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METO/Abl KOH®OPMHBIX OTOBPAYKEHNUI MHOTOTPAHHUKOB B R?

B crarbe pazpaboraHbl MeTO/IbI, HEOOXOAUMBIE IS PEIIeHHs 33,039 KOH(MOPMHOTO OTOOPAXKEHUA MHOI'OTPAH-
nukos B R3. Pesyibrarsl 1I0/IyYeHbI ¢ UCIOIb30BAHUEM ajreGpbl KBATEPHUOHOB M IEOMETPUYECKHUX IIPEji-
crapyenuit. OnpeneeHsl IpIMOe  00paTHOE KOH(MOPMHbBIE 0TOOPAYKEHUsI: BEPXHErO MOJIYyIPOCTPAHCTBA, HA
€IMHUYIHBIA AP, MapOoBOil TYHOYKN HA IBYTPAHHBIA yroJ, ABYTPAHHOIO U MHOTOTDAHHOIO YIJIOB HA BEpXHEE
Oy IpOCTPAHCTBO. [Ipy moMOImuM Moy YeHHbIX pe3y/IbTaTOB HAMIEHBI PENIeHUs MPSIMON M O0pATHON 3a/ad
KOH(MOPMHOI0 0TOOpakeHrsi MHOIOIPAHHUKOB HA BEPXHEE IOy IPOCTPAHCTBO. Pelerue npsamoil 3a1a49u KOH-
¢dOopMHOr0O 0TOOpazKeHWsT OCHOBAHO Ha peldynabrarax Teopembl Kpucroddens—IlIsapma. Pemenne obparHoit
3a/1a9¥ BBITIOJTHEHO METOIOM ITOC/IeI0BATEIbHBIX KOH(POPMHBIX OTOOpaXKkeHuii. B 1e/1oM mosry YeHHbIe B3auMHO
O/THO3HAYHBIE OTOOPAYKEHNS OCHOBAHBI HA TOM, 9TO MO Teopeme JluyBuiiis Bce kondopmube muddeomop-
dusmbr 110601 06/1aCTH B MPOCTPAHCTBE SABISIOTCH npeobpa3oBanusymu Mébuyca.

Karuesvie caosa: KoHMGOPMHOE 0TOOPaKEHNE, MHOTOTPDAHHUK, JBYT'PAHHBIN yT0OJI, MHOTOTPDAHHBINA yTOJI, BEpX-

Hee I[OJIyIPOCTPAHCTBO.

DOI: 10.20537/vm170106

BBenenue

[MTupokuii Kpyr rpaHUYHbIX 3aja4 MareMarudeckoil dbusuku, Hanpumep [1-3], B npukiagsom
[IPUMEHEHUN OIIPeJie/isieT HeOOXOMUMOCTb MPAMOr0 U 0OPATHOI0 KOH(MOPMHBIX O0TOOpPAXKEHUil OIHO-
CBA3HOI 00/1aCTU C KyCOYHO-JIMHEHHOM IpaHuiieil Ha KaHOHMYECKYIO, 33/[AHHBIX B €BKJIMIOBOM IIPO-
crpanctee R? m R3. C yuerom mssecTHbix permenmii [4,5| ama R? ocobbiit mHTEpec IpeaCTaB/IgioT
3aga4n KouhOpMHOro orobpazkenns B R®, B 0CHOBE KOTOPBIX JIEXKHT 0GODIIEHEE ycioBuit Kormm—
Pumana /yist HEKOMMYTATUBHOIT arebpbl KBaTepHUOHOB [6]. B ¢BsA3M ¢ 9THM 1E/IBbI0 CTATHH SIBJISETCS
H3JI02KEHIE METO/I0B KOH(OPMHOI0 0TOGPAKEHIsI MHOTOIPAHHIKOB B RS, pa3spaboTaHHBIX aBTOPAMHI.

§ 1. IlocranoBKa 3aa4u

[Tycrs C — nexoropasi KOMIUIEKCHas aJjredpa ¢ 3aJIlaHHOM KOMILIEKCHOM ILI0CKOCThIO & = &) +
+1i = R- e? € O (50,51 € R;7 — MHEMag e,ZI;I/IHI/IL[a). [Tog H 6ymem moHHMATH IPOCTPAHCTBO
anarebprsl kparepaHnoHOB laMumiabrona. KBarepumon ¢ € H 3amaerca amueitHoit KoMOmHaImeir ¢ =
= qo + j1q1 + Joq2 + j3as (90, q1, 42,93 € R; j1,J2,j3 — MmmMble eauuunpl) win ¢ = R(cosy) +
+ [( J1 cOs o+ js sin go) sin 6+ j3 cos 9] sin 1,[)) B runepcdepuyecKoii CUCTeMe KOOPAUHAT CO CKAIAPHbIMU
XapaKTEPUCTUKAMHI W KBATEPHUOHHBIME Oreparusamu 6.

