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ÍÅÎÑÖÈËËßÖÈß �ÅØÅÍÈÉ ÄÈÔÔÅ�ÅÍÖÈÀËÜÍÎ�Î Ó�ÀÂÍÅÍÈß

ÂÒÎ�Î�Î ÏÎ�ßÄÊÀ Ñ ÎÁÎÁÙÅÍÍÛÌÈ ÔÓÍÊÖÈßÌÈ ÊÎËÎÌÁÎ

Â ÊÎÝÔÔÈÖÈÅÍÒÀÕ

�àññìàòðèâàåòñÿ óðàâíåíèå

Lx
.
= x′′ + P (t)x′ +Q(t)x = 0, t ∈ [a, b] ⊂ I

.
= (α, β) ⊂ R, (1)

ãäå P , Q � C-îáîáùåííûå �óíêöèè, îïðåäåëåííûå íà I è ïðåäñòàâëÿþùèå ñîáîé ñìåæíûå êëàññû

�àêòîð-àëãåáðû Êîëîìáî. Ïóñòü RP , RQ � ïðåäñòàâèòåëè ýòèõ êëàññîâ ñîîòâåòñòâåííî, AN � êëàññû

�èíèòíûõ �óíêöèé, íåîáõîäèìûå äëÿ îïðåäåëåíèÿ àëãåáðû Êîëîìáî. Ïîëó÷åíû íîâûå äîñòàòî÷íûå

óñëîâèÿ íåîñöèëëÿöèè óðàâíåíèÿ (1): äîêàçàíî, ÷òî åñëè âûïîëíåíî óñëîâèå

(∃N ∈ N)(∀ϕ ∈ AN )(∃µ0 < 1)

∫ b

a

|RP (ϕµ, t)| dt+

∫ b

a

|RQ(ϕµ, t)| dt <
4

b− a+ 4
(0 < µ < µ0),

ãäå ϕµ
.
= 1

µ
ϕ
(

t
µ

)
, òî óðàâíåíèå (1) íåîñöèëëÿöèîííî íà [a, b]. Äîêàçàíà òåîðåìà î ðàçäåëåíèè íóëåé

è ñëåäñòâèå, âûòåêàþùåå èç íåå.

Êëþ÷åâûå ñëîâà: C-îáîáùåííàÿ �óíêöèÿ, C-îáîáùåííîå ÷èñëî, ñëàáîå ðàâåíñòâî, íåîñöèëëÿöèÿ.

� 1. Ââåäåíèå

Èçâåñòíî, êàêóþ ðîëü èãðàåò íåîñöèëëÿöèÿ â òåîðèè îáûêíîâåííîãî ëèíåéíîãî äè��åðåíöè-

àëüíîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà ñ ñóììèðóåìûìè êîý��èöèåíòàìè (ñì., íàïðèìåð, [1℄).

Â íàñòîÿùåé çàìåòêå ïðèâîäèòñÿ ðåçóëüòàò èç òåîðèè íåîñöèëëÿöèè äëÿ îáûêíîâåííîãî ëè-

íåéíîãî îäíîðîäíîãî äè��åðåíöèàëüíîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà ñ êîý��èöèåíòàìè �

îáîáùåííûìè �óíêöèÿìè Êîëîìáî (C-îáîáùåííûìè �óíêöèÿìè, ñì. [2℄).

Ïðèâåäåì íåîáõîäèìûå ñâåäåíèÿ èç [2�4℄, äëÿ ïðîñòîòû îãðàíè÷èâøèñü ñëó÷àåì I = R.

Îáîçíà÷èì ÷åðåç D ìíîæåñòâî áåñêîíå÷íî äè��åðåíöèðóåìûõ �óíêöèé ϕ : I → R, èìåþùèõ
êîìïàêòíûé â I íîñèòåëü (�èíèòíûõ �óíêöèé). Äëÿ k = 1, 2, . . . ïîëîæèì

Ak
.
=

{
ϕ ∈ D :

∫

I

ϕ(t) dt = 1,

∫

I

tiϕ(t) dt = 0, i = 1, 2, . . . , k

}
.

