t), H 6= ∅,� õàóñäîð�îâî ÒÏ (T2-ïðîñòðàíñòâî)

è h ∈ HE; òîãäà (as)[E;H; t; f ; E ], ãäå E ñîîòâåòñòâóåò (2.2), ðàññìàòðèâàåì ñåé÷àñ â êà÷åñòâå

¾îñíîâíîãî¿ ÌÏ. Åñëè ïðè ýòîì èìåþòñÿ êîìïàêòíîå ÒÏ (K, θ), K 6= ∅, îòîáðàæåíèÿ m ∈ KE ,
g ∈ C(K, θ,H, t) è, êðîìå òîãî, h = g ◦ m, òî (K, θ,m, g) íàçûâàåì êîìïàêòè�èêàòîðîì, îò-

âå÷àþùèì òðèïëåòó (H, t,h), à ÌÏ (as)[E;K; θ;m; E ] ðàññìàòðèâàåì êàê ¾âñïîìîãàòåëüíîå¿,

èìåÿ â âèäó [6, ïðåäëîæåíèå 5.2.1℄ ïîëó÷àþùååñÿ ðàâåíñòâî

(as)[E;H; t;h; E ] = g1 ((as)[E;K; θ;m; E ]) (2.5)

(ñì. (2.2), (2.3)). Â ïîñëåäóþùèõ ïîñòðîåíèÿõ áóäóò èñïîëüçîâàòüñÿ äâà ¾îñíîâíûõ¿ ÌÏ è, ñî-

îòâåòñòâåííî, äâà îáñëóæèâàþùèõ èõ (â ñìûñëå ðåàëèçàöèè (2.5)) êîìïàêòè�èêàòîðà. Ýòî

îòâå÷àåò èãðîâîìó õàðàêòåðó ðàññìàòðèâàåìîé äàëåå çàäà÷è.

� 3. Îäèí âàðèàíò çàäà÷è îá ¾àñèìïòîòè÷åñêîé¿ äîñòèæèìîñòè

Â íàñòîÿùåì ðàçäåëå êðàòêî èçëàãàåòñÿ çàäà÷à àñèìïòîòè÷åñêîãî àíàëèçà [9℄ è ñõåìà åå ðå-

øåíèÿ. Óñëîâèÿ äàííîé çàäà÷è òàêîâû, ÷òî â íåé èçíà÷àëüíî îòñóòñòâóþò òî÷íûå ðåøåíèÿ

â ñìûñëå Äæ. Âàðãè; äàííàÿ ïîñòàíîâêà (ñì. [7,9℄) ÿâëÿåòñÿ ¾÷èñòî àñèìïòîòè÷åñêîé¿. Â äàëü-

íåéøåì áóäóò èñïîëüçîâàòüñÿ äâà âàðèàíòà óïîìÿíóòîé çàäà÷è î äîñòèæèìîñòè, êîòîðûå áóäóò

ñâÿçûâàòüñÿ ñ ïîâåäåíèåì äâóõ êîí�ëèêòóþùèõ èãðîêîâ.

Â ïðåäåëàõ íàñòîÿùåãî ðàçäåëà �èêñèðóåì äâà ÷èñëà: a ∈ R è b ∈ R, äëÿ êîòîðûõ a < b.
Â âèäå I , [a, b] èìååì íåâûðîæäåííûé çàìêíóòûé ïðîìåæóòîê âåùåñòâåííîé ïðÿìîé R, à â âè-
äå L , {L ∈ P(I) | ∃ c ∈ I ∃ d ∈ I : ( ]c, d[⊂ L) & (L ⊂ [c, d])} ïîëó÷àåì ïîëóàëãåáðó [12, ãë. I℄
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ï/ì I, ýëåìåíòàìè êîòîðîé ÿâëÿþòñÿ îòêðûòûå, çàìêíóòûå è ïîëóîòêðûòûå ïðîìåæóòêè R,
ñîäåðæàùèåñÿ â I. ×åðåç A îáîçíà÷àåì çäåñü àëãåáðó ï/ì I, ïîðîæäåííóþ ïîëóàëãåáðîé L. ×å-
ðåç η îáîçíà÷àåì ñóæåíèå ìåðû Ëåáåãà íà àëãåáðó A (ñ÷åòíî-àääèòèâíîå ïðîäîëæåíèå �óíê-

öèè äëèíû, îïðåäåëåííîé íà L). Â ñâÿçè ñ ïîíÿòèÿìè êîíå÷íî-àääèòèâíîé (ê.-à.) òåîðèè ìåðû

ñëåäóåì [16, ãë. 2,3℄. Äàëåå ê.-à. ïðîñòðàíñòâî ñ ìåðîé (I,A, η) áóäåì èñïîëüçîâàòü â äâóõ âà-

ðèàíòàõ: (I1,A1, η1) è (I2,A2, η2).
×åðåç (add)[A] îáîçíà÷àåì (ñì. [5, � 3.3℄) ìíîæåñòâî âñåõ âåùåñòâåííîçíà÷íûõ (â/ç) ê.-à.

ìåð íà àëãåáðå A. Ñîîòâåòñòâåííî ÷åðåç (add)+[A] îáîçíà÷àåì êîíóñ âñåõ íåîòðèöàòåëüíûõ

â/ç ê.-à. ìåð íà A (ñì. [5, � 3.3℄); çäåñü è íèæå ëèíåéíûå îïåðàöèè è ïîðÿäîê â ïðîñòðàíñòâàõ

�óíêöèîíàëîâ îïðåäåëÿþòñÿ ïîòî÷å÷íî. Â âèäå P(A) , {µ ∈ (add)+[A] | µ(I) = 1} ïîëó÷àåì

ìíîæåñòâî âñåõ ê.-à. âåðîÿòíîñòåé íà A; T(A) , {µ ∈ P(A) | ∀A ∈ A (µ(A) = 0) ∨ (µ(A) = 1)}.
Ïîëàãàåì

A(A) , {µ − ν : µ ∈ (add)+[A], ν ∈ (add)+[A]},

ïîëó÷àÿ [5, (3.3.5)℄ ëèíåéíîå ïðîñòðàíñòâî ê.-à. ìåð îãðàíè÷åííîé âàðèàöèè, îïðåäåëåííûõ

íà A. Çàìåòèì, ÷òî [16, (4.11.6)℄ A(A) = {µ ∈ (add)[A] | ∃ c ∈ [0,∞[: |µ(A)| 6 c ∀A ∈ A}.
Îñíàùàåì A(A) (ñèëüíîé) íîðìîé, îïðåäåëÿåìîé ïîñðåäñòâîì ïîëíîé âàðèàöèè;

(add)+[A] ⊂ A(A).

Íèæå èñïîëüçóåì ñòóïåí÷àòûå è ÿðóñíûå â/ç �óíêöèè [16, ãë. 2℄. Ïðîñòðàíñòâî B(I) âñåõ
â/ç îãðàíè÷åííûõ �óíêöèé îñíàùàåì òðàäèöèîííîé sup-íîðìîé ‖ · ‖ [16, � 2.6℄. Ïðè ýòîì

(B(I), ‖ · ‖)� áàíàõîâî ïðîñòðàíñòâî [16, ñ. 104℄.

Åñëè Λ ∈ P(I), òî ïîëàãàåì, ÷òî χΛ ∈ R
I
åñòü def èíäèêàòîð ìíîæåñòâà Λ, ðàññìàòðèâàå-

ìîãî êàê ï/ì I: (
χΛ(x) , 1 ∀x ∈ Λ

)
&
(
χΛ(y) , 0 ∀ y ∈ I \ Λ

)
. (3.1)

Â ÷àñòíîñòè, �óíêöèÿ (3.1) îïðåäåëåíà ïðè Λ ∈ A. ×åðåç B0(I,A) îáîçíà÷àåì ëèíåéíóþ îáî-

ëî÷êó ìíîæåñòâà {χA : A ∈ A}, ïîëó÷àÿ ëèíåéíîå ìíîãîîáðàçèå ñòóïåí÷àòûõ îòíîñèòåëüíî

èçìåðèìîãî ïðîñòðàíñòâà (I,A) â/ç �óíêöèé íà I; B0(I,A) ⊂ B(I). Òîãäà

B+
0 (I,A) , {f ∈ B0(I,A) | 0 6 f(x) ∀x ∈ I}

åñòü ïîëîæèòåëüíûé êîíóñ ëèíåéíîãî ìíîãîîáðàçèÿ B0(I,A). ×åðåç B(I,A) îáîçíà÷àåì çà-

ìûêàíèå B0(I,A) â òîïîëîãèè ìíîæåñòâà B(I), ïîðîæäåííîé sup-íîðìîé ‖ · ‖. ßñíî, ÷òî
B(I,A) ∈ P(B(I)) ñ íîðìîé, èíäóöèðîâàííîé èç (B(I), ‖ ·‖), åñòü áàíàõîâî ïðîñòðàíñòâî. ×åðåç
B∗(I,A) îáîçíà÷àåì ìíîæåñòâî âñåõ ëèíåéíûõ îãðàíè÷åííûõ �óíêöèîíàëîâ íà B(I,A); èíû-
ìè ñëîâàìè, B∗(I,A) åñòü òîïîëîãè÷åñêè ñîïðÿæåííîå ê B(I,A) ïðîñòðàíñòâî. Åñëè µ ∈ A(A)
è f ∈ B(I,A), òî µ-èíòåãðàë f ∫

I

f dµ ∈ R

îïðåäåëÿåì ïî ïðîñòåéøåé ñõåìå [5, ãë. 3℄. Òîãäà â âèäå

µ 7→

(∫

I

f dµ

)

f∈B(I,A)

: A(A) → B∗(I,A)

ðåàëèçóåòñÿ èçîìåòðè÷åñêèé èçîìîð�èçì A(A) â (ñèëüíîé) íîðìå-âàðèàöèè íà B∗(I,A) ñ òðà-
äèöèîííîé íîðìîé. Ïîëó÷àþùåéñÿ ïðè ýòîì äâîéñòâåííîñòè (B(I,A),A(A)) ñîïîñòàâëÿåòñÿ

¾îáû÷íàÿ¿ ∗-ñëàáàÿ òîïîëîãèÿ τ∗(A) ìíîæåñòâà A(A), ïðåâðàùàþùàÿ ïîñëåäíåå â ëîêàëüíî

âûïóêëûé σ-êîìïàêò
(A(A), τ∗(A)). (3.2)

Êðîìå òîãî, A(A) îñíàùàåì òàêæå òîïîëîãèåé τ0(A) [5, (4.2.9)℄ ïîäïðîñòðàíñòâà òèõîíîâñêîé

ñòåïåíè âåùåñòâåííîé ïðÿìîé R â äèñêðåòíîé òîïîëîãèè ïðè óñëîâèè, ÷òî A èñïîëüçóåòñÿ

â êà÷åñòâå èíäåêñíîãî ìíîæåñòâà. Ïðè ýòîì òîïîëîãèè

τ+∗ (A) , τ∗(A)|(add)+[A], τ+0 (A) , τ0(A)|(add)+[A],
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èíäóöèðîâàííûå ñîîòâåòñòâåííî èç ÒÏ (3.2) è

(A(A), τ0(A)),

ñðàâíèìû: τ+∗ (A) ⊂ τ+0 (A). Â ðåçóëüòàòå ðåàëèçóåòñÿ áèòîïîëîãè÷åñêîå ïðîñòðàíñòâî (ÁÒÏ)

((add)+[A], τ+∗ (A), τ+0 (A)),

ò. å. ìíîæåñòâî, îñíàùåííîå ïàðîé ñðàâíèìûõ òîïîëîãèé. Îòìåòèì, ÷òî [9, ðàçäåë 3℄.

