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ÄÂÓÌÅ�ÍÛÉ �ÀÇÍÎÑÒÍÛÉ ÎÏÅ�ÀÒÎ� ÄÈ�ÀÊÀ Â ÏÎËÎÑÅ

Â ïîñëåäíåå äåñÿòèëåòèå â �èçè÷åñêîé ëèòåðàòóðå àêòèâíî èçó÷àåòñÿ íîâûé êëàññ ìàòåðèàëîâ � òî-

ïîëîãè÷åñêèå èçîëÿòîðû. Òîïîëîãè÷åñêèå èçîëÿòîðû îáëàäàþò èíòåðåñíûìè �èçè÷åñêèìè ñâîéñòâàìè,

â ÷àñòíîñòè ïðàêòè÷åñêè íóëåâûì ñîïðîòèâëåíèåì, è, êàê îæèäàåòñÿ, ìîãóò íàéòè ïðèìåíåíèÿ â ìèê-

ðîýëåêòðîíèêå. Â îòëè÷èå îò îáû÷íûõ ìåòàëëîâ è ïîëóïðîâîäíèêîâ ýëåêòðîí â òîïîëîãè÷åñêîì èçîëÿ-

òîðå îïèñûâàåòñÿ íå îïåðàòîðîì (ãàìèëüòîíèàíîì) Øð¼äèíãåðà, à áåçìàññîâûì îïåðàòîðîì Äèðàêà.

Òàêèå îïåðàòîðû â êâàçèîäíîìåðíûõ ñòðóêòóðàõ (íàïðèìåð, â ïîëîñêàõ ñ ðàçëè÷íûìè ãðàíè÷íûìè

óñëîâèÿìè) âåñüìà èíòåðåñíû ñ ìàòåìàòè÷åñêîé òî÷êè çðåíèÿ, íî äî ñèõ ïîð íåäîñòàòî÷íî èçó÷åíû

ìàòåìàòèêàìè. Â äàííîé ñòàòüå ðàññìàòðèâàåòñÿ ãàìèëüòîíèàí Äèðàêà äëÿ òîïîëîãè÷åñêîãî èçîëÿòî-

ðà íåñêîëüêî áîëåå îáùåãî âèäà, à èìåííî ïðè íàëè÷èè ñëîÿ �åððîìàãíåòèêà. Îïèñàí ñïåêòð òàêîãî

îïåðàòîðà, íàéäåíà åãî �óíêöèÿ �ðèíà (ÿäðî ðåçîëüâåíòû), à òàêæå óêàçàí âèä åãî (îáîáùåííûõ)

ñîáñòâåííûõ �óíêöèé.

Êëþ÷åâûå ñëîâà: äèñêðåòíûé ðàçíîñòíûé îïåðàòîð Äèðàêà, ðåçîëüâåíòà, ñïåêòð.

Â ïîñëåäíåå äåñÿòèëåòèå â �èçè÷åñêîé ëèòåðàòóðå àêòèâíî èçó÷àåòñÿ íîâûé êëàññ ìàòåðè-

àëîâ � òîïîëîãè÷åñêèå èçîëÿòîðû [1�3℄. �àìèëüòîíèàí ýëåêòðîíà íà ïîâåðõíîñòè òðåõìåðíîãî

òîïîëîãè÷åñêîãî èçîëÿòîðà, ïîêðûòîãî ñëîåì �åððîìàãíåòèêà [3℄, èìååò âèä äâóìåðíîãî áåç-

ìàññîâîãî îïåðàòîðà Äèðàêà H0 = H0(q) = σ(p + q), ãäå p =
(
− i

∂

∂x
,−i ∂

∂y
, 0
)
� îïåðàòîð

èìïóëüñà, σ = (σx, σy, σz) � íàáîð ìàòðèö Ïàóëè, q = (0, 0, q) � âåêòîð íàìàãíè÷åííîñòè

(ñì. [3, 4℄).

