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��� !" #$%$&! '�($)*"�!+ %)!,"�!"- ! �$)! $.!!� (�/�0�0"1�!2! ! 2�-�340"(��5  ($6!7
2! 8)+#$�� 8 ��!8$�!"- )($9"�!+ 0)"(%� � 0"*$ ) 0("1-"(��- �(�80($�80)"� �$2 !#)"80��� 2��7
6! '($.!����- �(�80($�80)�- :0� � )($9"�!+ +)*+"08+  ('��$ ;! SO(3)� ��*�,"�!" 0)"(7
%� � 0"*$ -�,"0 /�03 �%��#�$&�� ��("%"*"�� 8 ��-�934 2)$0"(�!���) λ = λ0+λ1i+λ2j+λ3k
8 "%!�!&��5 ��(-�5 λ2

0 + λ2
1 + λ2

2 + λ2
3 = 1� ��! �/($#'40  ('��' Sp(1) (SO(3) ≈ Sp(1)/ ± 1)�

�(! :0�- 0("1-"(�$+ 86"($ "%!�!&�� � ($%!'8$ S3 %)'*!80��- �/($#�- �$2(�)$"0  ('��'
SO(3) < 2)$0"(�!��$- λ ! −λ 8��0)"080)'"0 �%!� ! 0�0 ," :*"-"�0 !# SO(3) =���>� 
$ *+%��5
!**480($.!"5 :0� � 8*',!0 ��*'&"�!" �*�0��80! 8�)-"80�� � ($8�("%"*"�!+ ' *�) ?5*"($
�(! ($)��)"(�+0��- )($9"�!! 0)"(%� � 0"*$ !# ($)��-"(�� � ($8�("%"*"�!+ 0�&"2 �$ ��)"(17
��80! "%!�!&��5  !�"(86"(�� )���*�"���" ) ($/�0" =@>�

�$2 2$2 -��,"80)� 8*'&$5��1 ($)��)"(�+0��1 )($9"�!5 -�,"0 /�03 �("%80$)*"�� -��7
,"80)�- 0�&"2� 8*'&$5��- �/($#�- ($)��-"(�� ($8�("%"*"���1 �$ ��)"(1��80! 0("1-"(��5
 !�"(86"(�� 0� )�#-�,�� �"("50! 2 ($)��-"(��-' %!82("0��-' ($8�("%"*"�!4 0�&"2 �$  !7
�"(86"(" !� 2$2 8*"%80)!"� ($)��-"(��-' %!82("0��-' #$��*�"�!4 �(�80($�80)$ )($9"�!5 <
�(!"�0$.!���� � �(�80($�80)$� �*+ :0� � -� '0 /�03 !8��*3#�)$�� �($)!*3��" &"0�("1-"(7
��" ."�0(�8!--"0(!&��" -�� � ($��!2!� �"(A!�� :0!1 -�� � ($��!2�)� )�!8$���1 ) 0("17
-"(�'4  !�"(86"(' "%!�!&�� � ($%!'8$� %$%'0 %!82("0��" ($)��-"(��" ($8�("%"*"�!" 0�&"2
�$  !�"(86"(" !� 8��0)"080)"���� %!82("0��5 �$/�( �(!"�0$.!5� 8��0)"080)'49!5 ($)��-"(7
��-' #$��*�"�!4 �(�80($�80)$ �(!"�0$.!5�

�(! )���*�"�!! '��(+%�&"�!+ )"(A!� &"0�("1-"(��1 -�� � ($��!2�) �02(�)$"08+ �'03
2 ��80(�"�!4 2($0&$5A"5 0($"20�(!! ) )!%" %' /�*3A� � ($%!'8$� 8�"%!�+49!1 :0! )"(7
A!�� �$ ��)"(1��80! "%!�!&��5  !�"(86"(�� �*+ ��80(�"�!+ #$2��$ �*$)�� � %)!,"�!+ ��
8��0)"080)'49"5 0($"20�(!! ) ($/�0" !8��*3#'"08+  *$%2$+ �"*!�"5�$+ !�0"(��*+.!+ 2)$0"(7
�!���)�
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� � �!"#$%&'(% $)"*$%+%,%'!% &(-%# ') .!*%$"/%$% 0 R
4 ! +!"#$%&'1%