Ìíîæåñòâà Ak íåïóñòûå; íåïîñðåäñòâåííî èç îïðåäåëåíèÿ âûòåêàåò, ÷òî A1 ⊃ A2 ⊃ . . . ⊃ Ak ⊃

⊃ . . .,
∞⋂
k=1

Ak = ∅. Ïóñòü ϕµ(t)
.
= 1

µ
ϕ
(

t
µ

)
, 0 < µ < µ0, µ0<1. Ëåãêî óáåäèòüñÿ, ÷òî ϕµ ∈ Ak â

òîì è òîëüêî òîì ñëó÷àå, êîãäà ϕ ∈ Ak.

×åðåç E îáîçíà÷èì ìíîæåñòâî îòîáðàæåíèé R : A1 × R → R òàêèõ, ÷òî �óíêöèÿ R =
= R(ϕ, t) áåñêîíå÷íî äè��åðåíöèðóåìà ïî t ïðè ëþáîé �èêñèðîâàííîé ϕ ∈ A1. Èç E âûäåëèì

ïîäìíîæåñòâî ¾óìåðåííûõ¿ ýëåìåíòîâ:

Emod
.
=

{
R ∈ E : (∀ [a, b] ⊂ I) (∀m ∈ N) (∃N ∈ N) (∀ϕ ∈ AN )

(∃C > 0) (∃µ0 < 1)

(
sup
t∈[a,b]

∣∣∣∣
dm

dtm
R(ϕµ, t)

∣∣∣∣6
C

µN
(0 < µ < µ0)

)}
.
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Ìíîæåñòâî Emod � àëãåáðà îòíîñèòåëüíî ñëîæåíèÿ è óìíîæåíèÿ �óíêöèé, à N ⊂ Emod,

N
.
=

{
R ∈ Emod : (∀ [a, b] ⊂ I) (∀m ∈ N) (∃N ∈ N) (∀ k > N) (∀ϕ ∈ Ak)

(∃C > 0) (∃µ0 < 1)

(
sup
t∈[a,b]

∣∣∣∣
dm

dtm
R(ϕµ, t)

∣∣∣∣6Cµk−N (0 < µ < µ0)

)}
�

äâóñòîðîííèé èäåàë ýòîé àëãåáðû. Ýëåìåíòû �àêòîð-àëãåáðû G
.
= Emod/N íàçûâàþòñÿ Ñ-

îáîáùåííûìè �óíêöèÿìè (â òåðìèíîëîãèè Êîëîìáî � íîâûå îáîáùåííûå �óíêöèè [2℄). Òàêèì

îáðàçîì, C-îáîáùåííûå �óíêöèè � ýòî êëàññû ýêâèâàëåíòíûõ îòîáðàæåíèé R(ϕ, t):

R1 ∼ R2 ⇐⇒ R1 −R2 ∈ N.

Ïðîèçâîäíîé ýëåìåíòà G ∈ G íàçûâàåòñÿ êëàññ

dG

dt
, ñîäåðæàùèé â êà÷åñòâå ïðåäñòàâèòåëÿ

ïðîèçâîäíóþ

dR(ϕ, t)

dt
, ãäå R(ϕ, t) � ïðîèçâîëüíûé ïðåäñòàâèòåëü êëàññà G. C-îáîáùåííûå

�óíêöèè áåñêîíå÷íî äè��åðåíöèðóåìû. Óìíîæåíèå â àëãåáðå G îáîçíà÷èì ◦.
Êàæäîé áåñêîíå÷íî äè��åðåíöèðóåìîé �óíêöèè ïîñòàâèì â ñîîòâåòñòâèå êëàññ èç G, ñî-

äåðæàùèé â êà÷åñòâå ïðåäñòàâèòåëÿ R(ϕ, t) = f(t). Ýòî îòîáðàæåíèå èç àëãåáðû áåñêîíå÷íî

äè��åðåíöèðóåìûõ �óíêöèé â àëãåáðó G èíúåêòèâíî. Îáðàç ìíîæåñòâà áåñêîíå÷íî äè��å-

ðåíöèðóåìûõ �óíêöèé ïðè ýòîì âëîæåíèè îáîçíà÷èì ÷åðåç C∞
; C∞

� ïîäàëãåáðà â G. Êàæäîé
ëîêàëüíî ñóììèðóåìîé â I �óíêöèè f ïîñòàâèì â ñîîòâåòñòâèå êëàññ èç G, ñîäåðæàùèé

Rf (ϕ, t)
.
=

∫

I

f(s)ϕ(s− t) ds =

∫

I

f(t+ τ)ϕ(τ) dτ (1.1)