B ImH mocrpouM MHOrorpaHHuk §2, IpeiCcTaBJISOmni coboil mepecedeHne KOHEUHOTO YHC/Ia
3aMKHYTBIX HOJIyIPOCTPAHCTB — OJHOCBA3HYIO 06s1acTh B R? ¢ Kycouno-jmHeiinoii rpanumeit. [eo-
Merpudeckuii nenarp ) cosunagaer ¢ Hadajaom koopgubar ImH. Muororpannuk ) 3ajajum 1ociie-

JOBATeTbHOCTHIO w3 N HemoBTOpsiomuxcs Tovek (Bepurmn) Aj, Ao, ..., Ay € ImH; us M pebep
€1,€a,...,EeM, KaKI0€e m-¢ (m =1,M ) U3 KOTOPBIX IPEJICTABIECHO 1Tapoil Bepiun e, = {A,, Ay}
(n,n' € {1,N}; n #n'); u3 K rpaneit Ey, Es, ..., Ex, xaxnaa k-1 (k = 1, K) 13 KoTOpbIX 3a1aHa
MHOKeCTBOM pebep Ej, = {eﬁ“,eﬁw,...,eﬁ% (ef € {er,....em}, k = LK, | = T,my; ef # e,

k=1,K,1#1U € {I,my}) takux, 4ro coceuss mapa (ef,efﬂ), l =1,m; — 1, n napa (eﬁ%,e'f)
cogepzxar oburyio Bepmuny. 3adukcupyem n € {1, N}. O6o3naunm vepes U, n-it MHOrOrpaHHbIii
yroui, onpesenennsiii quist  wabopom pedep {An, An,}, {An, Any}, oo, {An, An,}, comepxamux

sepunty Ay, (n1,ng2,...,np € {1, N}; ng # ny Vt,t' = 1,T). Muoroyronsuuk ¥, o6pasosatHbii
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Beprmaamu Ay, , Ay, ..., Ay, MHOrorpausaoro yria U, OygeM Ha3bIBATh OCHOBAHHEM MHOIOIDAH-
HOroO yrya. Yepes 7y, (m = L—M) 00603HAYMM M- ABYTPAHHBIN YroJ MHOTOTpAHHUKA {2, 33 TaHHBIH
napoit rpaneit B}, B € {1, ..., Ex} ¢ obuyum pedpom ep,.

C yuerom BBejIeHHBIX 0003HAUEHUN HalijieM npsiMoe u 00paTHOe KOH(MOPMHBIE OTOOPAYKEHWS: 1A~
pa Bpg Ha Bepxnee nosynpocrpancTso ImHT = {(ql, q2, qg) : g3 > 0}, BepXHero mojrylpocTpaHcTBa
C BBIOPOIIEHHBIM CErMEHTOM mapa (ImapoBast JyHOUKA) Ha JBYPAHHBIA yroJI, JBYTPAHHOIO yIyia Ha
Im H™, muororpamnoro yria ma ImH™.

§ 2. IIpocreiitiine KOHMOPMHBIE OTOOpPa>KEeHUS

[To Teopeme JIuysuma |7, Bce kordopmube auddeomopdusmbl 060 00/IACTH B IPOCTPAH-
cree (pasmepHocTu Oosibiie 2) aBjsiiorcsa npeobpasosanusimu Mebuyca. [Tpeobpazosanme MéEOu-
yea |7 w = (woq + wl) (wgq + wg)_l peayin3yer KoH(MOpPMHOE O0TOOpaKeHue KBATEpHUOHA ¢ B W,
riae wg,...,ws € H — HeKoropble KOHCTAHThI. 3aJaHue IHOCTOSHHBIX W, ..., W3 OLPEIe/IseT KOH-
KPETHBII BuJ| KOH(GOPMHOTO O0TOOPAYKEHUs U MOYKET MPOM3BOAUTLCA O TpeM ToukaM |7]. C yaerom
M3JI02KEHHOTO CHOPMYJIMPYEM YTBEPKICHUS J1JIsT R3.

Teopema 1. QPynxyuu g1 : H— H u g] : H — H, sadannwe coommowenuamu
91(@) = (h —j2@) (2 — 1)) ™" v gi(@) = (g — j2) " (jagq — ), (1)

pearusyrom xongdopmmoe omobpascenue seprrezo noaynpocmparncmea Im HT na edununmoiti wap By
u 06PaMHO.