�àññìàòðèâàåòñÿ ðàçíîñòíûé àíàëîã H0 îïåðàòîðà H0 â ïîëîñå Ω = Z × {1, . . . , N} ñ ïå-

ðèîäè÷åñêèì ãðàíè÷íûì óñëîâèåì, êîòîðûé äåéñòâóåò íà �óíêöèþ ψ(n,m) =

(
ψ1(n,m)
ψ2(n,m)

)
,

ψj ∈ l2(Ω), j = 1, 2, ñëåäóþùèì îáðàçîì:

H0(q)ψ(n,m) =

(
q H01 − iH02

H01 + iH02 −q

)(
ψ1(n,m)
ψ2(n,m)

)
, (1)

ãäå îïåðàòîð H01 äåéñòâóåò â l
2(Z):

H01ψ(n) = − i

2

(
ψ(n+ 1)− ψ(n − 1)

)
,

îïåðàòîð H02 äåéñòâóåò â l
2
(
{1, . . . , N}

)
:

(H02ψ)(m) = − i

2

(
ψ(m+ 1)− ψ(m− 1)

)
, m = 2, . . . , N − 1,

(H02ψ)(1) = − i

2

(
ψ(2) − ψ(N)

)
, (2)

(H02ψ)(N) = − i

2

(
ψ(1) − ψ(N − 1)

)
.

�åçîëüâåíòó îïåðàòîðà H0 áóäåì îáîçíà÷àòü ÷åðåç R0(λ) = (H0 − λI)−1, à ñïåêòð îïåðàòîðà

A � ÷åðåç σ(A).

Ëåììà 1. Ôóíêöèè

1√
N
eim

2πl

N , l = 1, . . . , N, ÿâëÿþòñÿ ñîáñòâåííûìè �óíêöèÿìè îïåðà-

òîðà H02 ñ ñîîòâåòñòâóþùèìè ñîáñòâåííûìè çíà÷åíèÿìè λl = sin 2πl
N

è îáðàçóþò îðòîíîð-

ìèðîâàííûé áàçèñ ïðîñòðàíñòâà l2
(
{1, . . . , N}

) ∼= C
N .
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Ä î ê à ç à ò å ë ü ñ ò â î. Çàïèøåì óðàâíåíèå íà ñîáñòâåííûå çíà÷åíèÿ îïåðàòîðà H02:

H02ψ = λψ. (3)

Äëÿ m ∈ {2, . . . , N − 1} äàííîå óðàâíåíèå ïðèìåò âèä (ñì. (2))

− i

2

(
ψ(m+ 1)− ψ(m− 1)

)
= λψ(m). (4)

Èùåì ñîáñòâåííûå �óíêöèè îïåðàòîðà H02 â âèäå

ψ(m) = C1e
ikm + C2e

−ikm. (5)

Ïîäñòàâèâ �óíêöèè (5) â óðàâíåíèå (4), ïîëó÷èì λ = sin k, åñëè C2 = 0. Äëÿ m = 1 óðàâíå-

íèå (3) èìååò âèä (ñì. (2))

− i

2

(
ψ(2) − ψ(N)

)
= sin k · ψ(1).

Îòñþäà kl =
2πl
N
, l ∈ Z. Ïîëó÷åííûå âûðàæåíèÿ äëÿ λ, kl è ψ(m) óäîâëåòâîðÿþò óðàâíåíèþ (3)

äëÿ m = N :

− i

2

(
ψ(1)− ψ(N − 1)

)
= sin kl · ψ(1).

Îòñþäà íàéäåì ñîáñòâåííûå �óíêöèè ψl(m) = Ceim
2πl

N , C = const, l = 1, . . . , N , îïåðàòîðà H02,
ñîîòâåòñòâóþùèå ñîáñòâåííûì çíà÷åíèÿì λl = sin 2πl

N
. Î÷åâèäíî, ÷òî íîðìèðîâî÷íàÿ êîíñòàíòà

C =
1√
N
. Ëåììà äîêàçàíà.