â êà÷åñòâå ïðåäñòàâèòåëÿ (èíòåãðàë ïîíèìàåòñÿ â ñìûñëå Ëåáåãà, ñð. [2,3℄). Îáðàç ïðîñòðàíñòâà

ëîêàëüíî ñóììèðóåìûõ (íåïðåðûâíûõ) �óíêöèé ïðè ýòîì âëîæåíèè îáîçíà÷èì L
(
C
)
. Ìíîãèå

òðóäíîñòè â ðàáîòå ñ C-îáîáùåííûìè �óíêöèÿìè îáóñëîâëåíû òåì, ÷òî L è C õîòÿ è ÿâëÿþòñÿ

ëèíåéíûìè ïîäïðîñòðàíñòâàìè â G, íî íå ÿâëÿþòñÿ ïîäàëãåáðàìè: äîñòàòî÷íî ïðîñòûå ïðè-

ìåðû ïîêàçûâàþò, ÷òî êëàññ, ïîðîæäåííûé ïðîèçâåäåíèåì f1 · f2, âîîáùå ãîâîðÿ, íå ñîâïàäàåò
ñ ïðîèçâåäåíèåì êëàññîâ, ïîðîæäåííûõ ëîêàëüíî ñóììèðóåìûìè �óíêöèÿìè f1 è f2. Îäíàêî

lim
µ→+0

(
Rf1·f2(ϕµ, t)−Rf1(ϕµ, t) · Rf2(ϕµ, t)

)
= 0.

Êëàññ T ∈ G íàçûâàåòñÿ ðàñïðåäåëåíèåì, åñëè ñóùåñòâóþò íàòóðàëüíîå ÷èñëî m è ëîêàëüíî

ñóììèðóåìàÿ íà I �óíêöèÿ f òàêèå, ÷òî T =
dmf

dt
, ãäå f� êëàññ, ïîðîæäåííûé f ñîãëàñíî ðàâåí-

ñòâó (1.1). Ýòî ïðèâîäèò ê èçâåñòíîìó îïðåäåëåíèþ îáîáùåííîé �óíêöèè Ñîáîëåâà�Øâàðöà

(ðàñïðåäåëåíèþ). Íàïðèìåð, (I = R), äåëüòà-�óíêöèÿ δ îïðåäåëÿåòñÿ êàê ïðîèçâîäíàÿ îò åäè-
íè÷íîé �óíêöèè f(t) = 0 ïðè t < 0, f(t) = 1 ïðè t > 0:

Rf (ϕ, t) =

∫
∞

0
ϕ(s − t) ds,

dRf (ϕ, t)

dt
= −

∫
∞

0
ϕ′(s− t) ds = ϕ(−t).

Òàêèì îáðàçîì, äåëüòà-�óíêöèÿ δ(t) � êëàññ èç G, ñîäåðæàùèé â êà÷åñòâå ïðåäñòàâèòåëÿ

Rδ(ϕ, t) = ϕ(−t).
Ïðîñòðàíñòâî ðàñïðåäåëåíèé (âíå åãî ñâÿçè ñ G) îáîçíà÷èì ÷åðåç D′

, à îáðàç ïðîñòðàí-

ñòâà D′
� ÷åðåç D′. Ïðîñòðàíñòâî D′

òàêæå ÿâëÿåòñÿ ëèíåéíûì ïîäïðîñòðàíñòâîì â G, íî íå
ÿâëÿåòñÿ ïîäàëãåáðîé. Òàê, δ2 ∈ G åñòü êëàññ, ñîäåðæàùèé R(ϕ, t) = ϕ2(−t), íî δ2 /∈ D′.

Ïî àíàëîãèè ñ C-îáîáùåííûìè �óíêöèÿìè ââîäÿòñÿ C-îáîáùåííûå âåùåñòâåííûå ÷èñëà.
Â àëãåáðå âñåõ �óíêöèîíàëîâ R : A1 → R âûäåëÿåòñÿ ïîäàëãåáðà óìåðåííûõ ýëåìåíòîâ, òî

åñòü òàêèõ, ÷òî

(∃N ∈ N) (∀ϕ ∈ A1) (∃C > 0) (∃µ0 < 1)

(
|R(ϕµ)|6

C

µN
(0 < µ < µ0)

)
;
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äâóñòîðîííèé èäåàë â ýòîé àëãåáðå îáðàçóþò �óíêöèîíàëû, îáëàäàþùèå ñëåäóþùèì ñâîé-

ñòâîì:

(∃N ∈ N) (∀ k ∈ N) (∀ϕ ∈ A1) (∃C > 0) (∃µ0 < 1)
(
|R(ϕµ)|6Cµk−N (0 < µ < µ0)

)
.