HokazareabcrBo Teopembl 1 ciejyer u3 Toro, uro npu orobpaxenuu (1) Toukun Q1 = js, Q2 = 0,
Q3 = oo pu Q1, Q2, Q3 € Im H™ nepexomar B coorsercrBytomue Touka Wi = 0, Wo = —j3, W3 = j3
npu Wi, Wo, W3 € B;. Obparnoe orobpazkenne touex Wi, Wo, W3 € By B Q1,Q2,Q3 € ImH™
[IPUBOJIUT K AHAJTOIHIHOMY DPE3YJIbTATY.

Teopema 2. I[Ipamoe u obpammnoe Kondopmuvie 0mModPaNCenUus Waposot AYHOYKY 1A 08Y2PaHHVLY
yeon peaausyrom ynxyuu go : H — H u g4 : H — H, sadannwve coommowenuamu

92(q) = (jiRa — )(1g — R)™F  u  gh(q) = (j1g + 1) (qRa + j1Ra), (2)
2de R, — paduyc ocnosanus 6upe3aninozo wapoeo2o Cezmenima u3 6EPTHE20 NOAYNPOCTPAHCMEA.

JokazarebCTBO TEOpEMbI 2 CJIeyeT U3 TOro, 4To npu orobpazkenun (2) roukn Q1 = 00, Q2 =
=0, Q3 = j1 R, BepXHEro MOIYIPOCTPAHCTBA C MIAPOBOI JIYHOUKON TEpexXOIsaT B COOTBETCTBYIOTINE
Touku Wy = ji, Wo = —j1, W3 = j3, toe Wi, W, W3 € ImH™. Benuunna AByrpaHHOro yriia
OIPEEIACTCS AHATOTUIHO [4] depe3 ABYrpaHHBIN yros, 00pa30BaHHBIN MepecevdeHneM KacaTeIbHOi
IJIOCKOCTH K chepe (MOBEpXHOCTH MIapOBOii JIYHOUKH) B TOUKE j1 R,.

Teopema 3. Oynxyua g3 : H — H, sadannas coommnowernuem
g3(q) = 2 [jlcdejm”/v + joR (r1 — r2) sin psin 9} / h, (3)
peasusyem Kongopmroe omobpasicerue deyzparnozo yeaa v na Im HT.

B Boipazkenuu (3) BBeseHBI Creayiomue 0603HAYEHUS: '] = (R2+ 1+d) ~/ T py = (R2 +1 —d) ™/ v
c = (2R\/1 — sin? psin? 9) W/W, ¢ = arctan (cot 6/ cos go), d = \/(R2 — 1)2 + 4R?sin? ¢ sin? 6,
h = (7'1 —+ T’Q)d — (7‘1 — 7’2) (R2 — 1).

HJoxaszarTeanbcTBo TeopeMb 3. Iyers 8 ImHT 3anana maposas ayHouKa, 00pa-
30BaHHAs CETMEHTOM ITapa, KacaTe bHas IIOCKOCTH K TIOBEPXHOCTH KOTOPOTO B TOUKE ji MPOXOIUT

B i(0,57—6 .
oz, yrjaoM 7 — 7. PaccMOTpuM KOMILIEKCHYIO HOJyILIoCKocTh £ = R - e ¢ BBIOPONIEHHOI
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Aj; ©

Puc. 1. lllapoBas jiyHOYKa B BEPXHEM IOJIyIIPOCTPAHCTBE

KPYTOBOIi JTyHOUKOi1, 06pazosanHnoii cedenuem Im H™T miockocTeio © myTeMm MOBOPOTa OT ILJIOCKOCTH
Jj1j2 ma yrou ¢ (puc.1).
V3BecrHo, uTo oToOparkeHne KPyroBoil JIYHOUKH HA BEPXHIOO HOJIYILIOCKOCTh © peasm3yeTr 0600-
menHas dyukuus 2Kykosekoro [4]:
-
E=2 e+ + -0 e+ ™ - -], 4
C yuerom (4) dynxuus, orobpaskaomias 3a/laHHyIo MapoByio JyHouky Ha ImH*', Gyzer umern
BH/

k(q) = ‘5‘ : [(]ﬁ cos ¢ + ja sin ) cos 0 + js siné}, 6 = arg (é) (5)

[Mpunumas Bo Buumanue (5), byHKImO ¢h (q) u3 (2), OCymEeCTBASIONLY 10 KOH(DOPMHOE 0TOOparKe-
HIe JIBYPAHHOTO yIVIa Ha IIAPOBYIO JIyHOUKY, n dyukumio &(q) = (jig—7/7) - (jim/v—q), xoropast
[EePEeBOIUT TOYKU BepXHero mosynpocrpancTsa Q1 = 0, Q2 = j17/v, Q3 = 00 B COOTBETCTBYIOIIIE
rouku W1 = —71, Wo = 0, W3 = 71, nonygaem, aro KoHGOPMHOE OTODPAXKEHUE ABYTPAHHOTO YIJIA Y
Ha Im H™ 6yger onpenensarsesa cyneprosunueii GpyHKImit

g3 (q) = & (k (g5 () (6)