Ñëåäñòâèå 1. Èìååì

ψ(n,m) =

(
ψ1(n,m)
ψ2(n,m)

)
=




1√
N

N∑
l=1

ψ1l(n)e
im 2πl

N

1√
N

N∑
l=1

ψ2l(n)e
im 2πl

N


,

ãäå ψjl(n) =

(
ψj(n,m),

1√
N
eim

2πl

N

)

l2({1,...,N})

=
1√
N

N∑
m=1

ψj(n,m)e−im 2πl

N , j = 1, 2.

Îáîçíà÷èì al =
√
λ2 − q2 − sin2(2πl/N), cos kl = al, sin kl = −

√
1− a2l , l = 1, . . . , N.

Òåîðåìà 1. �åçîëüâåíòà R0(λ) = (H0 − λI)−1
îïåðàòîðà H0 èìååò âèä

(
R0(λ)ϕ

)
1
(n,m) = − 1

2N

N∑

l=1

N∑

m′=1

∑

n′∈Z

A

[
λ+ q

al
Bϕ1(n

′,m′) + C−ϕ2(n
′,m′)

]
,

(
R0(λ)ϕ

)
2
(n,m) = − 1

2N

N∑

l=1

N∑

m′=1

∑

n′∈Z

A

[
λ− q

al
Bϕ2(n

′,m′) + C+ϕ1(n
′,m′)

]
,

ãäå

A = A(n, n′,m,m′, l) =
ei

2πl

N
(m−m′)in−n′

√
a2l − 1

,

B = B(n, n′,m,m′, l) = eikl|n−n′| + (−1)n−n′+1e−ikl|n−n′|,

C± = C±(n, n
′,m,m′, l) = eikl|n−n′| + (−1)n−n′

e−ikl|n−n′| ± i

al
sin

2πl

N
B.
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Ä î ê à ç à ò å ë ü ñ ò â î. Äëÿ íàõîæäåíèÿ ðåçîëüâåíòû îïåðàòîðà H0 ðåøèì óðàâíåíèå

(H0 − λ)ψ = ϕ, ϕ ∈ l2(Ω), (6)

îòíîñèòåëüíî ψ ∈ l2(Ω). Ñîãëàñíî (1) óðàâíåíèå (6) ìîæíî çàïèñàòü â âèäå ñèñòåìû:





− i

2

(
ψ2(n+ 1,m) − ψ2(n− 1,m)

)
− i√

N

N∑

l=1

ψ2l(n) sin
2πl

N
eim

2πl

N −

− (λ− q)ψ1(n,m) = ϕ1(n,m),

− i

2

(
ψ1(n+ 1,m) − ψ1(n− 1,m)

)
+

i√
N

N∑

l=1

ψ1l(n) sin
2πl

N
eim

2πl

N −

− (λ+ q)ψ2(n,m) = ϕ2(n,m),

èëè





− i

2

(
ψ2l(n+ 1)− ψ2l(n− 1)

)
− i sin

2πl

N
ψ2l(n)− (λ− q)ψ1l(n) = ϕ1l(n), l = 1, . . . , N,

− i

2

(
ψ1l(n+ 1)− ψ1l(n− 1)

)
+ i sin

2πl

N
ψ1l(n)− (λ+ q)ψ2l(n) = ϕ2l(n), l = 1, . . . , N.

(7)

�àññìîòðèì ïðåîáðàçîâàíèå Ôóðüå F : l2(Z) → L2(−π, π), äåéñòâóþùåå ñëåäóþùèì îáðà-

çîì:

Fϕ(n) =
∑

n∈Z

1√
2π
e−inpϕ(n) = ϕ̂(p).