Ýëåìåíòû �àêòîð-àëãåáðû R̂ óìåðåííûõ ýëåìåíòîâ ïî ýòîìó èäåàëó íàçûâàþòñÿ Ñ-îáîáùåí-

íûìè âåùåñòâåííûìè ÷èñëàìè. Ýòî ïîíÿòèå ïîçâîëÿåò ãîâîðèòü î çíà÷åíèè C-îáîáùåííîé
�óíêöèè â òî÷êå, êîòîðîå ïîëíîñòüþ ñîâïàäàåò ñî çíà÷åíèåì �óíêöèè â òî÷êå òîëüêî äëÿ

áåñêîíå÷íî äè��åðåíöèðóåìîé �óíêöèè. Òàê, íàïðèìåð, çíà÷åíèå äåëüòà-�óíêöèè â òî÷êå 0
åñòü �óíêöèîíàë ϕ(0).

Â àëãåáðå G ðàññìàòðèâàåòñÿ îáûêíîâåííîå ëèíåéíîå äè��åðåíöèàëüíîå óðàâíåíèå

Lx
.
= x′′ + P (t) ◦ x′ +Q(t) ◦ x = 0, t ∈ [a, b] ⊂ I

.
= (α, β), (1.2)

ãäå I � ïðîìåæóòîê èç R, P,Q : I → G � C-îáîáùåííûå �óíêöèè (ñì. [2,3℄), RP , RQ � ïðåä-

ñòàâèòåëè P è Q ñîîòâåòñòâåííî, à y(t) îçíà÷àåò çíà÷åíèå C-îáîáùåííîé �óíêöèè y â òî÷êå

t ∈ I (y(t) � C-îáîáùåííîå ÷èñëî). �åøåíèåì óðàâíåíèÿ (1.2) áóäåì íàçûâàòü C-îáîáùåííóþ
�óíêöèþ x(·), óäîâëåòâîðÿþùóþ åìó â ñìûñëå îïðåäåëåíèÿ îïåðàöèé è ðàâåíñòâà â àëãåáðå

Êîëîìáî G (ñì. [3, 4℄).

� 2. Íåîñöèëëÿöèÿ óðàâíåíèÿ (1.2)

Îïðåäåëåíèå 1. Ôóíêöèÿ x : I → R íàçûâàåòñÿ ïðàâèëüíîé [4�8℄, åñëè â êàæäîé òî÷êå

t ∈ I ñóùåñòâóþò êîíå÷íûå îäíîñòîðîííèå ïðåäåëû

x(t+), x(t−), t ∈ I.

Íåïðåðûâíûå, êóñî÷íî-íåïðåðûâíûå �óíêöèè, �óíêöèè îãðàíè÷åííîé âàðèàöèè ÿâëÿþòñÿ

ïðàâèëüíûìè.

Â äàííîì ðàçäåëå áóäåì ðàññìàòðèâàòü óðàâíåíèå (1.2), 
÷èòàÿ ïðè ýòîì, ÷òî P (t) = p′(t),
Q(t) = q′(t), ãäå p, q � ïðàâèëüíûå �óíêöèè, îïðåäåëåííûå íà I , à äè��åðåíöèðîâàíèå ïîíè-
ìàåòñÿ â ñìûñëå òåîðèè îáîáùåííûõ �óíêöèé Êîëîìáî.

Ñâåäåì óðàâíåíèå (1.2) ê ìàòðè÷íîìó äè��åðåíöèàëüíîìó óðàâíåíèþ ïåðâîãî ïîðÿäêà

U ′ = A(t) ◦ U, ãäå A(t) =

(
0 1

−P (t) −Q(t)

)
. (2.1)

�åøåíèå U(t) = (u1(t), u2(t))
T
óðàâíåíèÿ (2.1), ñîãëàñíî [4℄, ñóùåñòâóåò è ïðåäñòàâëÿåò ñî-

áîé îáû÷íóþ �óíêöèþ, à çíà÷èò, ðåøåíèå x(t) è åãî ïðîèçâîäíàÿ x′(t) óðàâíåíèÿ (1.2) òîæå

ÿâëÿþòñÿ îáû÷íûìè �óíêöèÿìè. Ýòîò �àêò áóäåò ó÷òåí íèæå ïðè äîêàçàòåëüñòâå òåîðåì.