($!%'&)2!! 0 R
3

B'9"80)�)$�!" ($)��-"(�� � ($8�("%"*"�!+ 2��"&�� � &!8*$ 0�&"2 �$ 0("1-"(��5  !�"(7
86"(" ) &"0�("1-"(��- ")2*!%�)�- �(�80($�80)" %�2$#�)$"08+ 8'9"80)�)$�!"- �+0! ."�0(�7
8!--"0(!&��1 �($)!*3��1 &"0�("1-"(��1 -�� � ($��!2�)� )�!8$���1 ) 0("1-"(�'4  !�"(7
86"(' "%!�!&�� � ($%!'8$� ?0!-! -�� � ($��!2$-! +)*+408+C 0"88"($20 (8)� A"80�$%.$0!7
+&"5�!2 (16)� %)$%.$0!&"0�("1+&"5�!2 (24)� 80�%)$%.$0!+&"5�!2 (600)� A"80!8�0+&"5�!2 (120)�
� 82�/2$1 '2$#$�� &!8*� )"(A!��

�(! :0�- �"�/1�%!-� �(!�!-$03 )� )�!-$�!" 6$20 %)'*!80�� � �$2(�0!+ 0("1-"(��5  !7
�"(86"(�5  ('��� SO(3)� 8)+#$���5 8 0�,%"80)"���8034 2)$0"(�!���) (λ0, λ1, λ2, λ3)
! (−λ0,−λ1,−λ2,−λ3) =�� �>� $ 0$2," 8)�580)$ 8!--"0(!! &"0�("1-"(��1 -�� � ($��!2�)�

�$2!- �/($#�-� %*+ -�%"*!(�)$�!+ %!82("0�� � �$/�($ �(!"�0$.!5 0)"(%� � 0"*$� ($)7
��-"(�� #$��*�+49!1 �(!"�0$.!����" �(�80($�80)�� -� '0 /�03 !8��*3#�)$�� )"(A!�� �+7
0! �($)!*3��1 &"0�("1-"(��1 -�� � ($��!2�) D0"88"($20$� A"80�$%.$0!+&"5�!2$� %)$%.$7
0!&"0�("1+&"5�!2$� 80�%)$%.$0!+&"5�!2$� A"80!8�0+&"5�!2$E ) 8�)�2'���80! 8 �(�."%'(�5
�0/($8�)$�!+ ��*�)!�� )"(A!� �� '8*�)!4 0�,%"80)"���80! 2)$0"(�!���) (λ0, λ1, λ2, λ3)
! (−λ0,−λ1,−λ2,−λ3)�

� 2$&"80)" �(!-"($ %!82("0�� � #$��*�"�!+ �(!"�0$.!���� � �(�80($�80)$ )�/($�� �(!7
"�0$.!!� 8��0)"080)'49!" )"(A!�$- %)$%.$0!&"0�("1+&"5�!2$ 8 2��(%!�$0$-! (±1, 0, 0, 0)�
(0,±1, 0, 0)� (0, 0,±1, 0)� (0, 0, 0,±1)�

(±1
2 ,±1

2 ,±1
2 ,±1

2

)
=�>� ��8*" �0/($8�)$�!+ #"(2$*3�� 8!-7

-"0(!&��1 )"(A!� �80$408+ %)"�$%.$03 )"(A!� ! �$1�%+08+ 8��0)"080)'49!" "%!�!&��" 2)$7
0"(�!���C 1 < λ(1) = (1, 0, 0, 0)� 2 < λ(2) = (0, 1, 0, 0)� 3 < λ(3) = (0, 0, 1, 0)� 4 < λ(4) = (0, 0, 0, 1)�
5 < λ(5) =