Íåñëîæíî óáåäèòüñÿ â ñïðàâåäëèâîñòè ðàâåíñòâà F
(
ψjl(n + 1) − ψjl(n − 1)

)
= 2i sin p · ψ̂jl(p),

j = 1, 2. Ïîäåéñòâîâàâ F íà êàæäîå óðàâíåíèå ñèñòåìû (7), ïîëó÷èì





sin p · ψ̂2l(p)− i sin
2πl

N
· ψ̂2l(p)− (λ− q)ψ̂1l(p) = ϕ̂1l(p), l = 1, . . . , N,

sin p · ψ̂1l(p) + i sin
2πl

N
· ψ̂1l(p)− (λ+ q)ψ̂2l(p) = ϕ̂2l(p), l = 1, . . . , N,

èëè (
−λ+ q sin p− i sin 2πl

N

sin p+ i sin 2πl
N

−λ− q

)
·
(
ψ̂1l(p)

ψ̂2l(p)

)
=

(
ϕ̂1l(p)
ϕ̂2l(p)

)
, l = 1, . . . , N. (8)

Ñïåêòð îïåðàòîðà H0 � ýòî òàêèå çíà÷åíèÿ λ, â êîòîðûõ íå ñóùåñòâóåò ðåçîëüâåíòà, ò. å.

äëÿ íåêîòîðîãî l ∈ {1, . . . , N} è íåêîòîðîãî p áóäåò ñïðàâåäëèâî ðàâåíñòâî (ñì. (8))

λ2 = q2 + sin2
2πl

N
+ sin2 p.

Òàê êàê sin2 p ïðèíèìàåò çíà÷åíèÿ îò 0 äî 1, òî

λ2 ∈
[
q2 + sin2

2πl

N
, q2 + 1 + sin2

2πl

N

]
.

Òàêèì îáðàçîì, ñïåêòð σ(H0) îïåðàòîðà H0 èìååò âèä

σ(H0) =

N⋃

l=1

([
−
√
q2 + 1 + sin2

2πl

N
,−
√
q2 + sin2

2πl

N

]
⋃
[√

q2 + sin2
2πl

N
,

√
q2 + 1 + sin2

2πl

N

])
=

=

N⋃

l=1

([
−
√
q2 + 1 + sin2

2πl

N
, |q|
]
⋃
[
|q|,
√
q2 + 1 + sin2

2πl

N

])
=

=
([

−
√
q2 + 1 + s2, |q|

]⋃[
|q|,
√
q2 + 1 + s2

])
,
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ãäå s = maxl=1,...,N

∣∣sin 2πl
N

∣∣ .
Äàëåå, âûïèøåì ðåøåíèå ñèñòåìû (8):

ψ̂1l(p) =
−(λ+ q)ϕ̂1l(p)−

(
sin p− i sin 2πl

N

)
ϕ̂2l(p)

λ2 −
(
q2 + sin2 2πl

N
+ sin2 p

) ,

ψ̂2l(p) =
(−λ+ q)ϕ̂2l(p)−

(
sin p+ i sin 2πl

N

)
)ϕ̂1l(p)

λ2 −
(
q2 + sin2 2πl

N
+ sin2 p

) .

Îòñþäà (ñì. ñëåäñòâèå 1)

ψ̂1(p,m) = −λ+ q√
N

N∑

l=1

eim
2πl

N

λ2 −
(
q2 + sin2 2πl

N
+ sin2 p

)
(

1√
N

N∑

m′=1

ϕ̂1(p,m
′)e−im′ 2πl

N

)
−

− 1√
N

N∑

l=1

eim
2πl

N

(
sin p− i sin 2πl

N

)

λ2 −
(
q2 + sin2 2πl

N
+ sin2 p

)
(

1√
N

N∑

m′=1

ϕ̂2(p,m
′)e−im′ 2πl

N

)
,

ψ̂2(p,m) =
−λ+ q√

N

N∑

l=1

eim
2πl

N

λ2 −
(
q2 + sin2 2πl

N
+ sin2 p

)
(

1√
N

N∑

m′=1

ϕ̂2(p,m
′)e−im′ 2πl

N

)
−

− 1√
N

N∑

l=1

eim
2πl

N

(
sin p+ i sin 2πl

N

)

λ2 −
(
q2 + sin2 2πl

N
+ sin2 p

)
(

1√
N

N∑

m′=1

ϕ̂1(p,m
′)e−im′ 2πl

N

)
.