Îïðåäåëåíèå 2. Ïóñòü f, g � C-îáîáùåííûå �óíêöèè, Rf , Rg � èõ ïðåäñòàâèòåëè. Áóäåì

ãîâîðèòü î ñëàáîì ðàâåíñòâå f
w
= g (ñì. [3℄), åñëè lim

µ→+0

(
Rf (ϕµ, t) −Rg(ϕµ, t)

)
= 0 (t ∈ (α, β),

ϕ ∈ A1). Òî÷íî òàê æå ãîâîðèì î ñëàáîì ðàâåíñòâå y
w
= g, åñëè g � îáû÷íàÿ (òî åñòü ëîêàëüíî

ñóììèðóåìàÿ) �óíêöèÿ, à y ∈ G è lim
µ→+0

Ry(ϕµ, t) = g. Òàê æå îïðåäåëÿåòñÿ ñëàáîå ðàâåíñòâî

äëÿ C-îáîáùåííûõ ÷èñåë: çíà÷åíèå G0 �óíêöèè G ∈ G â òî÷êå t0 ∈ I áóäåì íàçûâàòü ñëàáûì

íóëåì, åñëè lim
µ→+0

RG0
(ϕµ) = 0.

Îïðåäåëåíèå 3. Óðàâíåíèå (1.2) íàçûâàåòñÿ íåîñöèëÿöèîííûì íà ïðîìåæóòêå [a, b], åñëè
ëþáîå åãî íåòðèâèàëüíîå ðåøåíèå èìååò íà ýòîì ïðîìåæóòêå íå áîëåå îäíîãî ñëàáîãî íóëÿ.

Îáîçíà÷èì ÷åðåç W (t) âðîíñêèàí �óíäàìåíòàëüíîé ñèñòåìû ðåøåíèÿ óðàâíåíèÿ (1.2).

Ëåììà 1. Åñëè äëÿ íåêîòîðîé òî÷êè t0 ∈ I âûïîëíåíî íåðàâåíñòâî W (t0) > 0 (< 0), òî
äëÿ ëþáîé òî÷êè t > t0 âåðíî íåðàâåíñòâî W (t) > 0 (< 0).
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Ä î ê à ç à ò å ë ü ñ ò â î. Íåòðóäíî óáåäèòüñÿ, ÷òî �óíêöèÿ W (t) óäîâëåòâîðÿåò äè��å-

ðåíöèàëüíîìó óðàâíåíèþ ïåðâîãî ïîðÿäêà (ñì. [3℄)

W ′(t) + P (t) ◦W (t) = 0. (2.2)

Îïðåäåëèì ðåøåíèå W (·) óðàâíåíèÿ (2.2) ñ íà÷àëüíûì óñëîâèåì

W (t0) = W0. (2.3)

Íå îãðàíè÷èâàÿ îáùíîñòè, ìîæíî ñ÷èòàòü, ÷òî W0 > 0. Çàäà÷å Êîøè (2.2), (2.3) ñîîòâåòñòâóåò
çàäà÷à Êîøè â ïðåäñòàâèòåëÿõ

R′(ϕµ, t) +RP (ϕµ, t)R(ϕµ, t) = 0, R(ϕµ, t0) = W0,

ðåøåíèåì êîòîðîé ÿâëÿåòñÿ �óíêöèÿ

R(ϕµ, t) = W0 exp

(
−

∫ t

t0

RP (ϕµ, s) ds

)
= W0 exp

(
−

∫ t

t0

Rp′(ϕµ, s) ds

)
=

= W0 exp

(
−

∫ t

t0

R′
p(ϕµ, s) ds

)
= W0 exp

(
−Rp(ϕµ, t) +Rp(ϕµ, t0)

)
.

�åøåíèå çàäà÷è (2.2), (2.3) ñóùåñòâóåò è åäèíñòâåííî è èìååò âèä [4℄

W (t) = lim
µ→+0

R(ϕµ, t) = W0e
−p(t)+p(t0).