Pη(A) , {µ ∈ P(A) | ∀A ∈ A (η(A) = 0) ⇒ (µ(A) = 0)} ∈ (τ∗(A)− comp)[A(A)], (3.3)

Tη(A) , {µ ∈ T(A) | ∀A ∈ A (η(A) = 0) ⇒ (µ(A) = 0)} ∈ (τ∗(A)− comp)[A(A)]. (3.4)

Ýëåìåíòû ìíîæåñòâà (3.3) áóäóò èãðàòü ðîëü îáîáùåííûõ óïðàâëåíèé (ÎÓ); äàííûå ÎÓ

ÿâëÿþòñÿ, ñòðîãî ãîâîðÿ, ê.-à. âåðîÿòíîñòÿìè íà A ñî ñâîéñòâîì ñëàáîé àáñîëþòíîé íåïðåðûâ-

íîñòè îòíîñèòåëüíî η. Èç (3.4) èìååì, ÷òî Tη(A) ⊂ Pη(A).
Äëÿ ïîñòðîåíèÿ àíàëîãîâ îáû÷íûõ óïðàâëåíèé ïîòðåáóþòñÿ íåêîòîðûå íîâûå îáîçíà÷åíèÿ;

òàê, B+
0 (I,A) , {f ∈ B0(I,A) | 0 6 f(t) ∀ t ∈ I}. Òîãäà [9, (3.3)℄

Fη(A) ,

{
f ∈ B0(I,A) |

∫

I

f dη = 1

}
∈ P ′(B+

0 (I,A)). (3.5)

Ýëåìåíòû ìíîæåñòâà (3.5) áóäóò äàëåå âûïîëíÿòü ðîëü îáû÷íûõ ïðîãðàììíûõ óïðàâëåíèé

íà ïðîìåæóòêå I.

Â [13℄ óêàçàíî ïðåäñòàâëåíèå êîìïàêòà Ñòîóíà (ïðîñòðàíñòâî ó/� àëãåáðû ìíîæåñòâ), îò-

âå÷àþùåãî ÈÏ (I,A); ýòî ïðåäñòàâëåíèå ñóùåñòâåííî äëÿ öåëåé êîíêðåòèçàöèè ìíîæåñòâà äî-

ïóñòèìûõ ÎÓ; ñì., â ÷àñòíîñòè, [9, (3.4), (3.8)℄. Ñëåäóÿ [13℄, ïîëàãàåì, ÷òî F
∗
0(A) åñòü ìíîæåñòâî

âñåõ ó/� ÈÏ (I,A) (U ∈ P ′(A) ïðè U ∈ F
∗
0(A)), à

F
∗
0,f (A) ,

{
U ∈ F

∗
0(A) |

⋂

U∈U

U = ∅

}

åñòü ìíîæåñòâî âñåõ ñâîáîäíûõ ó/� äàííîãî ÈÏ;

U
(−)
t , {A ∈ A | ∃ c ∈ [a, t[: [c, t[⊂ A} ∈ F

∗
0,f (A) ∀ t ∈]a, b], (3.6)

U
(+)
t , {A ∈ A | ∃ c ∈]t, b] :]t, c] ⊂ A} ∈ F

∗
0,f (A) ∀ t ∈ [a, b[. (3.7)

Â [13℄ óñòàíîâëåíî ðàâåíñòâî F
∗
0,f (A) ,

{
U
(−)
t : t ∈]a, b]

}
∪
{
U
(+)
t : t ∈ [a, b[

}
, êîòîðîå îïðåäåëÿåò

íóæíîå ïðåäñòàâëåíèå F
∗
0(A), ïîñêîëüêó îïèñàíèå òðèâèàëüíûõ (�èêñèðîâàííûõ) ó/� õîðîøî

èçâåñòíî.

Çàìåòèì, ÷òî [14, (10.4.7), (10.4.8), ïðåäëîæåíèå 10.4.2℄ ïðè U ∈ F
∗
0(A) îïðåäåëåíà äâóçíà÷-

íàÿ ê.-à. âåðîÿòíîñòü æ[U ] ∈ T(A):

(
æ[U ](U) , 1 ∀U ∈ U

)
&
(
æ[U ](A) , 0 ∀A ∈ A \ U

)
.

Íàïîìíèì, ÷òî [15, ïðåäëîæåíèå 7.1, òåîðåìà 7.1℄

Tη(A) =
{
æ
[
U
(−)
t

]
: t ∈]a, b]

}
∪
{
æ
[
U
(+)
t

]
: t ∈ [a, b[

}
= T(A) ∩ cl({f ∗ η : f ∈ Fη(A)}, τ∗(A)).

(3.8)

Îòìåòèì òàêæå ñëåäóþùåå ïðåäñòàâëåíèå [6, òåîðåìà 3.7.2℄:

Pη(A) = cl({f ∗ η : f ∈ Fη(A)}, τ∗(A)) = cl({f ∗ η : f ∈ Fη(A)}, τ0(A)). (3.9)
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Â ñâÿçè ñ (3.8), (3.9) îòìåòèì òàêæå [7℄. Ïîëàãàåì, êðîìå òîãî, ÷òî ïðè t ∈]a, b[

P
0
η (A|t) ,

{
αæ

[
U
(−)
t

]
+ (1− α)æ

[
U
(+)
t

]
: α ∈ [0, 1]

}
, (3.10)

ïîëó÷àÿ (ñì. (3.8)) íåïóñòîå ï/ì (êîìïàêòà) (3.9). Â òåðìèíàõ (3.10) îïðåäåëÿåì ìíîæåñòâî

P
0
η (A) ,



⋃

t∈]a,b[

P
0
η (A|t)


 ∪

{
æ
[
U (+)
a

]}
∪
{
æ
[
U
(−)
b

]}
, (3.11)

ýëåìåíòàìè êîòîðîãî ÿâëÿþòñÿ η-íåïðåðûâíûå ê.-à. âåðîÿòíîñòè, ¾ïðèâÿçàííûå¿ êàæäàÿ ê íå-
êîòîðîé òî÷êå èç [a, b]. Ïóñòü

τ∗η (A) , τ∗(A)|Pη(A), τ0η (A) , τ0(A)|Pη(A); (3.12)

òîãäà τ∗η (A) ⊂ τ0η (A). Ïðè ýòîì â âèäå

(Pη(A), τ∗η (A))

èìååì íåïóñòîé êîìïàêò (êîìïàêòíîå õàóñäîð�îâî ÒÏ). Åñëè f ∈ Fη(A), òî â ñèëó (3.5)

suppba(f) , {t ∈ I | f(t) 6= 0} ∈ P ′(I). Ïîýòîìó ïðè f ∈ Fη(A) îïðåäåëåíû ñëåäóþùèå çíà-

÷åíèÿ:

t0(f | a, b) , inf
(
suppba(f)

)
∈ I, t0(f | a, b) , sup

(
suppba(f)

)
∈ I,

tf (a, b) , (t0(f | a, b) + t0(f | a, b))/2 ∈ I,

a 6 t0(f | a, b) 6 tf (a, b) 6 t0(f | a, b), t0(f | a, b) < t0(f | a, b). Ñîãëàñíî (3.5) èìååì, ÷òî
∫

[t0(f | a,b),t0(f | a,b)]
f dη =

∫

I

f dη = 1,

à ïîòîìó η
(
[t0(f | a, b), t

0(f | a, b)]
)
6= 0. Ñëåäóÿ ïîñòðîåíèÿì [9, ðàçäåë 4℄, ïîëàãàåì

Fε(A, η) ,
{
f ∈ Fη(A) | t0(f | a, b)− t0(f | a, b) < ε

}
∀ ε ∈]0,∞[. (3.13)

Ëåãêî ïîíÿòü, ÷òî êàæäîå èç ìíîæåñòâ (3.13) íåïóñòî. Ïîýòîìó

Fη[A] , {Fε(A, η) : ε ∈]0,∞[ } ∈ β0[Fη(A)]. (3.14)

Èòàê (ñì. (3.14)), ìíîæåñòâà (3.13) ñîñòàâëÿþò â ñîâîêóïíîñòè ÁÔ (íåïóñòîãî) ìíîæåñòâà (3.5).

Ìû èñïîëüçóåì ÁÔ (3.14) â êà÷åñòâå ÎÀÕ. Óïîìÿíóòûå ÎÀÕ ïðèìåíÿþòñÿ [9, òåîðåìà 4.1℄ ïðè

ïîñòðîåíèè ÌÏ â áèòîïîëîãè÷åñêîì ïðîñòðàíñòâå (ÁÒÏ)

(
Pη(A), τ∗η (A), τ0η (A)

)

(íàïîìíèì, ÷òî ÁÒÏ åñòü òðèïëåò (X, τ1, τ2), ãäå τ1 è τ2� òîïîëîãèè ìíîæåñòâà X ñî ñâîéñòâîì

τ1 ⊂ τ2). Ïóñòü, êðîìå òîãî,

Iη[A] , (f ∗ η)f∈Fη(A) ∈ Pη(A)Fη(A).

Èç (3.9) è (3.12) âûòåêàåò ñëåäóþùàÿ öåïî÷êà ðàâåíñòâ:

Pη(A) = cl
(
Iη [A]1(Fη(A)), τ∗η (A)

)
= cl

(
Iη[A]1(Fη(A)), τ0η (A)

)
. (3.15)

Òåïåðü íàïîìíèì (ñì. (3.15)) âàæíîå ïîëîæåíèå [9, òåîðåìà 4.1℄, êàñàþùååñÿ ïðåäñòàâëåíèÿ

ÌÏ òèïà (2.3) â òåðìèíàõ (3.11):

P
0
η(A) = (as)[Fη(A);Pη(A); τ0η (A);Iη [A];Fη[A]] = (as)

[
Fη(A);Pη(A); τ∗η (A);Iη [A];Fη[A]

]
=

= (sas)
[
Fη(A);Pη(A); τ0η (A);Iη [A];Fη[A]

]
= (sas)

[
Fη(A);Pη(A); τ∗η (A);Iη [A];Fη[A]

]
. (3.16)
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Èòàê, (3.11), (3.16) åñòü âåñüìà óíèâåðñàëüíîå ÌÏ; îíî èãðàåò äàëåå ðîëü ìíîæåñòâà äîïó-

ñòèìûõ ÎÝ. Îñíîâíîå ÌÏ êîíñòðóèðóåòñÿ â R
n, ãäå n ∈ N. Ôèêñèðóåì π1 ∈ B(I,A), . . . ,

πn ∈ B(I,A), ïîëó÷àÿ n-âåêòîð-�óíêöèþ ñî çíà÷åíèÿìè (πi(t))i∈1,n ∈ R
n ∀ t ∈ I. Â ýòèõ òåð-

ìèíàõ îïðåäåëÿåì n-âåêòîð-�óíêöèîíàë Π[η] âèäà

f 7→

(∫

I

πif dη

)

i∈1,n

: Fη(A) → R
n; (3.17)

èñïîëüçóåì Π[η] (3.17) â êà÷åñòâå öåëåâîãî îòîáðàæåíèÿ çàäà÷è. Â ïîñëåäóþùèõ ïîñòðîåíèÿõ

ïîòðåáóåòñÿ ÌÏ [9, (5.3)℄

(as)
[
Fη(A);Rn; τ

(n)
R

; Π[η];Fη [A]
]
= (sas)

[
Fη(A);Rn; τ

(n)
R

; Π[η];Fη [A]
]
=

=
⋂

ε∈]0,∞[

cl
(
Π[η]1(Fε(A, η)), τ

(n)
R

)
(3.18)

(íèæå áóäóò èñïîëüçîâàòüñÿ äâà âàðèàíòà ÌÏ (3.18), îòâå÷àþùèå èãðîâîìó õàðàêòåðó îñíîâíîé

çàäà÷è).