(
1
2 ,

1
2 ,

1
2 ,

1
2

)
� 6 < λ(6) =

(
1
2 ,−1

2 ,
1
2 ,

1
2

)
� 7 < λ(7) =

(
1
2 ,

1
2 ,−1

2 ,
1
2

)
� 8 < λ(8) =

(
1
2 ,

1
2 ,

1
2 ,−1

2

)
�

9 < λ(9) =
(
1
2 ,−1

2 ,−1
2 ,

1
2

)
� 10 < λ(10) =

(
1
2 ,

1
2 ,−1

2 ,−1
2

)
� 11 < λ(11) =

(
1
2 ,−1

2 ,
1
2 ,−1

2

)
� 12 <

λ(12) =
(
1
2 ,−1

2 ,−1
2 ,−1

2

)
�

�*+ '��(+%�&"�!+ �(!"�0$.!5� #$%$)$"-�1 :0!-! 2)$0"(�!��$-!� ��("%"*!- ' *�)�" ($87
80�+�!+ D0$/*!.$ �E� #$%$)$"-�" ($)"�80)�-

ϑy = arccos(λ(i) · λ(j)),

 %" λ(i) · λ(j) = λ
(i)
0 λ

(j)
0 + λ

(i)
1 λ

(j)
1 + λ

(i)
2 λ

(j)
2 + λ

(i)
3 λ

(j)
3 < 82$*+(��" �(�!#)"%"�!" 2)$0"(�!���)�


)3,!2) � 
 *�)�" ($880�+�!+ ϑy -",%' %!82("0��-! �(!"�0$.!+-!

λ(1) λ(2) λ(3) λ(4) λ(5) λ(6) λ(7) λ(8) λ(9) λ(10) λ(11) λ(12)

λ(1) 0

λ(2) π/2 0

λ(3) π/2 π/2 0

λ(4) π/2 π/2 π/2 0

λ(5) π/3 π/3 π/3 π/3 0

λ(6) π/3 2π/3 π/3 π/3 π/3 0

λ(7) π/3 π/3 2π/3 π/3 π/3 π/2 0

λ(8) π/3 π/3 π/3 2π/3 π/3 π/2 π/2 0

λ(9) π/3 2π/3 2π/3 π/3 π/2 π/3 π/3 2π/3 0

λ(10) π/3 π/3 2π/3 2π/3 π/2 2π/3 π/3 π/3 π/2 0

λ(11) π/3 2π/3 π/3 2π/3 π/2 π/3 2π/3 π/3 π/2 π/2 0

λ(12) π/3 2π/3 2π/3 2π/3 2π/3 π/2 π/2 π/2 π/3 π/3 π/3 0

�# 39 916 800 -$(A('0�)� 8�"%!�+49!1 %)"�$%.$03 )�/($���1 )"(A!� %)$%.$0!&"0�7
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("1+&"5�!2$� -�,�� �0�/($03 %)"�$%.$03 2($0&$5A!1� � %$*3�"5A"- !8��*3#'"08+ -$(A('0

1 → 12 → 11 → 3 → 8 → 10 → 2 → 7 → 9 → 6 → 5 → 4.

�$2 )!%�� !# 0$/*!.� �� ' *�)�" ($880�+�!" -",%' )"(A!�$-! ! 8��0)"080)'49!-! 2)$7
0"(�!��$-! ) :0�- 8*'&$" �%!�$2�)�" ! ($)�� π/3�

� 4 �'&%$*(,52!5 #0)&%$'!('(0 ! 6)#(' *,)0'(.( *%$%7%8%'!5 &0%$+(.( &%,)
0 *$("&$)'"&0% ($!%'&)2!9 *( #$)&-)9:%9 &$)%#&($!!