Çíà÷èò, W (t) > 0. �

Òåîðåìà 1. Ïóñòü a, b ∈ I, x(·) � ðåøåíèå óðàâíåíèÿ (1.2) òàêîå, ÷òî x(a) = x(b) = 0,
x(t) 6= 0, t ∈ (a, b). Òîãäà ëþáîå äðóãîå ëèíåéíî íåçàâèñèìîå ñ x ðåøåíèå èìååò ðîâíî îäèí

íóëü â (a, b).

Ä î ê à ç à ò å ë ü ñ ò â î. Ïóñòü y(t) � ëèíåéíî íåçàâèñèìîå ñ x(t) ðåøåíèå óðàâíåíèÿ (1.2),

ñëåäîâàòåëüíî, y(a) 6= 0, y(b) 6= 0. Ïðåäïîëîæèì, ÷òî y(t) > 0 äëÿ ëþáîãî t ∈ [a, b]. �åøåíèå x(t)
óðàâíåíèÿ (1.2) íåïðåðûâíî íà [a, b] è, ñëåäîâàòåëüíî, ñîõðàíÿåò çíàê íà ýòîì îòðåçêå. Íå îãðà-

íè÷èâàÿ îáùíîñòè, ìîæíî ñ÷èòàòü x(t) > 0 äëÿ ëþáîãî t ∈ (a, b), x′(a) > 0, x′(b) < 0. Äàëåå, áó-
äåì ðàññìàòðèâàòü çíà÷åíèÿ âðîíñêèàíàW (t)�óíäàìåíòàëüíîé ñèñòåìû óðàâíåíèÿ (1.2) â òî÷-

êàõ a è b: W (a) = x(a)y′(a) − y(a)x′(a) = −y(a)x′(a), W (b) = x(b)y′(b) − y(b)x′(b) = −y(b)x′(b).
Ëåãêî âèäåòü, ÷òî W (a) < 0, W (b) > 0, ÷òî íåâîçìîæíî ñîãëàñíî ëåììå 1. Ýòî ïðîòèâîðå÷èå

çàâåðøàåò äîêàçàòåëüñòâî òåîðåìû. �

Èç òåîðåìû 1 âûòåêàåò ñëåäóþùåå óòâåðæäåíèå (ñì. [1℄).

Òåîðåìà 2. Åñëè óðàâíåíèå (1.2) íåîñöèëëÿöèîííî íà îòðåçêå [a, b] ⊂ I , òî ñóùåñòâóåò

ðåøåíèå ýòîãî óðàâíåíèÿ, íå îáðàùàþùååñÿ â íóëü íà [a, b].

Ä î ê à ç à ò å ë ü ñ ò â î. Îïðåäåëèì ðåøåíèÿ u1(t) è u2(t) íà÷àëüíûìè óñëîâèÿìè u1(a) = 0,
u′1(a) = 1 è u2(b) = 0, u′1(b) = −1. Òàê êàê óðàâíåíèå (1.2) íåîñöèëëÿöèîííî íà îòðåçêå [a, b], òî

u1(t) > 0 (t ∈ (a, b]), u2(t) > 0 (t ∈ [a, b)).

�åøåíèå u1(t) + u2(t) � òðåáóåìîå. �
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� 3. Ïðèçíàê íåîñöèëëÿöèè

Ïðèâåäåì äîñòàòî÷íîå óñëîâèå íåîñöèëëÿöèè óðàâíåíèÿ (1.2); ïðè ýòîì ìû èñïîëüçóåì ðåçóëü-

òàòû è ìåòîäèêó ðàáîòû [9℄.

Òåîðåìà 3. Ïóñòü âûïîëíåíî óñëîâèå

(∃N ∈ N)(∀ϕ ∈ AN )(∃µ0 < 1)
∫ b

a

|RP (ϕµ, t)| dt+

∫ b

a

|RQ(ϕµ, t)| dt <
4

b− a+ 4
(0 < µ < µ0). (3.1)

Òîãäà óðàâíåíèå (1.2) íåîñöèëëÿöèîííî íà [a, b].