Â [9, òåîðåìà 5.1℄ óêàçàíî êîíêðåòíîå ïðåäñòàâëåíèå ÌÏ (3.18) â âèäå êîìïàêòà â

(
R
n, τ

(n)
R

)
.

Â ýòîé ñâÿçè ââåäåì, ñëåäóÿ [9, ðàçäåë 5℄, ïî çàäàííûì �óíêöèÿì π1, . . . , πn �óíêöèè ñîîòâåò-

ñòâóþùèõ îäíîñòîðîííèõ ïðåäåëîâ. Íàïîìíèì ñ ó÷åòîì (3.6), (3.7) ñâîéñòâà [9, (5.7)℄, èç êîòî-

ðûõ âûòåêàåò êîððåêòíîñòü ñëåäóþùèõ (ñì. [13, ïðåäëîæåíèå 7.1℄) îïðåäåëåíèé îäíîñòîðîííèõ

ïðåäåëîâ �óíêöèé èç B(I,A): åñëè f ∈ B(I,A), òî
1) ïðè t ∈]a; b] �óíêöèÿ f èìååò ïðåäåë ñëåâà â òî÷êå t, äëÿ êîòîðîãî

lim
θ↑t

f(θ) =

∫

I

f dæ
[
U
(−)
t

]
∈ R;

2) ïðè t ∈ [a; b[ �óíêöèÿ f èìååò ïðåäåë ñïðàâà â òî÷êå t, äëÿ êîòîðîãî

lim
θ↓t

f(θ) =

∫

I

f dæ
[
U
(+)
t

]
∈ R.

Ïîýòîìó [9, (5.10)℄ îïðåäåëåíû ñëåäóþùèå âåêòîðû:

(
π̂↑(t) ,

(
lim
θ↑t

πi(θ)

)

i∈1,n

∈ R
n∀ t ∈]a, b]

)
&

(
π̂↓(t) ,

(
lim
θ↓t

πi(θ)

)

i∈1,n

∈ R
n∀ t ∈ [a, b[

)
. (3.19)

Åñëè x ∈ R
n
è y ∈ R

n, òî ÷åðåç [x; y]n îáîçíà÷àåì ìíîæåñòâî âñåõ âåêòîðîâ αx + (1− α)y,
α ∈ [0, 1]; ïîëó÷àåì ñåãìåíò â R

n. Òîãäà ÌÏ (3.18) îáëàäàåò ñëåäóþùèì ¾êîíå÷íîìåðíûì¿

ïðåäñòàâëåíèåì â òåðìèíàõ âåêòîðîâ (3.19):

(as)
[
Fη(A);Rn; τ

(n)
R

; Π[η];Fη [A]
]
= (sas)

[
Fη(A);Rn; τ

(n)
R

; Π[η];Fη [A]
]
=

=

( ⋃

t∈]a,b[

[π̂↑(t); π̂↓(t)]n

)
∪ {π̂↓(a); π̂↑(b)} ∈

(
τ
(n)
R

− comp
)
[Rn]. (3.20)

Òàêèì îáðàçîì, â âèäå íåïóñòîãî êîìïàêòà (3.20) ðåàëèçóåòñÿ ÌÏ (3.18). Â äàëüíåéøåì èçëî-

æåíèè íàì ïîòðåáóþòñÿ äâà âàðèàíòà (3.20), îòâå÷àþùèå äâóì èãðîêàì.

� 4. Àáñòðàêòíàÿ èãðîâàÿ çàäà÷à ïðîãðàììíîãî óïðàâëåíèÿ, 1

�àññìîòðèì ïðèìåíåíèå êîíñòðóêöèé ïðåäûäóùåãî ïàðàãðà�à äëÿ ðåøåíèÿ îäíîé èãðîâîé

çàäà÷è. Ïîñëåäíÿÿ èìååò ñâîèì èñòî÷íèêîì ñîäåðæàòåëüíóþ çàäà÷ó ïðîãðàììíîãî óïðàâëå-

íèÿ ëèíåéíîé ñèñòåìîé ñ èìïóëüñíûì îãðàíè÷åíèåì íà âûáîð óïðàâëåíèé. Îäíàêî â èíòåðåñàõ
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áîëüøåé îáùíîñòè ðàññìîòðèì ïîñòàíîâêó àáñòðàêòíîé èãðîâîé çàäà÷è â äóõå [17℄. Â òî æå

âðåìÿ îáîçíà÷åíèÿ, ââåäåííûå â ïðåäûäóùåì ïàðàãðà�å, áóäóò â ñóùåñòâåííîé ÷àñòè ñîõðà-

íåíû ïðè èñïîëüçîâàíèè íàäëåæàùèõ èíäåêñîâ, óêàçûâàþùèõ íà ïðèíàäëåæíîñòü òîìó èëè

èíîìó èãðîêó.

Ôèêñèðóåì a1 ∈ R, b1 ∈ R, a2 ∈ R è b2 ∈ R, äëÿ êîòîðûõ a1 < b1 è a2 < b2; ïîëàãàåì, ÷òî
I1 , [a1, b1] è I2 , [a2, b2]. ßñíî, ÷òî I1 6= ∅ è I2 6= ∅. Ïîëóàëãåáðû ï/ì I1 è I2 ñîîòâåòñòâåííî
èìåþò âèä

L1 , {L ∈ P(I1) | ∃ c ∈ I1 ∃ d ∈ I1 : (]c, d[⊂ L) & (L ⊂ [c, d])},

L2 , {L ∈ P(I2) | ∃ c ∈ I2 ∃ d ∈ I2 : (]c, d[⊂ L) & (L ⊂ [c, d])}.

×åðåç A1 è A2 îáîçíà÷àåì àëãåáðû ï/ì I1 è I2, ïîðîæäåííûå ïîëóàëãåáðàìè L1 è L2 ñîîòâåò-

ñòâåííî (ïðè ýòîì, êîíå÷íî, L1 ⊂ A1 è L2 ⊂ A2). Òîãäà (I1,A1) è (I2,A2) ñóòü íåïóñòûå ÈÏ

ñ àëãåáðàìè ìíîæåñòâ. ×åðåç η1 è η2 îáîçíà÷àåì ñóæåíèÿ ìåðû Ëåáåãà íà A1 è A2 ñîîòâåò-

ñòâåííî (η1 è η2 ñîîòâåòñòâóþò ñ÷åòíî-àääèòèâíûì íåîòðèöàòåëüíûì ìåðàì α
[
l
b1
a1

]
è α

[
l
b2
a2

]

â [14, (8.5.1)℄). Â ÷àñòíîñòè, η1 ∈ (add)+[A1] è η2 ∈ (add)+[A2]. Òåïåðü âîñïîëüçóåìñÿ îáîçíà÷å-

íèÿìè ïðåäûäóùåãî ïàðàãðà�à, çàìåíÿÿ (a, b) íà (a1, b1) è (a2, b2). Êðîìå òîãî, äàëåå â êà÷åñòâå
ìåðû η ïðåäûäóùåãî ïàðàãðà�à áóäåì èñïîëüçîâàòü η1 è η2. Òîãäà, â ÷àñòíîñòè, ìû ïîëó÷à-

åì äâà ê.-à. ïðîñòðàíñòâà ñ ìåðîé (I1,A1, η1) è (I2,A2, η2), â òåðìèíàõ êîòîðûõ îïðåäåëåíû

(ñì. (3.3)) íåïóñòûå êîìïàêòû

Pη1(A1) ∈ (τ∗(A1)− comp)[A(A1)], (4.1)

Pη2(A2) ∈ (τ∗(A2)− comp)[A(A2)]; (4.2)

àíàëîãè÷íûì îáðàçîì îïðåäåëåíû êîìïàêòû Tη1(A1) è Tη2(A2).
Èñïîëüçóÿ (3.5) ïðè óñëîâèÿõ (a, b, η) = (a1, b1, η1) è (a, b, η) = (a2, b2, η2), ïîëó÷àåì (íåïó-

ñòûå) ìíîæåñòâà Fη1(A1) ∈ P ′(B+
0 (I1,A1)) è Fη2(A2) ∈ P ′(B+

0 (I2,A2)), äëÿ êîòîðûõ (ñì. (3.9))

Pη1(A1) = cl({f ∗ η1 : f ∈ Fη1(A1)}, τ∗(A1)) = cl({f ∗ η1 : f ∈ Fη1(A1)}, τ0(A1)), (4.3)

Pη2(A2) = cl({f ∗ η2 : f ∈ Fη2(A2)}, τ∗(A2)) = cl({f ∗ η2 : f ∈ Fη2(A2)}, τ0(A2)). (4.4)

Ñëåäóÿ îïðåäåëåíèÿì ïðåäûäóùåãî ïàðàãðà�à, ââîäèì íåïóñòûå ìíîæåñòâà P
0
η1
(A1|t),

t ∈]a1, b1[, è P
0
η2
(A2|t), t ∈]a2, b2[, ðàññìàòðèâàåìûå êàê ï/ì êîìïàêòîâ

(
Pη1(A1), τ

∗
η1
(A1)

)
,
(
Pη2(A2), τ∗η2(A2)

)
,

ãäå âûäåðæèâàþòñÿ ñîãëàøåíèÿ (ñì. ïðåäûäóùèé ïàðàãðà�)

τ∗η1(A1) , τ∗(A1)|Pη1
(A1), τ∗η2(A2) , τ∗(A2)|Pη2

(A2),

ãäå ó÷èòûâàþòñÿ ñâîéñòâà (4.1), (4.2). Íàïîìíèì, ÷òî êàæäîé �óíêöèè f ∈ Fη1(A1) ñîïîñòàâ-
ëÿþòñÿ ìîìåíòû âðåìåíè t0(f | a1, b1) ∈ I1, t0(f | a1, b1) ∈ I1, äëÿ êîòîðûõ

t0(f | a1, b1) 6 t0(f | a1, b1).