BajlaBast LIpeJCTaB/eHie KBATEPHUOHA ¢ B C(DEPUUECKOIl CUCTEME KOODJAUHAT ¢ = R[(jl cos ¢ +
+ josin go) sin 6 + j3 cos 9] naa R3 w mpeobpasys cyneprmosummo (6) B coornomrenne gig & = R -

. ei(o’t—m_@), LOJLyYUM BbIpazkenue (3). O

Ocoboit Toukoit i GYHKIINI g3 (q) apngerca Touka ¢° = 0 (cepeamHa pebpa ABYTPaHHOIO yIa,
cMm. puc. 1). Beruer dbynknuu g3 (q) B Touxe ¢° pasen v — 1.
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Teopema 4. Kongopmroe omobpasicenue mrozozparnozo yeaa B, wa ImHT peasusyem dyms-
yusa w : H — H, npedcmasaennas ¢ sude w(q) = ws (wg (wl (q))), 20e

wiiH—C, wi(g) = 05([Quaa +7aQu] +i[Qyas +7aQ)] )

wo : C— C, (7)
. n o R<I> . / . / . 2 112
ws:C—H, wy(¢)= RN [31 (2Ra&) + j2 (2Re&}) + 3 <2Rq> — ¢ )]

a wo ({) — Pynryua, onpedesaruLas KonGopmHoe omobpadjcenue MHo2oy20oabHUKG (5 =& + 151) €
€ W, na xpye (¢ =& +i&}) € ® paduyca Ro.

Joxkaszarenbctso. B sepaxennn (7) mepemenHble KBAT€PHHOHBI A, Qy, Qy U paiu-
yc Rg 3a7ai0Tcs C y4eToM COOTHOIIeHMI

gr =q— Qn, Ro = |Q8|7 Qn:An+QH/R<21>7 Qn = QnQs,
Qh:0)5[(§_zn) QS +©s(q_ATL)]7
Qs =-0,5 (Qv [(Zn _an) Qv +§v (An - Anz)])7

A AR =@ o si05 D ®)
@ = Ao o Q=05 (28, - 2.Q0),

(Am B Anz) (Ang - Anz) - (Ang - Anz) (Am - Anz) ]
‘(Am - Anz) (Ang - Anz) - (Ang - Anz) (Am - An2)|

|
Qv:

OyHKIMSA Wo (5) sanaerca aig U, C C ¢ ucnonbzosannem MoanUIIMPOBAHHOTO METO/A MOC/Ie-
JTOBATEIBHBIX KOH(DOPMHBIX 0TOOpayKEeHUil HaIepe/| 3aJaHHbIX MHOTOYTOJBHBIX objacrei [5]. Muo-
royroasuuk Wl oupenensercs mabopom sepmmn A7 (A7 o AL npu Al = wi(A, + (Ap, —
—4,)|Qul/R2).

Qyukius ws(¢') oupesensier crepeorpaduieckyio npoexiuio [8] rouek (£ = &y+i&]) € ® xpyra
pamuyca Rg Ha IIOBEPXHOCTH BEPXHEl YacTH HOJIyCHEPHI 3TOrO Ke PaJuyca.

[Tycrs muororpanusit yrou Uy, 3aman Bepmunoit A, n ocuoBanmem W, ¢ Bepumuamu A, , A,,,

.oy Apy (pmc.2). s MaoroyrosmbauKa W, OmpeIe M KBaTepHIOH (), 3amatonmit B R3 opT Bex-
TOpa BHYTPEHHEH HOPMa/M K OCHOBAHMIO MHOTOTPAHHOTO yria ‘U, 10 TPEM NEPBBIM BEPIIUHAM
Ap,, Apy, Ap, € BCTIOIB30BAHEEM COOTBETCTBYIOMIEro coorHomennsd (8). C yuaerom (Q, MOCTPONM IpPO-
exmio A/ Bepmmnbt A, yria U, na ocnosanue V,, seipaxkenuem A, = A, —0, 5(QU [(Zn—Zm)QU—I—
(A - Au)])

Ipu Q; = 0.5[(7 — 4,) (4], — Ay) + (A% — 4,) (¢ — 4n)] /|| A}, — Ayl npoenupyenm rouxy g
Ha TIPSAMY0, TTpoxoasmtyto uepe3 A, u Al (cum. puc.2). C ygeTom mpapmia mogo6us TpeyroJbHUKOB
ApAlL A, u AnflnA;Lt 3a/13/1UM 0TOoOparKeHue /Nlm , Am, . ,/NlnT sepun A, , Ay, ..., Ay, ocHoBa-
mug V¥, yria U, COOTHOIIeHnEM

Ant = Ap + (Ant - An) |Qh|/R2v

3ajatomuM Muoroyroybauk ¥, (mpoekius ocnopanus W, OTHOCHTETHHO TOUYKH ).