��80(�"�!" 2($0&$5A"5 0($"20�(!! ) �(�80($�80)" �(!"�0$.!5 �8'9"80)!- �$/�(�- %' 
/�*3A� � ($%!'8$ �$ ��)"(1��80! "%!�!&��5  !�"(86"(�� 8�"%!�+49!1 )�/($���" )"(A!7
��� �*+ ��80(�"�!+ #$2��$ �*$)�� � %)!,"�!+ �� 8��0)"080)'49"5 0($"20�(!! !8��*3#'"-
 *$%2'4 �"*!�"5�'4 !�0"(��*+.!4 2)$0"(�!���)� 2�0�($+ +)*+"08+ �/�/9"�!"- -"0�%$ 86"7
(!&"82�5 *!�"5��5 !�0"(��*+.!! (slerp)C =�>

λ(t) = λ(i) sin[ϑy(1− f(t))]

sin(ϑy)
+ λ(j) sin[ϑyf(t)]

sin(ϑy)
, f(t) = 6

(
t

T

)5

− 15

(
t

T

)4

+ 10

(
t

T

)3

, 0 � t � T.

G%"83 λ(t) < 2)$0"(�!���� 8��0)"080)'49!" 0�&2$- %' ! /�*3A� � ($%!'8$ �$ ��)"(1��80!
"%!�!&��5  !�"(86"(�� 2�0�($+ 8�"%!�+"0 )"(A!�� (i) ! (j)� T < )("-"���5 !�0"()$* �"("7
-"9"�!+�

�(�-" :0� �� %*+ ��!8$�!+ �"�("(�)�� � �*$)�� � %)!,"�!+ )�8��*3#'"-8+ 8*"%'49!-
$* "/($!&"82!- �("%80$)*"�!"- 6'�2.!! H")!8$5%$ I80'�"�32$ ))"(1� 80'�"�32$ )�!#J =�>C

Hab(t) =
1

2

[
1 +

t− a√
(t− a)2

· b− t√
(b− t)2

]
=

⎧⎪⎨
⎪⎩
0, "8*! −∞ < t < a;

1, "8*! a < t < b;

0, "8*! b < t < +∞.

�*+ '%�/80)$ $�$*!0!&"82� � �("%80$)*"�!+ #$2��$ �*$)�� � %)!,"�!+ 0)"(%� � 0"*$
) �(!"�0$.!����- �(�80($�80)" �� 2($0&$5A"5 0($"20�(!! �"("�'-"('"- )"(A!�� %)$%.$7
0!&"0�("1+&"5�!2$ ! 8��0)"080)'49!" !- 2)$0"(�!��� �� �($)!*'

1 ↔ 0, 12 ↔ 1, 11 ↔ 2, 3 ↔ 3, 8 ↔ 4, 10 ↔ 5,
2 ↔ 6, 7 ↔ 7, 9 ↔ 8, 6 ↔ 9, 5 ↔ 10, 4 ↔ 11.

�� %$ �$ �0("#2" t ∈ [0, T ] �� #�$&"�!+- 2)$0"(�!���) λ(k) = λ(k)(tk) ) '#*$1 tk 8"02!
Δ11 ∈ {t0 = 0 < t1 < . . . < t11 = T} -�,"0 /�03 ��80(�"�$ 8*"%'49$+ !�0"(��*!('49$+
6'�2.!+ λ(t)C

λ(t) =
1√
3

11∑
k=0

[
1 +

t− tk√
(t− tk)2

· tk+1 − t√
(tk+1 − t)2

]
×

×
{
λ(k) sin

[π
3
(1− fk(t))

]
+ λ(k+1) sin

[π
3
fk(t)

]}
, D�E

fk(t) = 6

(
t− tk

tk+1 − tk

)5

− 15

(
t− tk

tk+1 − tk

)4

+ 10

(
t− tk

tk+1 − tk

)3

.