Íàéäåì ðåçîëüâåíòó â êîîðäèíàòíîì ïðåäñòàâëåíèè. Èìååì

ψ1(n,m) =
1√
2π

∫ π

−π

ψ̂1(p,m)einp dp =

= −λ+ q

2πN

∫ π

−π

N∑

l=1

N∑

m′=1

∑

n′∈Z

eip(n−n′)ei
2πl

N
(m−m′)

λ2 −
(
q2 + sin2 2πl

N
+ sin2 p

)ϕ1(n
′,m′) dp −

− 1

2πN

∫ π

−π

N∑

l=1

N∑

m′=1

∑

n′∈Z

eip(n−n′)ei
2πl

N
(m−m′)

(
sin p− i sin 2πl

N

)

λ2 −
(
q2 + sin2 2πl

N
+ sin2 p

) ϕ2(n
′,m′) dp,

ψ2(n,m) =
−λ+ q

2πN

∫ π

−π

N∑

l=1

N∑

m′=1

∑

n′∈Z

eip(n−n′)ei
2πl

N
(m−m′)

λ2 −
(
q2 + sin2 2πl

N
+ sin2 p

)ϕ2(n
′,m′) dp −

− 1

2πN

∫ π

−π

N∑

l=1

N∑

m′=1

∑

n′∈Z

eip(n−n′)ei
2πl

N
(m−m′)

(
sin p+ i sin 2πl

N

)

λ2 −
(
q2 + sin2 2πl

N
+ sin2 p

) ϕ1(n
′,m′) dp.

�àññìîòðèì îïåðàòîð h0, äåéñòâóþùèé â ïðîñòðàíñòâå l2(Z) ïî ïðàâèëó

h0ψ(n) = ψ(n − 1) + ψ(n + 1).

�åçîëüâåíòà Rh0
(λ) îïåðàòîðà h0 èìååò âèä (ñì. [5℄)

Rh0
(λ)ψ(n) = − 1√

λ2 − 4

∑

n′∈Z

eik|n−n′|ψ(n′),
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ãäå λ = 2cos k. �àññìîòðèì óðàâíåíèå (h0 − λ)ψ(n) = ϕ(n), ψ,ϕ ∈ l2(Z), èëè

ψ(n) = Rh0
(λ)ϕ(n), λ 6∈ σ(h0). (9)

Ïîäåéñòâóåì íà (9) îïåðàòîðîì h0; ïîëó÷èì ψ̂(p) = R̂h0
(λ)ϕ̂(p) =

ϕ̂(p)

2 cos p− λ
. Òîãäà

ψ(n) =
1√
2π

∫ π

−π

einpψ̂(p)dp =
1√
2π

∫ π

−π

einpϕ̂(p)

2 cos p− λ
dp = − 1√

λ2 − 4

∑

n′∈Z

eik|n−n′|ϕ(n′). (10)

Èç (10) ëåãêî âèäåòü, ÷òî

∫ π

−π

einp

a− sin p
dp = e

πni

2

∫ 2π

0

einp

a− cos p
dp =

2πein
π

2√
a2 − 1

eik|n| =
2πineik|n|√
a2 − 1

, (11)

∫ π

−π

einp

a+ sin p
dp =

2π(−1)n+1ein
π

2

√
a2 − 1

e−ik|n| =
2π(−1)n+1ineik|n|√

a2 − 1
, (12)