Ä î ê à ç à ò å ë ü ñ ò â î. Ìîæíî ïîêàçàòü (ñì. [3, 
. 42, 43℄), ÷òî âûïîëíåíèå óñëîâèÿ (3.1)

ãàðàíòèðóåò ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è Êîøè

Lx = 0, x(a)
w
= 0, x′(a)

w
= 0

íà [a, b]. �àññìîòðèì óðàâíåíèå â ïðåäñòàâèòåëÿõ

R′′(ϕµ, t) +RP (ϕµ, t)R
′(ϕµ, t) +RQ(ϕµ, t)R(ϕµ, t) = 0. (3.2)

Ïðåäïîëîæèì, ÷òî óðàâíåíèå (3.2) èìååò íåòðèâèàëüíîå óìåðåííîå ðåøåíèå R, êîòîðîå ñî-

îòâåòñòâóåò ðåøåíèþ x óðàâíåíèÿ (1.2), èìåþùåìó 2 ñëàáûõ íóëÿ íà [a, b]. Íå îãðàíè÷èâàÿ

îáùíîñòè, ìîæíî ñ÷èòàòü, ÷òî

lim
µ→+0

R(ϕµ, a) = 0, lim
µ→+0

R(ϕµ, b) = 0. (3.3)

Èç óðàâíåíèÿ (3.2) ñ òî÷íîñòüþ äî ñëàãàåìûõ, ñòðåìÿùèõñÿ ê íóëþ (ñîãëàñíî (3.3)), ìîæíî

ïðåäñòàâèòü

R(ϕµ, t) = −

∫ b

a

G(t, s)
(
RP (ϕµ, s)R

′(ϕµ, s) +RQ(ϕµ, s)R(ϕµ, s)
)
ds, (3.4)

ãäå

G(t, s) =





−
(b− t)(s− a)

b− a
, åñëè a 6 s < t,

−
(t− a)(b− s)

b− a
, åñëè t 6 s 6 b,

� �óíêöèÿ �ðèíà óðàâíåíèÿ x′′ = 0 ïðè íóëåâûõ êðàåâûõ óñëîâèÿõ. Ëåãêî âèäåòü, ÷òî

∂G(t, s)

∂t
=





s− a

b− a
, åñëè a 6 s < t,

s− b

b− a
, åñëè t < s 6 b.

Ïðîèçâîäíàÿ

∂G(t, s)

∂t
â òî÷êå t = s èìååò ðàçðûâ ïåðâîãî ðîäà è íåïðåðûâíà íà ìíîæåñòâå

[a, t) ∪ (t, b]. Ïîýòîìó, ðàçáèâàÿ ïðîìåæóòîê èíòåãðèðîâàíèÿ íà äâà è äè��åðåíöèðóÿ ïî t,
íàõîäèì

R′(ϕµ, t) = −

∫ t

a

∂G(t, s)

∂t

(
RP (ϕµ, s)R

′(ϕµ, s) +RQ(ϕµ, s)R(ϕµ, s)
)
ds−

−G(t, t− 0)
(
RP (ϕµ, t)R

′(ϕµ, t) +RQ(ϕµ, t)R(ϕµ, t)
)
−

−

∫ b

t

∂G(t, s)

∂t

(
RP (ϕµ, s)R

′(ϕµ, s) +RQ(ϕµ, s)R(ϕµ, s)
)
ds+

+G(t, t+ 0)
(
RP (ϕµ, t)R

′(ϕµ, t) +RQ(ϕµ, t)R(ϕµ, t)
)
.
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Â ñèëó íåïðåðûâíîñòè �óíêöèè �ðèíà ïðè t = s èìååì ïðåäñòàâëåíèå

R′(ϕµ, t) = −

∫ b

a

∂G(t, s)

∂t

(
RP (ϕµ, s)R

′(ϕµ, s) +RQ(ϕµ, s)R(ϕµ, s)
)
ds. (3.5)

Ïóñòü N = sup
t∈[a,b]

|R(ϕµ, t)| + sup
t∈[a,b]

|R′(ϕµ, t)|. Ïðèíèìàÿ âî âíèìàíèå ðàâåíñòâà (3.4), (3.5) è

sup
t,s∈[a,b]

|G(t, s)| =
b− a

4
, sup
t,s∈[a,b]

∣∣∣∣
∂G(t, s)

∂t

∣∣∣∣ = 1, ïðîâåäåì ñëåäóþùèå îöåíêè:

sup
t∈[a,b]

|R(ϕµ, t)|+ sup
t∈[a,b]

|R′(ϕµ, t)| = sup
t∈[a,b]

∣∣∣∣
∫ b

a

G(t, s)
(
RP (ϕµ, s)R

′(ϕµ, s)+RQ(ϕµ, s)R(ϕµ, s)
)
ds

∣∣∣∣+

+ sup
t∈[a,b]