K'�2.!��$*3�$+ -$0(!.$ ��)�(�0$� #$�!8$��$+ &"("# 2��(%!�$0� 2)$0"(�!��$ D�E� !-""0 )!%

R(t) =

⎛
⎝ 1− 2λ2

2(t)− 2λ2
3(t) 2λ1(t)λ2(t)− 2λ0(t)λ3(t) 2λ1(t)λ3(t) + 2λ0(t)λ2(t)

2λ1(t)λ2(t) + 2λ0(t)λ3(t) 1− 2λ2
3(t)− 2λ2

1(t) 2λ2(t)λ3(t)− 2λ0(t)λ1(t)
2λ1(t)λ3(t)− 2λ0(t)λ2(t) 2λ2(t)λ3(t) + 2λ0(t)λ1(t) 1− 2λ2

1(t)− 2λ2
2(t)

⎞
⎠,
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! #$2�� �*$)�� � �"("-"9"�!+ 0�&"2 0)"(%� � 0"*$ ) �(�80($�80)" �(!"�0$.!5 �� 2($0&$5A"5
0($"20�(!!� �(�1�%+9"5 &"("# 0�&2! �(�80($�80)$� ($)��-"(�� " � #$��*�+49!"� #$�!8�)$7
"08+ �("�/($#�)$�!"-

r = R(t)r0,

 %" r0 < ($%!'87)"20�( �"2�0�(�5 6!28!(�)$���5 0�&2! 0)"(%� � 0"*$ ) �$&$*3��5 -�-"�0
%)!,"�!+�

� � �,,;"&$)2!! *,)0'1< +0!=%'!9 *( #$)&-)9:%9 &$)%#&($!!

�("%*�,"���5 $* �(!0- �$1�,%"�!+ #$2��$ �*$)�� � %)!,"�!+ �� 2($0&$5A"5 0($"27
0�(!! !**480(!('"08+ 8 ��-�934 @L7$�!-$.!!� )���*�"���5 8 !8��*3#�)$�!"- 2�-�340"(7
��5 �(� ($--� MNOPQNR =�>� 
$ (!8� � ��8*"%�)$0"*3�� �("%80$)*"�� %!82("0��" �(!"�0$7
.!! 0)"(%� � 0"*$� 8��0)"080)'49!" #�$&"�!+- 2)$0"(�!���) λ(k) = λ(k)(tk) ) '#*$1 tk 8"02!
Δ11 ∈ {t0 = 0 < t1 < . . . < t11 = T}�

�*$)��" %)!,"�!" �(! �/1�%" )"(A!� %)$%.$0!&"0�("1+&"5�!2$ %� !1 '��(+%�&"�!+ �(�7
!**480(!(�)$�� ) ($/�0" =�>�

�#-"�"�!" ��*�,"�!+ �8"5 ��%)!,��5 8!80"-� 2��(%!�$0 !**480(!('"08+ %)!,"�!"- 0�7
&"2 �$ "%!�!&��5 %)'-"(��5 86"(" S2� 2��(%!�$0� 2�0�(�1 #$%$�� 0(�52$-! �$�($)*+49!1
2�8!�'8�) (Q11, Q12, Q13)� (Q21, Q22, Q23)� (Q31, Q32, Q33)� �(! :0�- -$0(!.$ �$�($)*+49!1 2�7
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Q(t)=

⎛
⎝λ2

0(t) + λ2
1(t)− λ2

2(t)− λ2
3(t) 2λ1(t)λ2(t) + 2λ0(t)λ3(t) 2λ1(t)λ3(t)− 2λ0(t)λ2(t)

2λ1(t)λ2(t)− 2λ0(t)λ3(t) λ2
0(t)− λ2

1(t) + λ2
2(t)− λ2

3(t) 2λ2(t)λ3(t) + 2λ0(t)λ1(t)
2λ1(t)λ3(t) + 2λ0(t)λ2(t) 2λ2(t)λ3(t)− 2λ0(t)λ1(t) λ2

0(t)− λ2
1(t)− λ2

2(t) + λ2
3(t)

⎞
⎠.
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