Onpestesns kBarepunonst Q. = Qu, @z = (A_m — A;)/!Am - AM = [(An, — An)‘Qh| -
= Qu)/|(An, — A0) Q4] - Q| @y = 0.5(Qu0Q, ~ Q,Q,), 3aza1mst Mmetinyro mpoekimo TotKH g
B Touky £ € C coorHomennem

£=05([Q (4 - Qu) + (@ Q) Qu] +i[@, (4— Qu) + (7 - @) @] )

coorsercrByommm dyHkipn wy : H — C uz (7).

OyuKIMA Wi (q) peajiu3yer JIMHEHHYIO MPOeKIuio ToYKu ¢ B Touky & € C, ucrnosp3ys mpasuiia
110100ust, a OTOOPAXKEHUST W2 ({) u ws (5’ ) SIBJAIOTCS KOH(DOPMHBIMU ¥ yUUTHIBAIOT JIMHEITHOE pac-
Tsikerne npoekuun A, rouku ¢. IIpu yKazaHHOM OBGECIIEYEHUN [OCTOSHCTBA HCKAKEHUST MACIITA0R
[OJIY9UM, UTO CyHepro3uiiusg (OyHKITii w(q) = w3 (w2 (wl (q))) orpejie/isieT KoH(pOpMHOe oToOpazxKe-
HUE. U
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Ajs Aj3

Puc. 2. [Ipumep k0oHDOPMHOro 0TOOpaKeHUsT MHOIOIPDAHHOTO yruia U, Ha BepXHee II0JIyIPOCTPAHCTBO

Caencrsue 1. O6pammnoe omobpasicenue Im H' na mrozozpannwid yzon B, pearusyem dyrxuus
©(g) = @3(@2(@1(q))), rae

01 :H—C, @1(q) = Re(q1+1iq2)/ (Ra + g3),

¢/Re [ L
we : C — C, 032({/)200/
0

[T~ Ror/an)/"7| dr+Cn, (9)
w3 3(C_>H7 w3 (é‘) :QI€O+Qy€1+Qn-

t=1

[Ipu sTom Wy (q) — obparHas crepeorpaduyeckas MPOEKITns; Wy ({’ ) — unarerpa Kpucroddensa—
[sapua [5] g5t 3a@HHBIX TPOCKIUH Qpy, Any,s - - -, Gny Bepmaa Ay Ay oo, A] | Ha Kpyr pasmy-
ca Rg; w3 (5) — JIMHelHas TPOEKIs MHOTOyTobHIKa W/, Ha MHOrOrpanubii yron (obparHasa GyHK-

st x wi(q)).

Caenyer ormeruth, uro dyukuuu (7), (9) ymoBaeTBOPSIIOT HEOOXOAMMOMY YCJIOBUIO — TEOPe-
me JlmyBwiag [9], mockosbKy 3amaHHOe KOHMDOPMHOE Mpeobpa3oBaHue 3-IPOCTPAHCTBA ITEPEBOJAT
cdepsl B cephl; 37eCh MO cEPUIECKON MOBEPXHOCTHIO MOHNMAETCS TAKXKE W TLIOCKOCTb.

Takum 06pa3oM, MOy YEHHBIE PE3Y/IbTATHI TO3BOJIAIOT EPERTH K HEITOCPEICTBEHHOMY PEIIeHUIO
3a/1ad MPsIMOTO U 06PATHOr0 KOH(MOPMHOTO 0TOOpaKeHnsT MHOTOTPAHHUKOB (puc. 3).

§ 3. IIpamoe u obparHOoe OTOOparkeHne MHOTOTPAaHHUKOB

Teopema 5. Ecau gynxyus f: H — H pearusyem wongopmroe omobpasicernue ImH™ na snym-
PEHHOCTD 02PAHUMEHH020 MHO202PaMHUKA ) NPU USEECTHLLT PEOPAT €y, naockocmu jje 6 ImHT | co-
0OMBEMCMBYIOULUL PEOPAM €y, IMO20 MHO202PAHHUKGE, MO f(q) ons q = R[(jl €os ¢+ J2 sin go) sin 6+
+ j3 cos 9] npedcmasAaemcs COOMHOULEHUEM

f(a) = ‘é‘ [(]ﬁcosgo+jgsing0)cos§+jgsin§], 6 = arg (é),

i Reei057-0) [N(p) (10)
£ = Co/ H (1-—a, (go))a"(p)/ﬂ_l dr + Cq,
0

n=1

2de Cy, C1 — Hexomopwie KOMNAEKCHBLE NOCTNOAHHDIE.
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Puc. 3. IIpumep npsimoro u obparnoro koudopmuoro orobparkenuns Kybda