∣∣∣∣
∫ b

a

∂G(t, s)

∂t

(
RP (ϕµ, s)R

′(ϕµ, s) +RQ(ϕµ, s)R(ϕµ, s)
)
ds

∣∣∣∣ 6

6 sup
t∈[a,b]

∫ b

a

|G(t, s)|
(
|RP (ϕµ, s)||R

′(ϕµ, s)|+ |RQ(ϕµ, s)||R(ϕµ, s)|
)
ds+

+ sup
t∈[a,b]

∫ b

a

∣∣∣∣
∂G(t, s)

∂t

∣∣∣∣
(
|RP (ϕµ, s)||R

′(ϕµ, s)|+ |RQ(ϕµ, s)||R(ϕµ, s)|
)
ds 6

6
b− a

4

(
sup
t∈[a,b]

|R′(ϕµ, t)|

∫ b

a

|RP (ϕµ, s)| ds + sup
t∈[a,b]

|R(ϕµ, t)|

∫ b

a

|RQ(ϕµ, s)| ds

)
+

+ sup
t∈[a,b]

|R′(ϕµ, t)|

∫ b

a

|RP (ϕµ, s)| ds + sup
t∈[a,b]

|R(ϕµ, t)|

∫ b

a

|RQ(ϕµ, s)| ds =

=

(
b− a

4
+ 1

)(
sup
t∈[a,b]

|R′(ϕµ, t)|

∫ b

a

|RP (ϕµ, s)| ds + sup
t∈[a,b]

|R(ϕµ, t)|

∫ b

a

|RQ(ϕµ, s)| ds

)
<

<

(
b− a

4
+ 1

)(
sup
t∈[a,b]

|R′(ϕµ, t)|

∫ b

a

|RP (ϕµ, s)| ds + sup
t∈[a,b]

|R(ϕµ, t)|

∫ b

a

|RQ(ϕµ, s)| ds +

+ sup
t∈[a,b]

|R(ϕµ, t)|

∫ b

a

|RP (ϕµ, s)| ds + sup
t∈[a,b]

|R′(ϕµ, t)|

∫ b

a

|RQ(ϕµ, s)| ds

)
=

=

(
b− a+ 4

4

)(
sup
t∈[a,b]

|R(ϕµ, t)|+ sup
t∈[a,b]

|R′(ϕµ, t)|

)∫ b

a

(
|RP (ϕµ, s)|+ |RQ(ϕµ, s)|

)
ds.

Òàêèì îáðàçîì, N <

(
b− a+ 4

4

)
N

∫ b

a

(
|RP (ϕµ, s)|+ |RQ(ϕµ, s)|

)
ds. Ñëåäîâàòåëüíî,

1 <

(
b− a+ 4

4

)∫ b

a

(
|RP (ϕµ, s)|+ |RQ(ϕµ, s)|

)
ds,

à çíà÷èò ∫ b

a

|RP (ϕµ, t)| dt +

∫ b

a

|RQ(ϕµ, t)| dt >
4

b− a+ 4
(0 < µ < µ0),

÷òî ïðîòèâîðå÷èò íåðàâåíñòâó â (3.1). �
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Dis
onjuga
y of solutions of a se
ond order di�erential equation with Colombeau generalized

fun
tions in 
oe�
ients

Keywords: C-generalized fun
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MSC: 46F30

We 
onsider a di�erential equation

Lx
.
= x′′ + P (t)x′ +Q(t)x = 0, t ∈ [a, b] ⊂ I

.
= (α, β) ⊂ R, (1)

where P , Q are C-generalized fun
tions de�ned on I and are known as equivalen
e 
lasses of Colombeau

algebra. Let RP and RQ be representatives of P and Q respe
tively, AN are 
lasses of fun
tions with


ompa
t support used to de�ne Colombeau algebra. We obtain new su�
ient 
onditions for dis
onjuga
y of

the equation (1). We prove that if the 
ondition

(∃N ∈ N)(∀ϕ ∈ AN )(∃µ0 < 1)

∫ b

a

|RP (ϕµ, t)| dt+

∫ b

a

|RQ(ϕµ, t)| dt <
4

b− a+ 4
(0 < µ < µ0)

is satis�ed, where ϕµ
.
= 1

µ
ϕ
(

t
µ

)
, then the equation (1) is dis
onjugate on [a, b]. We prove the separation

theorem and its 
orollary.
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