ãäå cos k = a. Îáîçíà÷èì al =

√
λ2 − q2 − sin2

2πl

N
, l = 1, . . . , N, òîãäà ñïðàâåäëèâû ðàâåíñòâà

(ñì. (11), (12))

∫ π

−π

eip(n−n′)

a2
l
− sin2 p

dp =
1

2al

∫ π

−π

(
1

al − sin p
+

1

al + sin p

)
eip(n−n′) dp =

=
πin−n′

al

√
a2
l
− 1

(
eikl|n−n′| + (−1)n−n′+1e−ikl|n−n′|

)
,

(13)

∫ π

−π

eip(n−n′) sin p

a2l − sin2 p
dp = −

∫ π

−π

eip(n−n′)

al + sin p
dp + al

∫ π

−π

eip(n−n′)

al − sin p
dp =

= −2π(−1)n−n′+1in−n′

√
a2l − 1

e−ikl|n−n′| +
πin−n′

√
a2l − 1

(
eikl|n−n′| + (−1)n−n′+1e−ikl|n−n′|

)
=

=
πin−n′

√
a2l − 1

(
eikl|n−n′| + (−1)n−n′

e−ikl|n−n′|
)
,

(14)

çäåñü cos kl = al, l = 1, . . . , N. Èñïîëüçóÿ (13), (14), íàéäåì îêîí÷àòåëüíûé âèä ðåçîëüâåíòû:

ψ1(n,m) = −λ+ q

2N

N∑

l=1

N∑

m′=1

∑

n′∈Z

ei
2πl

N
(m−m′)in−n′

al

√
a2l − 1

(
eikl|n−n′| + (−1)n−n′+1e−ikl|n−n′|

)
ϕ1(n

′,m′)−

− 1

2N

N∑

l=1

N∑

m′=1

∑

n′∈Z

ei
2πl

N
(m−m′)in−n′

√
a2
l
− 1

[
eikl|n−n′| + (−1)n−n′

e−ikl|n−n′| −

− i

al
sin

2πl

N

(
eikl|n−n′| + (−1)n−n′+1e−ikl|n−n′|

)]
ϕ2(n

′,m′),

ψ2(n,m) =
−λ+ q

2N

N∑

l=1

N∑

m′=1

∑

n′∈Z

ei
2πl

N
(m−m′)in−n′

al

√
a2l − 1

(
eikl|n−n′| + (−1)n−n′+1e−ikl|n−n′|

)
ϕ2(n

′,m′)−

− 1

2N

N∑

l=1

N∑

m′=1

∑

n′∈Z

ei
2πl

N
(m−m′)in−n′

√
a2
l
− 1

[
eikl|n−n′| + (−1)n−n′

e−ikl|n−n′| +

+
i

al
sin

2πl

N

(
eikl|n−n′| + (−1)n−n′+1e−ikl|n−n′|

)]
ϕ1(n

′,m′).

�
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Òåîðåìà 2. �åøåíèå ψ(n,m) =
( ψ1(n,m)
ψ2(n,m)

)
óðàâíåíèÿ Äèðàêà

H0ψ = λψ, λ ∈ σ(H0), (15)

ãäå λ 6= 0 è λ 6∈
{
q2 + sin2

2πl

N
, q2 + sin2

2πl

N
+ 1

}N

l=1

, â êëàññå îãðàíè÷åííûõ �óíêöèé èìååò

âèä

ψ1(n,m) =
1

(2π)
3

2

√
N

N∑

l=1

eim
2πl

N (C11e
inpl + C12e

−inpl),

ψ2(n,m) =
1

(2π)
3

2

√
N

N∑

l=1

eim
2πl

N

(
1

λ+ q

(√
λ2 − q2 − sin2

2πl

N
+ i sin

2πl

N

)
C11e

inpl +

+
1

λ− q

(
−
√
λ2 − q2 − sin2

2πl

N
+ i sin

2πl

N

)
C12e

−inpl

)
,

ãäå C11, C12 � ïðîèçâîëüíûå êîíñòàíòû, pl óäîâëåòâîðÿåò ðàâåíñòâó sin pl =
√
λ2 − q2 − sin2 2πl

N
.