B Beipaxenuu (10) N (go) — YHUCJI0 TOYEK a), (gp) nepecedenust pedbep €, C CeKyIei rmIockocThio 0,
IOJIyIEHHOH IIyTeM IOBOPOTA OT IJIOCKOCTHU j1j3 Ha YTOJI (5 aﬁl ((,0) — TOYKHM JIEeACTBUTEILHON ocu
(—oo < dj(p) <ah(p) <...< a;v( ) (¢) < 00) KOMILIEKCHOIH IITOCKOCTH 6, COOTBETCTBYIOMIHE Bep-

)

mmHaM A, (go) MHOTOYTOJTEHUKA, A(go), 06PA30BAHHOIO CEUEHMEM MHOIOIPAHHUKA ) IIOCKOCTBIO O
(cm. puc. 3); ay, (go) — BHYTpPEHHUE YTJIbI MHOIOYTO/IbHUKA, A(go) mpu BepumHax A, (go), paBHBIE 110
BeJIMYUHE COOTBETCTBYIOIIUM JIBYI'DAHHBIM YTIJIaM MHOI'OI'DAHHUKA Q

JlokazarepcTBO TEOpEMBI 5 OCHOBBIBAETCS Ha pesysbrarax TeopeMbr Kpucroddens—IlIsapia [9].

[Tpumenenne Boipaxenus (10) npu pemenun psijja NPUKIQIHBIX 3329 CBSI3aHO ¢ HEODXOAMMO-
CTBIO O00pa COOTBETCTBUS pebep €, miockoctu jijo B ImH™T ¢ pebpamu e, mHororpaHnuxa .
Taxoit moabop ¢ yuerom (1) cBsi3an ¢ pemennem 00paTHOl 3aja4u — KOHMDOPMHOIO 0TOOpaKEHUsT
MHOI'OrpaHHUKa §2 Ha eJUMHUYHBINA [map.

Permenne o6paTHOl 331a4l BHIIOIHACTCA [0 aHAIOIUK C perrenneM B R? ¢ mpuMeHnenmeM Mosu-
(bHUIMPOBAHHOIO METO/A 110C/IEA0BATEIbHBIX KOHMDOPMHBIX 0TOOpazkeHuii [5].

Ucnonb3ys apobHO-nuHeiiHOe mpeobpasoBanue ¢ = ¢ (q / R) (R — MUHUMAJIBHBI PayC OKPY K-
HOCTH, cozepxaieii B cebe Bce Bepmunbl A, mHOrorpaniuka 1), oro6pasum BHYTPEHHOCTbL ) Ha
ImHT ¢ BEIGPOMICHHBIMU MIAPOBLIME JIyHOUKaMu. [IJIs IOC/IeTyIoniero oTobpaskeHus MoJIyYeHHO
obsmactu Ha Im H™ npuMennM mocseoBaTelbHOCTb 0TOOParKeHHit, CBOAANUXCA K PEIIeHUIO CJIe/Ly-
IOIIE MOJICIBHOM 3a/Ia9n.

Teopema 6. Kongopmroe omobpasicenue ImHT ¢ evbpowennoti obaacmoio, 06pasosarnot nepe-
CeUEeHUEM NOAYNPOCTPAHCINEA, C NPOUSBONLHOT 0OHOCBA3HOT 06AACMBIO ¢ 24a0K0T noseprrocmbio I,
na ImH™ ocywecmeasemesn ona q = R[(jl €oS ¢ + jo sin go) sin 6 + js cos 9] Ppyrryuet

w(q) =(a—0b)y ‘é‘ [(jl cos @ + josin @) cos 6 + j3 siné} ¢ nopmuposkoti w (o0) = oo, @' (00) = 1,
2de 0 = arg(€), £=5s (Sg (Sl (R . ei(O’S”_a)))), (11)
51(6) = [ = a(®)] /[ = b(0)], S2() =), Sy(e) = (1+)/(1-9).

B pasencrBax (11) a(@), b(@) — TOYKU IepeceveHns ¢ 1efiCTBUTEeIbHOI 0ChI0 KOMILIEKCHOM ILJI0C-
KOCTH O, Oy IeHHO Ty TEM TOBOPOTA OT IJIOCKOCTH J1 j3 HA YTOJI (0, COMPUKACAIONIENCS OKPYKHOCTH
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Puc. 4. [Ipumep koHDOPMHOr0 0TOOpaKEHUS MOIYIPOCTPAHCTBA C BHIOPOIIEHHOMN 00/IACTHIO C IJIaIKOM
HOBEPXHOCTHIO [’

C TpaHuIieil BEIOPOIIEHHOTO U3 MOJIYILIOCKOCTU CEIMEHTa, OJTHOCBS3HOI 00/1aCTU B OKPECTHOCTH TOYKH
T € O, rue arg (7‘) =0.5m—4, 7(9) = 7r/ [w—ﬁ(G)], ﬁ(@) — yroJi, 00pa30BaHHBIN COMPUKACAIOIIENHCS
OKpY2KHOCTBIO B a(@) (puc. 4).