Ñ ó÷åòîì ýòîãî èìååì òåïåðü ïðè ε ∈ ]0,∞[ ìíîæåñòâî

Fε(A1, η1) ,
{
f ∈ Fη1(A1) | t

0(f | a1, b1)− t0(f | a1, b1) < ε
}
∈ P ′(Fη1(A1)).

Êàê ñëåäñòâèå, ïîëó÷àåì ÁÔ Fη1 [A1] , {Fε(A1, η1) : ε ∈]0,∞[} ∈ β0[Fη1(A1)]. Àíàëîãè÷íûì
îáðàçîì ïðè f ∈ Fη2(A2) èìååì t0(f | a2, b2) ∈ I2, t0(f | a2, b2) ∈ I2 ñî ñâîéñòâîì

t0(f | a2, b2) 6 t0(f | a2, b2).

Â ýòèõ òåðìèíàõ ïðè ε ∈ ]0,∞[ îïðåäåëÿåì ìíîæåñòâî

Fε(A2, η2) ,
{
f ∈ Fη2(A2) | t

0(f | a2, b2)− t0(f | a2, b2) < ε
}
∈ P ′(Fη2(A2)).
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Êàê ñëåäñòâèå, ïîëó÷àåì ÁÔ Fη2 [A2] , {Fε(A2, η2) : ε ∈]0,∞[} ∈ β0[Fη2(A2)]. Â âèäå Fη1 [A1]
è Fη2 [A2] èìååì ÎÀÕ èãðîêîâ I è II ñîîòâåòñòâåííî. Ñîîòâåòñòâåííî, â âèäå

(Pη1(A1), τ
∗
η1
(A1), τ

0
η1
(A1)), (Pη2(A2), τ

∗
η2
(A2), τ

0
η2
(A2)) (4.5)

èìååì äâà âàðèàíòà ðåàëèçàöèè ÁÒÏ (3.14). Êàæäîìó èç âàðèàíòîâ (4.5) ñîîòâåòñòâóåò ñâîÿ

êîíêðåòèçàöèÿ (3.15), ëåãêî èçâëåêàåìàÿ èç (4.3) è (4.4) ñîîòâåòñòâåííî; ïðè ýòîì â êà÷åñòâå

Iη[A] â (3.15) ñëåäóåò èñïîëüçîâàòü

Iη1 [A1] , (f ∗ η1)f∈Fη1
(A1) ∈ Pη1(A1)

Fη1
(A1), (4.6)

Iη2 [A2] , (f ∗ η2)f∈Fη2
(A2) ∈ Pη2(A2)

Fη2
(A2). (4.7)

Ïîñðåäñòâîì (4.6), (4.7) îïðåäåëåíû ïðàâèëà ïëîòíîãî ïîãðóæåíèÿ íåïóñòûõ ìíîæåñòâ Fη1(A1),
Fη2(A2) â ÁÒÏ (4.5). Ïðè èñïîëüçîâàíèè (4.6), (4.7) ðåàëèçóþòñÿ ÌÏ, êîíêðåòèçèðóþùèå (3.16)

äëÿ èãðîêîâ I è II; ìû ïîëó÷àåì P
0
η1
[A1] è P

0
η2
[A2]. Íåïðåðûâíûå îáðàçû ýòèõ äâóõ ìíîæåñòâ

ñîâïàäàþò ñ îñíîâíûì ÌÏ äëÿ èãðîêîâ I è II ñîîòâåòñòâåííî.

Òåïåðü ðàññìîòðèì äâà âàðèàíòà êîðòåæà (πi)i∈1,n ∈ B(I,A)n. Äëÿ ýòîãî �èêñèðóåì n1 ∈ N

è n2 ∈ N, ïîñëå ÷åãî ïîëàãàåì çàäàííûìè ÿðóñíûå �óíêöèè

π
(1)
1 ∈ B(I1,A1), . . . , π(1)

n1
∈ B(I1,A1); (4.8)

�èêñèðóåì òàêæå ÿðóñíûå �óíêöèè

π
(2)
1 ∈ B(I2,A2), . . . , π(2)

n2
∈ B(I2,A2). (4.9)

Ïîñðåäñòâîì (4.8) îïðåäåëÿåì âåêòîð-�óíêöèîíàë Π′[η1] â âèäå

f 7→ (

∫

I1

π
(1)
i f dη1)i∈1,n1

: Fη(A1) → R
n1 .

Àíàëîãè÷íûì îáðàçîì �óíêöèè (4.9) ïîðîæäàþò âåêòîð-�óíêöèîíàë Π′′[η2] â âèäå

f 7→ (

∫

I2

π
(2)
i f dη2)i∈1,n2

: Fη(A2) → R
n2 .

Èòàê, ìû èìååì ñëåäóþùèå äâà îòîáðàæåíèÿ:

Π′[η1] : Fη1(A1) → R
n1 , Π′′[η2] : Fη2(A2) → R

n2 .

Íàïîìíèì, ÷òî ñåìåéñòâî (3.14) (à ýòî ÁÔ) ðåàëèçóåòñÿ äàëåå â äâóõ âàðèàíòàõ:

Fη1 [A1] , {Fε(A1, η1) : ε ∈]0,∞[} ∈ β0[Fη1(A1)], (4.10)

Fη2 [A2] , {Fε(A2, η2) : ε ∈]0,∞[} ∈ β0[Fη2(A2)]. (4.11)

Ñ êàæäûì èç ýòèõ âàðèàíòîâ ñâÿçûâàåòñÿ ñâîå ÌÏ (ðåàëèçóåòñÿ êîíêðåòèçàöèÿ (3.18)):

A1 , (as)[Fη1(A1); R
n1 ; τ

(n1)
R

; Π′[η1]; Fη1 [A1]] =

= (sas)[Fη1(A1); R
n1 ; τ

(n1)
R

; Π′[η1]; Fη1 [A1]] =

=
⋂

ε∈]0,∞[

cl
(
Π′[η1]

1(Fε(A1, η1)), τ
(n1)
R

)
, (4.12)

A2 , (as)[Fη2(A2); R
n2 ; τ

(n2)
R

; Π′′[η2]; Fη2 [A2]] =

= (sas)[Fη2(A2); R
n2 ; τ

(n2)
R

; Π′′[η2]; Fη2 [A2]] =

=
⋂

ε∈]0,∞[

cl
(
Π′′[η2]

1(Fε(A2, η2)), τ
(n2)
R

)
. (4.13)
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Â âèäå (4.12) è (4.13) èìååì äâà âàðèàíòà ÌÏ; ïðè ýòîì

A1 ∈ (τ
(n1)
R

− comp)[Rn1 ], A2 ∈ (τ
(n2)
R

− comp)[Rn2 ].

Èòàê, ÌÏ (4.12), (4.13) ñóòü íåïóñòûå êîíå÷íîìåðíûå êîìïàêòû. Â (4.12), (4.13) èìååì êîí-

êðåòèçàöèþ îáùèõ ïîñòðîåíèé [17℄. Â ýòîé ñâÿçè îòìåòèì, ÷òî ìíîæåñòâà U è V ðàáîòû [17℄

â íàøåì ñëó÷àå èìåþò âèä

U , Fη1(A1), V , Fη2(A2), U 6= ∅, V 6= ∅.

Â ïîñëåäóþùèõ ïîñòðîåíèÿõ â êà÷åñòâå ìíîæåñòâ ÎÝ èãðîêîâ èñïîëüçóåì Pη1(A1) è Pη2(A2).
�àññìîòðèì ïîäðîáíåå íåêîòîðûå âîïðîñû êîíêðåòèçàöèè ïîñòðîåíèé [17℄. Ââåäåì âåêòîð-

�óíêöèîíàëû

Π̃′[η1] : Pη1(A1) → R
n1 , Π̃′′[η2] : Pη2(A2) → R

n2

ïîñðåäñòâîì ñëåäóþùèõ óñëîâèé:

(
Π̃′[η1](µ) ,

(∫

I1

π
(1)
i dµ

)

i∈1,n1

∀µ ∈ Pη1(A1)

)
&

&

(
Π̃′′[η2](µ) ,

(∫

I2

π
(2)
i dµ

)

i∈1,n2

∀µ ∈ Pη2(A2)

)
. (4.14)

Äàííûå âåêòîð-�óíêöèîíàëû ìîæíî ðàññìàòðèâàòü â êà÷åñòâå íåïðåðûâíûõ (â *-ñëàáîì ñìûñ-

ëå) àíàëîãîâ âåêòîð-�óíêöèîíàëîâ Π′[η1] è Π′′[η2] ñîîòâåòñòâåííî. Òåïåðü åñòåñòâåííàÿ êîíêðå-
òèçàöèÿ ìíîæåñòâ U è V ðàáîòû [17℄ èìååò (ñì. (4.14)) ñëåäóþùèé âèä:

U , Π̃′[η1]
1(Pη1(A1)) =

{(∫

I1

π
(1)
i dµ

)

i∈1,n1

: µ ∈ Pη1(A1)

}
, (4.15)

V , Π̃′′[η2]
1(Pη2(A2)) =

{(∫

I2

π
(2)
i dµ

)

i∈1,n2

: µ ∈ Pη2(A2)

}
. (4.16)

Íàïîìíèì, ÷òî ñîãëàñíî (4.14) âåêòîð-�óíêöèîíàë Π̃′[η1] íåïðåðûâåí â ñìûñëå òîïîëîãèè

τ∗η1(A1), à Π̃′′[η2] íåïðåðûâåí â ñìûñëå τ∗η2(A2). Ïîýòîìó (ñì. (4.13), (4.14))

(
U ∈ (τ

(n1)
R

− comp)[Rn1 ]
)
&
(
V ∈ (τ

(n2)
R

− comp)[Rn2 ]
)
. (4.17)

Êîíêðåòèçèðóåì ìåòðèêè ρ1, ρ2 [17, 
. 106℄. Èòàê, ρ1 åñòü

(x1, x2) 7→ ||x1 − x2||n1
: U × U → [0,∞[,

a ρ2 îïðåäåëÿåòñÿ êàê

(y1, y2) 7→ ||y1 − y2||n2
: V × V → [0,∞[.