Ä î ê à ç à ò å ë ü ñ ò â î. Óðàâíåíèå (15) ñîâïàäàåò ñ óðàâíåíèåì (6) â ñëó÷àå ϕ = 0. Îò-
ñþäà (ñì. (8))





sin p · ψ̂2l(p)− i sin
2πl

N
· ψ̂2l(p)− (λ− q)ψ̂1l(p) = 0, l = 1, . . . , N,

sin p · ψ̂1l(p) + i sin
2πl

N
· ψ̂1l(p)− (λ+ q)ψ̂2l(p) = 0, l = 1, . . . , N.

(16)

�àññìîòðèì ýòó ñèñòåìó äëÿ íåêîòîðîãî �èêñèðîâàííîãî çíà÷åíèÿ l ∈ {1, . . . , N}. Íåíóëåâîå
ðåøåíèå íàéäåòñÿ, åñëè âûïîëíåíî óñëîâèå

λ2 − q2 − sin2 p− sin2
2πl

N
= 0. (17)

�àâåíñòâî (17) ñïðàâåäëèâî äëÿ äâóõ âåùåñòâåííûõ çíà÷åíèé ±pl òàêèõ, ÷òî

sin pl =

√
λ2 − q2 − sin2

2πl

N
. (18)

Òîãäà

ψ̂1l(p) = C11δ(p − pl) + C12δ(p + pl), ψ̂2l(p) = C21δ(p − pl) + C22δ(p + pl).

Ïîäñòàâèì p = pl â ñèñòåìó (16)





(q − λ)C11 +
(
sin pl − i sin

2πl

N

)
C21 = 0,

(
sin pl + i sin

2πl

N

)
C11 − (λ+ q)C21 = 0.

(19)

Ñèñòåìà (19) èìååò íåíóëåâîå ðåøåíèå, òàê êàê äëÿ p = pl ðàâåíñòâî (18) ñïðàâåäëèâî. Èìååì

C21 =
sin pl + i sin 2πl

N

λ+ q
C11.

Ïîäñòàâèâ p = −pl â (16), ïîëó÷èì

C22 =
− sin pl + i sin 2πl

N

λ− q
C12.
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Òàêèì îáðàçîì,

ψ1(n,m) =
1√
2π

∫ π

−π

ψ̂1(p,m)einpdp =

=
1√
2πN

N∑

l=1

eim
2πl

N

∫ π

−π

(
C11δ(p − pl) + C12δ(p + pl)

)
einpdp =

=
1

(2π)
3

2

√
N

N∑

l=1

eim
2πl

N (C11e
inpl + C12e

−inpl).

�àññóæäàÿ àíàëîãè÷íî, ëåãêî ïîëó÷èòü �îðìóëó äëÿ ψ2(n,m). �
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In the last de
ade, a new 
lass of materials � topologi
al insulators � is extensively studied in the physi
s

literature. Topologi
al insulators have remarkable physi
al properties, in parti
ular, near-zero resistan
e,

and are expe
ted to be applied in mi
roele
troni
s. Unlike 
onventional metals and semi
ondu
tors, an

ele
tron in topologi
al insulators is des
ribed not by the S
hrodinger operator (Hamiltonian), but by the

massless Dira
 operator. Su
h operators in quasi-one-dimensional stru
tures (for example, strips with di�erent

boundary 
onditions) are very interesting from a mathemati
al point of view, but they are not well studied

by mathemati
ians yet. This arti
le dis
usses the Dira
 Hamiltonian of a topologi
al insulator of somewhat

more general form, namely in the presen
e of a ferromagneti
 layer. The spe
trum of su
h an operator is

des
ribed; its Green's fun
tion (the kernel of the resolvent) and (generalized) eigenfun
tions are established.
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