JokazaresibcTBO TEOpeMbl 6 OCHOBAHO HA PE3YJIbTaraX TEOPeMbl 0 KOH(POPMHOM OTOOparKeHWH
BepxHell MOJTIyIIJIOCKOCTUA C BBIOPOIIIEHHBIM CEIMEHTOM C IVIAJIKON paHuilell Ha BEPXHIOK MOJIYILIOC-
KOCTB [5].

YacrueiM ciygaeM (11) apiserca 3agada Ha mocTpoenue orobpazkenus Im HT ¢ BeIGpoIIeHHBIM
cermenToMm mapa Ha ImHT. B Heit ykazannoe oToGpazkeHne HPOU3BOAUTCS JijIsl TPAHHM MCXOIHOTO
MHOTOTPaHHUKA, 33J@HHOTO HAOOPOM BEDIIUH, KOTOPbIE PACIIOJIOXKEHbI HA T'PAHUIE OIMUCAHHOU BO-
kpyr £ okpyxuoctu pajuyca R. [Ipumep 3amadum npejcrasied na puc. 1. Orobpaxkenue ¢ yderom
(1)=(3) ocymiectBasiercs yHKIHEH w(q) = ko - /%’(gg(gg (q))), e ko = Raﬂ/’y — K03 Durm-
€HT, COOTBETCTBYIOIUN 1T w(q) YCJIOBUSIM HOPMUPOBKH dw(jloo) (dq)_1 = dw(jgoo) (dq)_1 =1,
dw(jgoo) (alq)_1 = 0 ana dqg = q — qo; /%’(q) = (q + jl)(jlq + 1)_1 — dyHKIus, TEPeBOAdIIAL
TOYKHU BEPXHEr0 MOJIYIPOCTPaHCcTBa Q1 = —Jja, Q2 = 0, Q3 = j1 B coorercrBytomue Touku Wi = 0,
Wy = j1, W3 = oo.

3akJroueHue

HOHy‘{eHHbIe pe3yabTaTbl COCTABJIAIOT COBOKYIHOCTH METO/0B, HeO6XOﬂI/IMbIX JJId PpeIIeHnd 3a-
7 KOH(MDOPMHOTO 0TOGparKeHHs MHOrOrpaHHuKoB B R3. 3ajanuble KOH(GOpPMHEbIE 0TOOPAKEHHS HO-
JIy4€HbIl C UCIIOJIb30BaHUEM a..)'[I'e6pr KBAaTEpHUOHOB, T€COPpUN (byHKL[I/II/I KOMIIJIEKCHOT'O IIEPEMEHHOIO
¥ TEOMETPUYECKUX IpeacTaBieHuil. JIpyrum BO3MOXKHBIM BaPUAHTOM IT0JIyY€HUsI COOTHOIIEHUIR, 3a-
JTAIOIUX TPSIMOe U 00paTHoe KOH(POPMHBIE OTOOpAYKEHWsT ABYTPAHHOTO YIVIa HA BEPXHEE MOJTYIPO-
CTpaHCTBO (3), MHOrOrPaHHOIrO yIyla Ha BEPXHEE MOJynpoCTPAaHCTBO (7), BEPXHErO IOJIyIPOCTPAH-
crBa Ha MHOTOrpanHuK (10), SB/IsIETCS HEMOCPEICTBEHHOE MCIOIb30BAHIE aredpbl KBATEPHIOHOB |6].
O/ 1HaKO BO3HUKAIOIIUE [IPU STOM TPYIHOCTH, 00YC/IOBJIEHHBIE HEKOMMYTATUBHBIM XapPaKTEPOM aJl-
rebpol H, cBsa3aHbl ¢ HEOOXOIUMOCTHIO BBIYUC/IEHUsT OOJIBIIOTO YHUC/Ia TOCTOSTHHBIX IIPU MIEPEXOJIE OT
JiorapudMUYeCKOro BBIYETA 110 IIPOM3BOAHON MepomopdHOil KBaTepHUOH-DyHKIMH, 0060b6maomeit
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koH(pOpMHOE 0TOOpaKeHue (JABYIPAHHOIO yIJIA, UJIM MHOTOIPAHHOTO YIJIA, UJIM MHOTOIDAHHUKA) Me-
poMOpPdHOI KBATEPHUOH-(DYHKITHH.