Ïðè ýòîì òîïîëîãèè τ
(n1)
R

|U è τ
(n2)
R

|V êîíå÷íîìåðíûõ êîìïàêòîâ (4.17) ïîðîæäåíû ìåòðèêàìè ρ1
è ρ2 ñîîòâåòñòâåííî. Â îáîçíà÷åíèÿõ [17, 
. 106℄ ïîëó÷àåì, ÷òî

τ
(n1)
R

|U = τ0ρ1 [U ], τ
(n2)
R

|V = τ0ρ2 [V ]. (4.18)

Òîãäà ïîëó÷àåì, êàê ñëåäñòâèå, ÷òî

(U, τ0ρ1 [U ]) = (U, τ
(n1)
R

|U ), (V, τ0ρ2 [V ]) = (V, τ
(n2)
R

|V ) (4.19)

ñóòü íåïóñòûå ìåòðèçóåìûå êîìïàêòû (ñîõðàíÿåì îáîçíà÷åíèå òîïîëîãèé â (4.18), ïðèíÿòûå

â [17, � 2℄). Ñâîéñòâà êîìïàêòíîñòè [17, (2.2)℄ ïðè ýòîì âûïîëíÿþòñÿ.
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Òåïåðü êîíêðåòèçèðóåì îòîáðàæåíèÿ g è h â [17, ñ. 106℄. À èìåííî, ïîëàãàåì, ÷òî â íàøåì

ñëó÷àå

g , Π′[η1]. (4.20)

Ñ ó÷åòîì (4.15) è (4.20) ïîëó÷àåì, ÷òî ïðè f ∈ Fη1(A1)

g(f) = Π′[η1](f) =

(∫

I1

π
(1)
i f dη1

)

i∈1,n1

=

(∫

I1

π
(1)
i d(f ∗ η1)

)

i∈1,n1

∈ U,

ïîñêîëüêó f ∗ η1 ∈ Pη1(A1) (ñì. [16, îïðåäåëåíèå 3.7.1℄, à òàêæå (4.3)). Àíàëîãè÷íûì îáðàçîì

êîíêðåòèçèðóåòñÿ h:
h , Π′′[η2]. (4.21)

Ñ ó÷åòîì (4.16) è (4.21) ïîëó÷àåì, ÷òî ïðè f ∈ Fη2(A2)

h(f) = Π′′[η2](f) =

(∫

I2

π
(2)
i f dη2

)

i∈1,n2

=

(∫

I2

π
(2)
i d(f ∗ η2)

)

i∈1,n2

∈ V,

òàê êàê f ∗ η2 ∈ Pη2(A2) â ñèëó (4.4). Òàêèì îáðàçîì, â îáîçíà÷åíèÿõ [17℄

(g = Π′[η1] ∈ UU) & (h = Π′′[η2] ∈ V V). (4.22)

Ñ ó÷åòîì (4.17) è (4.22) ïîëó÷àåì, ÷òî â ðàññìàòðèâàåìîì ñëó÷àå âûïîëíÿþòñÿ óñëîâèÿ [17, � 2℄.

Ñ ó÷åòîì (4.18) ÒÏ [17, (2.4)℄ êîíêðåòèçèðóåòñÿ ñëåäóþùèì îáðàçîì:

τ0ρ1 [U ]⊗ τ0ρ2 [V ] = τ
(n1)
R

|U ⊗ τ
(n2)
R

|V . (4.23)

Ìåòðèêà ρ3, ïîðîæäàþùàÿ äàííóþ òîïîëîãèþ, èìååò âèä

((u1, v1), (u2, v2)) 7→ sup({ρ1(u1, u2); ρ2(v1, v2)}) : (U × V )× (U × V ) → [0,∞[.

Ïîëàãàåì äàëåå, ÷òî âûáîð f ′ ∈ Fη1(A1) (òî åñòü âûáîð f ′ ∈ U) íàõîäèòñÿ â ðàñïîðÿæåíèè

èãðîêà I, à âûáîð f ′′ ∈ Fη2(A2) (òî åñòü âûáîð f ′′ ∈ V) � â ðàñïîðÿæåíèè èãðîêà II, ÷òî

ñîîòâåòñòâóåò ëîãèêå [17, � 2℄.

Ôóíêöèîíàë ñòîèìîñòè. Ââåäåì â ðàññìîòðåíèå (íåïðåðûâíóþ) �óíêöèþ

f ∈ C(U × V, τ0ρ1 [U ]⊗ τ0ρ2 [V ]). (4.24)

Çàìåòèì, ÷òî â ñèëó (4.17) òîïîëîãèÿ (4.23) ïðåâðàùàåò U×V â ìåòðèçóåìûé (ïîñðåäñòâîì ρ3)
êîìïàêò, à f (4.24) � ðàâíîìåðíî íåïðåðûâíàÿ â ñìûñëå ìåòðèêè ρ3 �óíêöèÿ.
Ïðåäñòàâëåíèÿ ìíîæåñòâ ïðèòÿæåíèÿ. Íàïîìíèì, ÷òî ÁÔ Fη1 [A1] è Fη2 [A2] ìîãóò èñ-

ïîëüçîâàòüñÿ â êà÷åñòâå íàïðàâëåííûõ ñåìåéñòâ U è V ðàáîòû [17, (2.1)℄: äàëåå

U , Fη1 [A1], V , Fη2 [A2]. (4.25)

Ñ ó÷åòîì (4.25) êîíêðåòèçèðóåì ÌÏ G1 è G2 [17, (2.6)℄. Ìû ïîëó÷èëè

U = Π̃′[η1]
1(Pη1(A1)), τ0ρ1 [U ] = τ

(n1)
R

|U , g = Π′[η1] ∈ UU, U = Fη1 [A1].

Ïîýòîìó äëÿ ÌÏ G1 [17, (2.6)℄ ïîëó÷àåì ñëåäóþùåå ïðåäñòàâëåíèå:

G1 = (as)[U;U ; τ0ρ1 [U ]; g;U ] =

=
⋂

Σ∈U

cl(g1(Σ), τ0ρ1 [U ]) =
⋂

Σ∈U

cl(g1(Σ), τ
(n1)
R

|U ) =

=
⋂

Σ∈U

cl(g1(Σ), τ
(n1)
R

) =
⋂

Σ∈U

cl(Π′[η1]
1(Σ), τ

(n1)
R

).



102 À. �. ×åíöîâ, È.È. Ñàâåíêîâ, Þ.Â. Øàïàðü

ÌÀÒÅÌÀÒÈÊÀ 2018. Ò. 28. Âûï. 1

Ñ ó÷åòîì (4.12) ïîëó÷àåì ñëåäóþùåå ðàâåíñòâî:

G1 = A1. (4.26)

Âìåñòå ñ òåì èìååì ñèñòåìó ðàâåíñòâ

V = Π̃′′[η2]
1(Pη2(A2)), τ0ρ2 [V ] = τ

(n2)
R

|V , h = Π′′[η2] ∈ V V, V = Fη2 [A2].

Òîãäà [17, (2.6)℄ ïîëó÷àåì öåïî÷êó ðàâåíñòâ

G2 = (as)[V;V ; τ0ρ2 [V ], h,V] =

=
⋂

Σ∈V

cl(h1(Σ), τ0ρ2 [V ]) =
⋂

Σ∈V

cl(h1(Σ), τ
(n2)
R

|V ) =

=
⋂

Σ∈V

cl(h1(Σ), τ
(n2)
R

) =
⋂

Σ∈V

cl(Π′′[η2]
1(Σ), τ

(n2)
R

).

Ñ ó÷åòîì (4.13) ïîëó÷àåì ñëåäóþùåå ðàâåíñòâî:

G2 = A2. (4.27)

Ïîñðåäñòâîì (4.26) è (4.27) êîíêðåòèçèðîâàíû ïðåäñòàâëåíèÿ ìíîæåñòâ G1 èG2 ðàáîòû [17℄.

Îòìåòèì òåïåðü, ÷òî â [9, òåîðåìà 5.1℄ ïîëó÷åíî êîíå÷íîìåðíîå îïèñàíèå äâóõ óïîìÿíóòûõ

ìíîæåñòâ. Íàì ïîòðåáóþòñÿ íåêîòîðûå ïîëîæåíèÿ [13℄, à èìåííî:

1) ïðè ĥ ∈ B(I1,A1) è t ∈ [a1, b1[ îïðåäåëåí ïðåäåë ñïðàâà �óíêöèè ĥ â òî÷êå t, îáîçíà÷àåìûé
÷åðåç

lim
θ↓t

ĥ(θ), lim
θ↓t

ĥ(θ) ∈ R; (4.28)

2) ïðè h̃ ∈ B(I1,A1) è t̃ ∈]a1, b1] îïðåäåëåí ïðåäåë ñëåâà �óíêöèè h̃ â òî÷êå t̃, îáîçíà÷àåìûé
÷åðåç

lim
θ↑t̃

h̃(θ), lim
θ↑t̃

h̃(θ) ∈ R. (4.29)

Àíàëîãè÷íûì îáðàçîì ïðè ĥ ∈ B(I2,A2) è t ∈ [a2, b2[ îïðåäåëåí ïðåäåë ñïðàâà �óíêöèè ĥ
â òî÷êå t, îáîçíà÷àåìûé ïîäîáíî (4.28); êðîìå òîãî, ïðè h̃ ∈ B(I2,A2) è t̃ ∈]a2, b2] îïðåäåëåí
ïðåäåë ñëåâà �óíêöèè h̃ â òî÷êå t̃, îáîçíà÷àåìûé ïîäîáíî (4.29).

Êàê ñëåäñòâèå, ïîëó÷àåì, ÷òî îïðåäåëåíû âåêòîðû

(
π̂
(1)
↑ (t) ,

(
lim
θ↑t

π
(1)
i (θ)

)

i∈1,n1

∈ R
n1 ∀t ∈]a1, b1]

)
&

&

(
π̂
(1)
↓ (t) ,

(
lim
θ↓t

π
(1)
i (θ)

)

i∈1,n1

∈ R
n1 ∀t ∈ [a1, b1[

)
. (4.30)

Àíàëîãè÷íûì îáðàçîì îïðåäåëÿþòñÿ âåêòîðû

(
π̂
(2)
↑ (t) ,

(
lim
θ↑t

π
(2)
i (θ)

)

i∈1,n2

∈ R
n2 ∀t ∈]a2, b2]

)
&

&

(
π̂
(2)
↓ (t) ,

(
lim
θ↓t

π
(2)
i (θ)

)

i∈1,n2

∈ R
n2 ∀t ∈ [a2, b2[

)
. (4.31)

Êðîìå òîãî, ïðè k ∈ N, x ∈ R
k
è y ∈ R

k
ïîëàãàåì, ÷òî

[x, y]k , {αx+ (1− α)y : α ∈ [0, 1]},
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ïîëó÷àÿ âûïóêëóþ îáîëî÷êó äâóõýëåìåíòíîãî (âîîáùå ãîâîðÿ) ìíîæåñòâà {x; y}. Òîãäà (ñì. [9,
òåîðåìà 5.1℄)

G1 = A1 =


 ⋃

t∈]a1,b1[

[π̂
(1)
↑ (t); π̂

(1)
↓ (t)]n1


 ∪

{
π̂
(1)
↓ (a1); π̂

(1)
↑ (b1)

}
∈ (τ

(n1)
R

− comp)[Rn1 ], (4.32)

G2 = A2 =




⋃

t∈]a2,b2[

[π̂
(2)
↑ (t); π̂

(2)
↓ (t)]n2


 ∪

{
π̂
(2)
↓ (a2); π̂

(2)
↑ (b2)

}
∈ (τ

(n2)
R

− comp)[Rn2 ]. (4.33)

Â ÷àñòíîñòè, G1 6= ∅ è G2 6= ∅. Èòàê, âûïîëíåíû óñëîâèÿ [17, (2.11)℄. Ñ ó÷åòîì [17, (2.12)℄ èìååì

òàêæå, ÷òî

(∅ 6= U) & (∅ 6= V). (4.34)

Ñ ó÷åòîì (4.25) ïîëó÷àåì, ÷òî ïðè ε ∈]0,∞[

(Fε(A1, η1) 6= ∅) & (Fε(A2, η2) 6= ∅).