B menom mosiyueHHble TpeiCcTaB/IeHUs] C y4eToM TeopeMbl JIuyBujiisg MoOryT ObITH 0DOOIIEHBI
Ha 3a/J0a4nu KOH(i)OpMHOFO OTO6pa.)KeHI/IH MHOT'OT'DaHHUKOB B MHOT'OMEPDHBIX €BKJIMJIOBBIX IIPOCTPaH-
crBax RY ¢ mpuvenennem anre6per Kimddopa, mpecTaBIenns 31eMeHTa, & 3TOH airedpsl B THIep-

cdepryecKoil cucreMe KOOpAuHaT T = R( cosf+j1sinfsinpg-...-cos pny+josinfsinp;-...-sinpy+
+j3sinfsiny-...-cospn_1+jasinfsing;-...-sinpy_1+... ) 7 TIOCJIEYIONIETO Tepexoia K KOM-
IJIEKCHOI nepementoit £ = R - e (057-6) mockoctu ©, cexymeit mpocrparcrso RY mos yramu
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Methods necessary to solve problems of conformal mapping of polyhedra in R? are developed. The results are
obtained with the use of quaternion algebra and geometric representations. The direct and inverse conformal
mappings are defined: those of the upper half-space onto the unit ball, those of a ball crescent onto the
dihedral angle and those of dihedral and polyhedral angles onto the upper half-space. Solutions to the direct
and inverse problems of conformal mapping of the polyhedrons onto the upper half-space are found using
the results obtained. The solution to the direct problem of conformal mapping is based on the results of the
Christoffel-Schwarz theorem. The solution of the inverse problem is obtained by the method of successive
conformal mappings. In general, the one-to-one mappings obtained are based on the fact that, by the Liouville
theorem, all conformal diffeomorphisms of any area in the space are the Mobius transformations.

REFERENCES

1. Arkhipov N.S., Polyanskij I.S., Stepanov D.E. The barycentric method for the field analysis in a regular
waveguide with arbitrary cross-section, Antenny, 2015, no. 1 (212), pp. 32-40 (in Russian).

2. Polyansky I.S. Poisson barycentric coordinates for multivariate approximation of scalar potential within
an arbitrary area (Part 1), Vestn. Sarat. Gos. Tekh. Univ., 2015, vol. 1, no. 1 (78), pp. 30-36 (in Russian).

3. Polyansky I.S. Poisson barycentric coordinates for multivariate approximation of scalar potential within
an arbitrary area (Part 2), Vestn. Sarat. Gos. Tekh. Univ., 2015, vol. 1, no. 1 (78), pp. 36—42 (in Russian).

4. Fil’chakov P.F. Priblizhennye metody konformnykh otobrazhenii. Spravochnoe rukovodstvo (Approximate
methods of conformal mappings. Handbook), Kiev: Naukova Dumka, 1964, 536 p.

5. Radygin V.M., Polansky I.S. Modified method of successive conformal mappings of polygonal domains,
Vestn. Tomsk. Gos. Univ., Mat. Mekh., 2016, no. 1 (39), pp. 25-35 (in Russian).
DOLI: 10.17223/19988621/39/3

6. Sudbery A. Quaternionic analysis, Mathematical Proceedings of the Cambridge Philosophical Society,
1979, vol. 85, issue 2, pp. 199-225. DOIL: 10.1017/S0305004100055638

7. Ahlfors L. Mobius transformations in several dimensions, University of Minnesota, 1981. Translated under
the title Preobrazovanie Mebiusa v mnogomernom prostranstve, Moscow: Mir, 1986, 112 p.

8. Norden A.P. Teoriya poverkhnostei (Theory of surfaces), Moscow: Moscow: Gos. Izd. Tekh. Teor. Lit.,
1956, 260 p.

9. Lavrent’ev M.A., Shabat B.V. Metody teorii funktsii kompleksnogo peremennogo (Methods of the theory
of functions of a complex variable), Moscow: Nauka, 1973, 736 p.

Received 27.10.2016

Radygin Vladimir Mikhailovich, Doctor of Engineering, Professor, The Academy of Federal Security Guard
Service of the Russian Federation, ul. Priborostroitel’naya, 35, Orel, 302034, Russia.
E-mail: stepbystep000@Qyandex.ru

Polyanskii Ivan Sergeevich, Candidate of Engineering, Doctoral Student, The Academy of Federal Security
Guard Service of the Russian Federation, ul. Priborostroitel’naya, 35, Orel, 302034, Russia.
E-mail: van341@mail.ru


http://dx.doi.org/10.17223/19988621/39/3
http://dx.doi.org/10.1017/S0305004100055638
mailto:stepbystep000@yandex.ru
mailto:van341@mail.ru