Ìàêñèìèí ïðè îãðàíè÷åíèÿõ àñèìïòîòè÷åñêîãî õàðàêòåðà

Âåðíåìñÿ ê (4.24). Ñ ó÷åòîì (4.22) è (4.34) ïîëó÷àåì, ÷òî g1(S) ∈ P ′(U) ïðè S ∈ U ; êðîìå
òîãî, h1(T ) ∈ P ′(V ) ïðè T ∈ V. Ñ ó÷åòîì (4.17), (4.18) èìååì ñâîéñòâà

(
cl(g1(S), τ0ρ1 [U ]) ∈ (τ0ρ1 [U ]− comp)[U ] ∀S ∈ U

)
&

&
(
cl(h1(T ), τ0ρ2 [V ]) ∈ (τ0ρ2 [V ]− comp)[V ] ∀T ∈ V

)
. (4.35)

Èç (4.24) âûòåêàåò ñâîéñòâî [17, (2.14)℄, òî åñòü f(·, y) ∈ C(U, τ0ρ1 [U ]) ∀y ∈ V . Ó÷èòûâàÿ (4.35),

ïîëó÷àåì, ÷òî ïðè y ∈ V è S ∈ U îïðåäåëåíî çíà÷åíèå

min
x∈cl(g1(S),τ0ρ1 [U ])

f(x, y) ∈ R. (4.36)

�àññìîòðèì çàâèñèìîñòü, îïðåäåëåííóþ íà V , ñî çíà÷åíèÿìè (4.36); ñì. [17, (2.16)℄. Òî÷íåå,

ïðè S ∈ U èìååì â âèäå FS, FS ∈ C(V, τ0ρ2 [V ]), �óíêöèþ

y 7→ min
x∈cl(g1(S),τ0

ρ1
[U ])

f(x, y) : V → R; (4.37)

ñì. [17, çàìå÷àíèå 1℄. Ñ ó÷åòîì (4.17) ïðè S ∈ U è T ∈ V îïðåäåëåí (ñì. [17, (2.21)℄) ìàêñèìèí

max
y∈cl(h1(T ),τ0

ρ2
[V ])

min
x∈cl(g1(S),τ0

ρ1
[U ])

f(x, y) = max
y∈cl(h1(T ),τ0

ρ2
[V ])

FS(y) ∈ R.

Ñîãëàñíî [17, (2.22)℄ ïîëó÷àåì (ñì. (4.35)) òàêæå ïðè S ∈ U è y ∈ V ðàâåíñòâî

FS(y) = inf
x∈g1(S)

f(x, y)

(ñì. [17, çàìå÷àíèå 2℄). Ñëåäóÿ [17, (2.32)℄, ïîëó÷àåì ïðè S ∈ U è T ∈ V (íåïóñòîå) ìíîæåñòâî{
FS(y) : y ∈ h1(T )

}
∈ P ′(R). Ñ ó÷åòîì (4.17) è íåïðåðûâíîñòè �óíêöèé (4.37) èìååì ñâîéñòâî

îãðàíè÷åííîñòè óïîìÿíóòûõ ìíîæåñòâ, à òîãäà ïðè S ∈ U è T ∈ V îïðåäåëåíî (êîíå÷íîå)

çíà÷åíèå

V(S, T ) , sup
y∈h1(T )

FS(y) = sup
y∈h1(T )

inf
x∈g1(S)

f(x, y) = sup
v∈T

inf
u∈S

f(g(u), h(v)) ∈ R. (4.38)

Ìû ðàññìàòðèâàåì (4.38) êàê ðåàëèçóåìûé ïðè óñëîâèÿõ u ∈ S è v ∈ T ìàêñèìèí �óíêöèè

ïëàòû.
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� 5. Àáñòðàêòíàÿ èãðîâàÿ çàäà÷à ïðîãðàììíîãî óïðàâëåíèÿ, 2

Â íàñòîÿùåì ïàðàãðà�å áóäåò ïîëó÷åíî ïðåäñòàâëåíèå ¾àñèìïòîòè÷åñêîãî¿ ìàêñèìèíà, îò-

âå÷àþùåãî çàâèñèìîñòè

(S, T ) 7→ V(S, T ) : U × V → R; (5.1)

ãðóáî ãîâîðÿ, ðå÷ü ïîéäåò î ïðåäåëå çíà÷åíèé (5.1) ïðè ïåðåáîðå S ∈ U è T ∈ V. Â ýòîé ñâÿçè

íàïîìíèì, ÷òî [17, (2.6)℄ G1 ∈ P ′(U) è G2 ∈ P ′(V ); ñì. (4.15), (4.16), (4.32) è (4.33). Ïîñêîëüêó

G1 = A1 è G2 = A2 êîìïàêòíû â (Rn1 , τ
(n1)
R

) è (Rn2 , τ
(n2)
R

) ñîîòâåòñòâåííî è ïðè ýòîì G1 ⊂ U
è G2 ⊂ V , òî ñîãëàñíî (4.19)

(
G1 ∈ (τ0ρ1 [U ]− comp)[U ]

)
&
(
G2 ∈ (τ0ρ2 [V ]− comp)[V ]

)
(5.2)

(èñïîëüçóåì òðàíçèòèâíîñòü îïåðàöèè ïåðåõîäà ê ïîäïðîñòðàíñòâó); èòàê, èìååì [17, (3.1)℄.

Â ñèëó (4.24) èìååì íåïðåðûâíîñòü �óíêöèé-ñå÷åíèé f(x, ·) è f(·, y) ïðè x ∈ U è y ∈ V . Ïîýòîìó
(ñì. [17, (3.2), (3.3)℄) îïðåäåëåíà �óíêöèÿ F, F ∈ C(V, τ0ρ2 [V ]), âèäà

y 7→ min
x∈G1

f(x, y) : V → R;

ñì. [17, çàìå÷àíèå 4℄. Êàê ñëåäñòâèå (ñì. (5.2)), îïðåäåëåí [17, (3.13)℄ îáîáùåííûé ìàêñèìèí

V , max
y∈G2

F(y) = max
y∈G2

min
x∈G1

f(x, y) ∈ R. (5.3)

Ïîýòîìó äëÿ îïðåäåëåíèÿ V ìîæíî èñïîëüçîâàòü (4.32), (4.33). Òàêèì îáðàçîì, V åñòü

ìàêñèìèí íåïðåðûâíîé �óíêöèè íà ïðîèçâåäåíèè êîíå÷íîìåðíûõ êîìïàêòîâ, îïðåäåëÿåìûõ

â ÿâíîì âèäå. Ñ äðóãîé ñòîðîíû, ñîãëàñíî [17, òåîðåìà 1℄ V ∈ R, òàê ÷òî

∀ζ ∈]0,∞[ ∃Sζ ∈ U ∃Tζ ∈ V : |V(S, T )−V| < ζ ∀S ∈ U ∩ P ′(Sζ) ∀T ∈ V ∩ P ′(Tζ). (5.4)

Òåïåðü ó÷òåì (4.10), (4.11) è (4.25). Ïîëó÷àåì òîãäà â ñèëó (5.4) ñëåäóþùåå

Ïðåäëîæåíèå 1. Åñëè ζ ∈]0,∞[, òî ∃δ ∈]0,∞[:

|V (Fδ1(A1, η1),Fδ2(A2, η2))−V| < ζ ∀δ1 ∈]0, δ] ∀δ2 ∈]0, δ].

Ïðè äîêàçàòåëüñòâå ñëåäóåò, íàðÿäó ñ (4.10), (4.11) è (4.25), ó÷åñòü, ÷òî ïðè ε1 ∈]0,∞[
è ε2 ∈]0,∞[

(ε1 6 ε2) ⇒ ((Fε1(A1, η1) ⊂ Fε2(A1, η1))&(Fε1(A2, η2) ⊂ Fε2(A2, η2))).

Â ñâÿçè ñ ïðåäëîæåíèåì 1 îòìåòèì, ÷òî ïðè ε1 ∈]0,∞[ è ε2 ∈]0,∞[

V (Fε1(A1, η1),Fε2(A2, η2)) = sup
v∈Fε2

(A2,η2)
inf

u∈Fε1
(A1,η1)

f(Π′[η1](u),Π
′′[η2](v)) =

= sup
v∈Fε2

(A2,η2)
inf

u∈Fε1
(A1,η1)

f

((∫

I1

π
(1)
i u dη1

)

i∈1,n1

,

(∫

I2

π
(2)
j v dη2

)

j∈1,n2

)
. (5.5)

Èòàê, â òåðìèíàõ ¾êîíå÷íîìåðíîãî¿ (îáîáùåííîãî) ìàêñèìèíà V îïðåäåëÿåòñÿ ïðåäåë ðå-

àëèçóåìûõ ìàêñèìèíîâ (5.5) ïðè íåîãðàíè÷åííîì ïðèáëèæåíèè ïàðàìåòðîâ òî÷íîñòè ε1 è ε2
ê íóëþ.
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� 6. Îäíà èãðîâàÿ çàäà÷à óïðàâëåíèÿ ìàòåðèàëüíûìè òî÷êàìè

Â íàñòîÿùåì ïàðàãðà�å îáñóæäàåòñÿ ÷àñòíûé ñëó÷àé ïîñòàíîâêè, ñâÿçàííîé ñ ïðåäëîæåíè-

åì 1 è ÿâëÿþùåéñÿ ðàçâèòèåì ïîñòðîåíèé [8, ãëàâà 4℄ íà ñëó÷àé èãðîâîé çàäà÷è ïðîãðàììíîãî

óïðàâëåíèÿ ñèñòåìîé ìàòåðèàëüíûõ òî÷åê. Âñþäó â äàëüíåéøåì ïîëàãàåì, ÷òî a1 = a2 = 0
è b1 = b2 = 1. Ïîýòîìó I1 = I2 = [0, 1]. Íà ïðîìåæóòêå [0, 1] ðàññìàòðèâàþòñÿ òðàåêòîðèè

óïðàâëÿåìûõ ñèñòåì Σ1 è Σ2. Çäåñü ïîâåäåíèÿ Σ1 îïèñûâàåòñÿ äè��åðåíöèàëüíûìè óðàâíå-

íèÿìè

ẏ1(t) = y2(t), ẏ2(t) = b1(t)u(t), (6.1)

à ïîâåäåíèå Σ2 õàðàêòåðèçóåòñÿ äè��åðåíöèàëüíûìè óðàâíåíèÿìè

ż1(t) = z2(t), ż2(t) = b2(t)v(t). (6.2)

Èòàê, èìååì äâå óïðàâëÿåìûå ìàòåðèàëüíûå òî÷êè (ÌÒ). Ñàì ïðîöåññ óïðàâëåíèÿ êàæ-

äîé èç ÌÒ îñóùåñòâëÿåòñÿ â ðåæèìå ¾óçêèõ¿ èìïóëüñîâ [8, � 17℄. Â îòíîøåíèè óïðàâëÿþùèõ

ïðîãðàìì u = u(·) è v = v(·) ïðèäåðæèâàåìñÿ ñîãëàøåíèé, ñîîòâåòñòâóþùèõ (3.5). À èìåí-

íî: ìû ðàññìàòðèâàåì ñëó÷àé, êîãäà îáû÷íûå óïðàâëåíèÿ u(·) è v(·) íåîòðèöàòåëüíû è èìåþò

åäèíè÷íûé èíòåãðàë, ÷òî îòâå÷àåò ñèòóàöèè ïîëíîãî ðàñõîäîâàíèÿ òîïëèâà. Â ñëó÷àå êîãäà

íà÷àëüíûå ðåñóðñû â ñèñòåìàõ (6.1) è (6.2) íå ÿâëÿþòñÿ ¾åäèíè÷íûìè¿, ìû ñâîäèì âñå æå

ïîñòàíîâêó ê âàðèàíòó, ñâÿçàííîìó ñ (3.5) (ñì. òàêæå îïðåäåëåíèÿ ïàðàãðà�à 4), ïåðåîïðåäå-

ëÿÿ b1 è b2 ïîñðåäñòâîì äîìíîæåíèÿ íà ñêàëÿðû, îïðåäåëÿþùèå íà÷àëüíûå çàïàñû òîïëèâà.

Â íàñòîÿùåì èçëîæåíèè îãðàíè÷èìñÿ ðàññìîòðåíèåì ñëó÷àÿ, êîãäà b1 è b2 � ñóòü êóñî÷íî-

ïîñòîÿííûå �óíêöèè.

Ìû ðàññìàòðèâàåì çàäà÷ó òåðìèíàëüíîãî óïðàâëåíèÿ, êîãäà �óíêöèÿ ñòîèìîñòè îïðåäå-

ëÿåòñÿ â âèäå

||y(1) − z(1)|| ∈ [0,∞[, (6.3)

ãäå y(1) � òåðìèíàëüíîå ñîñòîÿíèå ÌÒ (6.1), à z(1) � àíàëîãè÷íîå ñîñòîÿíèå ÌÒ (6.2). �àñ-

ñìàòðèâàåì çàäà÷ó î ïîèñêå ãàðàíòèðîâàííîãî ðåçóëüòàòà âòîðîãî èãðîêà. Òî÷íåå, èññëåäóåòñÿ

çàäà÷à íà ïðîãðàììíûé ìàêñèìèí â óñëîâèÿõ èìïóëüñíûõ âîçäåéñòâèé. Ïðè ýòîì �óíêöèè b1

è b2 íå áóäóò ïðåäïîëàãàòüñÿ íåïðåðûâíûìè (áóäåì äîïóñêàòü, ÷òî è b1, è b2 ìîãóò èìåòü

êîíå÷íîå ÷èñëî òî÷åê ðàçðûâà). Êàê è â [8, � 17℄, áóäåì äëÿ ïðîñòîòû ïðåäïîëàãàòü íà÷àëüíûå

óñëîâèÿ äëÿ ïåðâîé ÌÒ íóëåâûìè, òî åñòü òðåáîâàòü, ÷òîáû y1(0) = y2(0) = 0. Äëÿ âòîðîé ÌÒ

çàäàäèì ïðîèçâîëüíûå íà÷àëüíûå óñëîâèÿ, òî åñòü z1(0) = z(0,1) ∈ R, z2(0) = z(0,2) ∈ R.

Âûøåóïîìÿíóòóþ ñîäåðæàòåëüíóþ çàäà÷ó ïðåîáðàçóåì ê ïîñòàíîâêå, ðàññìàòðèâàåìîé

â �� 4, 5. Äëÿ ýòîãî ñ ó÷åòîì �îðìóëû Êîøè è (6.3) ïîëàãàåì, ÷òî n1 = n2 = 2, à �óíêöèè π
(1)
1 ,

π
(1)
2 , π

(2)
1 , π

(2)
2 èìåþò ñëåäóþùèé âèä. À èìåííî: ïðè t ∈ [0, 1]

π
(1)
1 (t) , (1− t)b1(t), π

(1)
2 (t) , b1(t),

π
(2)
1 (t) , (1− t)b2(t), π

(2)
2 (t) , b2(t), (6.4)

Â íàøåì ïðèìåðå A1 = A2 (òàê êàê I1 = I2). Ìû ïîëàãàåì, ó÷èòûâàÿ ñîäåðæàòåëüíîå îáñóæ-

äåíèå â íà÷àëå ïàðàãðà�à, ÷òî b1 ∈ B0(I1,A1) è b2 ∈ B0(I2,A2), ãäå B0(I1,A1) = B0(I2,A2).
Â äàííîì ïðèìåðå η1 = η2 åñòü ñóæåíèå ìåðû Ëåáåãà íà àëãåáðó A1 = A2; óñëîâèÿ � 4

íà η1, η2 âûïîëíÿþòñÿ. Ñ ó÷åòîì (6.4) ìîæíî êîíêðåòèçèðîâàòü îòîáðàæåíèÿ Π′[η1], Π
′′[η2],

Π̃′[η1] è Π̃′′[η2] (ñì. � 4), îäíàêî äëÿ íàøåé öåëè, ñâÿçàííîé ñ îïðåäåëåíèåì ìàêñèìèíà V, äîñòà-

òî÷íî (ñì. (4.33), (4.34)) èñïîëüçîâàòü ñàìè �óíêöèè (6.4). Íàì ñëåäóåò òîëüêî êîíêðåòèçèðî-

âàòü (4.30), (4.31). Òàêàÿ êîíêðåòèçàöèÿ âûïîëíåíà â [8, � 17℄, ãäå ðàññìàòðèâàëîñü óïðàâëåíèå

îäíîé ÌÒ. Ïî àíàëîãèè ñ [8, � 17℄ ââåäåì âåêòîð-�óíêöèþ

p : ]0, 1] → R
2

ïîñðåäñòâîì ñëåäóþùèõ óñëîâèé: ïðè t ∈]0, 1]
(
p(t)(1) , 1− t

)
&
(
p(t)(2) , 1

)
.
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Êðîìå òîãî, ïî àíàëîãèè ñ [8, � 17℄ ââåäåì âåêòîð-�óíêöèþ

q : [0, 1[→ R
2,

äëÿ êîòîðîé ïðè t ∈ [0, 1[

(
q(t)(1) , 1− t

)
&
(
q(t)(2) , 1

)
.

Â ýòèõ îáîçíà÷åíèÿõ, ñîãëàñíî [8, (17.14), (17.16)℄, ïðè t ∈]0, 1]

(
π̂
(1)
↑ (t) , (lim

θ↑t
b1(θ))p(t)

)
&

(
π̂
(2)
↑ (t) , (lim

θ↑t
b2(θ))p(t)

)
,

à ïðè t ∈ [0, 1[ ñïðàâåäëèâû ðàâåíñòâà

(
π̂
(1)
↓ (t) , (lim

θ↓t
b1(θ))q(t)

)
&

(
π̂
(2)
↓ (t) , (lim

θ↓t
b2(θ))q(t)

)
.

Äàííûå âûðàæåíèÿ ñëåäóåò èñïîëüçîâàòü â (4.32) è (4.33). Òîãäà (â íàøåì ñëó÷àå çàäà÷è óïðàâ-

ëåíèÿ ÌÒ)

G1 =
⋃

t∈]0,1[

[
π̂
(1)
↑ (t); π̂

(1)
↓ (t)

]
2
∪
{
π̂
(1)
↑ (1); π̂

(1)
↓ (0)

}
, (6.5)

G2 =
⋃

t∈]0,1[

[
π̂
(2)
↑ (t); π̂

(2)
↓ (t)

]
2
∪
{
π̂
(2)
↑ (1); π̂

(2)
↓ (0)

}
. (6.6)

Ïðè ýòîì (ñì. [8, ñ. 111℄) p(1) åñòü ïëîñêèé âåêòîð ñ êîîðäèíàòàìè 0 è 1; q(0) åñòü ïëîñêèé

âåêòîð ñ êîîðäèíàòàìè, ðàâíûìè 1.

Ìû îãðàíè÷èìñÿ ñåé÷àñ ðàññìîòðåíèåì ñëó÷àÿ, ïîäîáíîãî [8, � 18℄: êàæäàÿ èç �óíê-

öèé b1, b2 èìååò îäíî ïåðåêëþ÷åíèå, îñóùåñòâëÿåìîå â ìîìåíòû t0 ∈]0, 1[ è t0 ∈]0, 1[ ñîîòâåò-
ñòâåííî. Áóäåì èñïîëüçîâàòü îïðåäåëåíèå èíäèêàòîðà (3.1) ïðè óñëîâèè, ÷òî I = [0, 1] (èòàê,

â (3.1) Λ åñòü ï/ì [0, 1]). Ìû �èêñèðóåì b
(1)
1 ∈ R, b

(1)
2 ∈ R, b

(2)
1 ∈ R, b

(2)
2 ∈ R, äëÿ êîòîðûõ

0 < b
(1)
1 < b

(1)
2 , 0 < b

(2)
1 < b

(2)
2 .

�àññìàòðèâàåì ñëó÷àé, êîãäà

b1 = b
(1)
1 χ[0,t0[ + b

(1)
2 χ[t0,1],

b2 = b
(2)
1 χ[0,t0[ + b

(2)
2 χ[t0,1]. (6.7)

Â ñâÿçè ñ (6.5), (6.6) èìååò ñìûñë óêàçàòü îäíîñòîðîííèå ïðåäåëû �óíêöèé (6.7). Ïðè ýòîì

ñîãëàñíî (6.7)

(
lim
θ↑t

b1(θ) = b1(t) ∀t ∈]0, 1]\{t0}

)
&

(
lim
θ↑t0

b1(θ) = b
(1)
1

)
&

&

(
lim
θ↓t

b1(θ) = b1(t) ∀t ∈ [0, 1[\{t0}

)
&

(
lim
θ↓t0

b1(θ) = b
(1)
2

)
,

(
lim
θ↑t

b2(θ) = b2(t) ∀t ∈]0, 1]\{t0}

)
&

(
lim
θ↑t0

b2(θ) = b
(2)
1

)
&

&

(
lim
θ↓t

b2(θ) = b2(t) ∀t ∈ [0, 1[\{t0}

)
&

(
lim
θ↓t0

b2(θ) = b
(2)
2

)
.
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Ïîñëå íàõîæäåíèÿ ìíîæåñòâ G1, G2 ïåðåéäåì ê íàõîæäåíèþ ìàêñèìèíà (5.3):

V = max
y∈G2

min
x∈G1

f(x, y) ∈ R,

ãäå f îïðåäåëÿåòñÿ åâêëèäîâûì ðàññòîÿíèåì ñ ó÷åòîì âåêòîðà ñäâèãà, îïðåäåëåííîãî íà÷àëü-

íûìè óñëîâèÿìè âòîðîé ÌÒ:

f(x, y) =
√

(x1 − y1 − z(0,1) − z(0,2))2 + (x2 − y2 − z(0,2))2,

çäåñü xi, yi � êîîðäèíàòû x, y ñîîòâåòñòâåííî.

Ïðîâåäåì ÷èñëåííîå ïîñòðîåíèå ÌÏ äâóõ èãðîêîâ äëÿ �èêñèðîâàííûõ çíà÷åíèé ïîñòîÿí-

íûõ t0 = t0 = 0.5, b
(1)
1 = 0.5, b

(1)
2 = 2.2, b

(2)
1 = 1, b

(2)
2 = 2.1, z(0,1) = −0.4, z(0,2) = 0.2.

Äëÿ âû÷èñëåíèé áûë èñïîëüçîâàí ÿçûê ïðîãðàììèðîâàíèÿ Python ñî ñëåäóþùèìè open-sour
e

áèáëèîòåêàìè: numpy, matplotlib. Âû÷èñëèòåëüíûé ýêñïåðèìåíò ïðîâîäèëñÿ íà ÏÊ ñ ïðîöåñ-

ñîðîì Intel Core i5 (x64) ñ òàêòîâîé ÷àñòîòîé 1.6GHz è îáúåìîì îïåðàòèâíîé ïàìÿòè 4GB ïîä

óïðàâëåíèåì ÎÑ Windows 7.

−0.2 0.0 0.2 0.4 0.6 0.8 1.0
y1 (z1)

0.50

0.75

1.00

1.25

1.50

1.75

2.00

2.25

y 2
 (z

2)

PSfrag repla
ements

�èñ. 1. ÌÏ ïåðâîãî è âòîðîãî èãðîêà

Áûëè ïîëó÷åíû ñëåäóþùèå ðåçóëüòàòû: íà ðèñ. 1 èçîáðàæåíî ñïëîøíîé ëèíèåé ÌÏ G1 äëÿ

ïåðâîãî èãðîêà, äëÿ âòîðîãî � ìíîæåñòâî G2, ñìåùåííîå íà âåêòîð ñ êîîðäèíàòàìè z(0,1)+z(0,2)
è z(0,2) ñîîòâåòñòâåííî, îíî èçîáðàæåíî ïóíêòèðíîé ëèíèåé. Çâåçäî÷êîé îòìå÷åí íà÷àëüíûé ìî-
ìåíò âðåìåíè, à òàêæå îòìå÷åíû òî÷êè ðåàëèçàöèè ìàêñèìèíà èãðîâîé çàäà÷èV = 0.2681320...;
èòàê, âûäåëåííûå òî÷êè íà ïóíêòèðíîé ëèíèè ñîîòâåòñòâóþò ìàêñèìèííûì äîïóñòèìûì ÎÓ

èãðîêà II (íà ãðà�èêå ýòî âûäåëåííûå òî÷êè èç G2). Êàæäîé òàêîé òî÷êå ñîïîñòàâëÿåòñÿ ìèíè-

ìèçèðóþùàÿ òî÷êà èç G1; ìíîæåñòâî òàêèõ òî÷åê òàêæå âûäåëåíî íà ãðà�èêå. Ïðè ýòîì ÎÓ

èãðîêà II, äîñòàâëÿþùåå ìàêñèìèí, îáåñïå÷èâàåò ðåàëèçàöèþ òî÷åê, êîòîðûå ñîîòâåòñòâóþò

ìîìåíòó âðåìåíè t0. Èíûìè ñëîâàìè, â äàííîì ïðèìåðå ìàêñèìèííîå ïðîãðàììíîå óïðàâëåíèå

èãðîêà II ÿâëÿåòñÿ ýëåìåíòîì ïîäìíîæåñòâà Pη2(A2|t
0) è íå ÿâëÿåòñÿ îáû÷íûì óïðàâëåíèåì, òî
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åñòü ýëåìåíòîì ìíîæåñòâà Fη2(A2). Òåì ñàìûì èëëþñòðèðóåòñÿ ñóùåñòâåííîñòü êîíñòðóêöèè

ðàñøèðåíèÿ è, â ÷àñòíîñòè, ðîëü ÎÓ. +
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We 
onsider a linear game 
ontrol problem for maximin with asymptoti
 
onstraints, whi
h naturally arise

in 
onne
tion with the realization of �narrow� 
ontrol pulses. In terms of 
ontent, this 
orresponds to pulsed


ontrol modes with full fuel 
onsumption. The emerging game problem 
orresponds to the use of asymptoti



ontrol modes by both players, whi
h is re�e
ted in the expansion 
on
ept realized in the 
lass of �nitely

additive measures. The original 
ontent 
ontrol problem for ea
h of the players is 
onsidered as a variant

of abstra
t formulation related to attainability under asymptoti
 
onstraints, for whi
h the 
orresponding

generalized attainability problem is 
onstru
ted and the representation of the attra
tion set playing the role

of an asymptoti
 analogue of an attainability domain in the 
lassi
al 
ontrol theory is established. This


on
retization is realized for ea
h of the players, on the basis of whi
h a generalized maximin is obtained,

for whi
h a variant of the asymptoti
 realization in the 
lass of ordinary 
ontrols is indi
ated. A ��nite-

dimensional� des
ription of the attra
tion set is obtained, whi
h makes it possible to �nd maximin using

numeri
al methods. The solution of a model example of the problem of game intera
tion of two material

points, in
luding the stage of 
omputer modeling, is 
onsidered.

REFERENCES

1. Krasovskii N.N. Teoriya upravleniya dvizheniem (Theory of motion 
ontrol), Mos
ow: Nauka, 1968, 476 p.

2. Halanay A., Wexler D. Ka
hestvennaya teoriya impul'snykh sistem (Qualitative theory of impulsive

systems), Mos
ow: Mir, 1971, 309 p.

3. Zavalish
hin S.T., Sesekin A.N. Impul'snye pro
essy. Modeli i prilozheniya (Impulse pro

esses. Models

and appli
ations), Mos
ow: Nauka, 1991, 255 p.

4. Dykhta V.A., Samsonyuk O.N. Optimal'noe impul'snoe upravlenie s prilozheniyami (Optimal inpulse


ontrol and appli
ations), Mos
ow: Fizmatlit, 2000, 256 p.

5. Chentsov A.G. Finitely additive measures and relaxations of extremal problems, New York: Consultants

Bureau, 1996, 244 p.

6. Chentsov A.G. Asymptoti
 attainability, Dordre
ht�Boston�London: Kluwer A
ademi
 Publishers, 1997,

322 p.

7. Chentsov A.G., Baklanov A.P. On an asymptoti
 analysis problem related to the 
onstru
tion of an

attainability domain, Pro
eedings of the Steklov Institute of Mathemati
s, 2015, vol. 291, issue 1, pp. 279�

298. DOI: 10.1134/S0081543815080222

8. Chentsov A.G., Baklanov A.P., Savenkov I.I. A problem of attainability with 
onstraints of asymptoti


nature, Izv. Inst. Mat. Inform. Udmurt. Gos. Univ., 2016, issue 1 (47), pp. 54�118 (in Russian).

9. Chentsov A.G., Baklanov A.P. On the question of 
onstru
tion of an attra
tion set under 
onstraints

of asymptoti
 nature, Pro
eedings of the Steklov Institute of Mathemati
s, 2014, vol. 291, suppl. 1,

pp. S40�S55. DOI: 10.1134/S0081543815090035

10. Engel'king R. Obsh
haya topologiya (General topology), Mos
ow: Mir, 1986, 752 p.

11. Bourbaki N. Topologie Generale, Paris: Hermann, 1961, 263 p. Translated under the title Obsh
haya

topologiya, Mos
ow: Nauka, 1968, 272 p.

12. Neve Zh. Matemati
heskie osnovy teorii veroyatnostei (Mathemati
al basis of probabilities theory),

Mos
ow: Mir, 1969, 309 p.

13. Chentsov A.G. On one example of representing the ultra�lter spa
e for an algebra of sets, Tr. Inst. Mat.

Mekh. Ural. Otd. Ross. Akad. Nauk, 2011, vol. 17, no. 4, pp. 293�311 (in Russian).

14. Chentsov A.G. Elementy kone
hno-additivnoi teorii mery, II (Elements of a �nitely additive measure

theory, II), Yekaterinburg: USTU�UPI, 2010, 541 p.

15. Chentsov A.G. On 
ertain problems of the stru
ture of ultra�lters related to extensions of abstra
t 
ontrol

problems, Automation and Remote Control, 2013, vol. 74, no. 12, pp. 2020�2036.

DOI: 10.1134/S0005117913120060

16. Chentsov A.G. Elementy kone
hno-additivnoi teorii mery, I (Elements of a �nitely additive measure

theory, I), Yekaterinburg: USTU�UPI, 2009, 389 p.

17. Chentsov A.G. About presentation of maximin in the game problem with 
onstraints of asymptoti



hara
ter, Vestn. Udmurt. Univ. Mat. Mekh. Komp'yut. Nauki, 2010, issue 3, pp. 104�119 (in Russian).

DOI: 10.20537/vm100312

http://dx.doi.org/10.20537/vm180109
http://dx.doi.org/10.1134/S0081543815080222
http://dx.doi.org/10.1134/S0081543815090035
http://dx.doi.org/10.1134/S0005117913120060
http://dx.doi.org/10.20537/vm100312


110 À. �. ×åíöîâ, È.È. Ñàâåíêîâ, Þ.Â. Øàïàðü

ÌÀÒÅÌÀÒÈÊÀ 2018. Ò. 28. Âûï. 1

Re
eived 15.01.2018

Chentsov Aleksandr Georgievi
h, Do
tor of Physi
s and Mathemati
s, Corresponding Member, Russian

A
ademy of S
ien
es, N.N. Krasovskii Institute of Mathemati
s and Me
hani
s, Ural Bran
h of the Rus-

sian A
ademy of S
ien
es, ul. S. Kovalevskoi, 16, Yekaterinburg, 620990, Russia;

Professor, Ural Federal University, ul. Mira, 19, Yekaterinburg, 620002, Russia.

E-mail: 
hentsov�imm.uran.ru

Savenkov Il'ya Il'i
h, Master Student, Ural Federal University, ul. Mira, 19, Yekaterinburg, 620002, Russia.

E-mail: slaeme�yandex.ru

Shapar' Yuliya Viktorovna, Candidate of Physi
s and Mathemati
s, Asso
iate Professor, Ural Federal Uni-

versity, ul. Mira, 19, Yekaterinburg, 620002, Russia.

E-mail: shaparuv�mail.ru

mailto:chentsov@imm.uran.ru
mailto:slaeme@yandex.ru
mailto:shaparuv@mail.ru

	Сводка обозначений общего характера
	Множества притяжения (основные понятия)
	Один вариант задачи об <<асимптотической>> достижимости
	Абстрактная игровая задача программного управления, 1
	Абстрактная игровая задача программного управления, 2
	Одна игровая задача управления материальными точками

