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Ìû èññëåäóåì ýâîëþöèþ îñåñèììåòðè÷íîãî äâóõñëîéíîãî ìåäëåííîãî òå÷åíèÿ âÿçêîé æèäêîñòè ñî

ñâîáîäíîé ãðàíèöåé, êîòîðîå ñîçäàåòñÿ íà÷àëüíûì ðåëüå�îì ãðàíèö ñëîåâ è ñêîðîñòÿìè íà íèæíåé

ãðàíèöå. Êàæäûé ñëîé èìååò ïîñòîÿííóþ ïëîòíîñòü è âÿçêîñòü. Ïðåäïîëàãàåòñÿ, ÷òî âåðõíèé ñëîé

èìååò ìåíüøóþ ïëîòíîñòü, ÷åì íèæíèé. Íà îñíîâå óðàâíåíèé �åéíîëüäñà ïîñòðîåíà ñèñòåìà íåëè-

íåéíûõ ïàðàáîëè÷åñêèõ óðàâíåíèé îòíîñèòåëüíî ïîâåðõíîñòè è ãðàíèöû ðàçäåëà ñëîåâ äëÿ îïèñàíèÿ

ýòîãî òå÷åíèÿ. Ïðèíèìàÿ áåçðàçìåðíûé ñêà÷îê ïëîòíîñòåé ìåæäó ñëîÿìè êàê ìàëûé ïàðàìåòð, ìû

ïðèìåíÿåì ìåòîä àñèìïòîòè÷åñêèõ ðàçëîæåíèé, ÷òîáû âûäåëèòü ãëàâíîå ïðèáëèæåíèå äëÿ ìåäëåííîé

ýâîëþöèè óðàâíåíèé äâèæåíèÿ íà áîëüøèõ âðåìåíàõ. Ïîëó÷åíî àñèìïòîòè÷åñêîå óðàâíåíèå, ñâÿçûâà-

þùåå ñìåùåíèÿ ïîâåðõíîñòè è ãðàíèöû ðàçäåëà ñëîåâ ñî ñêîðîñòÿìè íà íèæíåé ãðàíèöå. Íà îñíîâå

ýòîãî óðàâíåíèÿ ðàçðàáîòàí àëãîðèòì äëÿ ðàñ÷åòà ïîëåé ñêîðîñòåé â ñëîÿõ íà áîëüøèõ âðåìåíàõ. Äëÿ

íàãëÿäíîãî ïðåäñòàâëåíèÿ òå÷åíèÿ èñïîëüçóþòñÿ ëèíèè òîêà. ×èñëåííûå ðåçóëüòàòû ïîêàçàëè óñòîé÷è-

âîñòü ëèíèé òîêà â âåðõíåì ñëîå ïðè âàðèàöèè ñêîðîñòè íà íèæíåé ãðàíèöå. Â êà÷åñòâå ãåî�èçè÷åñêèõ

ïðèëîæåíèé ðàçðàáîòàííûé àëãîðèòì èñïîëüçóåòñÿ äëÿ êîëè÷åñòâåííîé îöåíêè ïîëÿ ñêîðîñòåé â êîðå

ïîä êðóïíîìàñøòàáíûìè êîëüöåâûìè ñòðóêòóðàìè íà Ëóíå (âåðõíèé ñëîé), ñîçäàâàåìîãî ãëóáèííûìè

äâèæåíèÿìè â ïîäñòèëàþùåé ìàíòèè (íèæíèé ñëîé). ×òîáû ïîäòâåðäèòü äîñòîâåðíîñòü ðåçóëüòàòîâ

ìîäåëèðîâàíèÿ, ìû ñîïîñòàâëÿåì ðàññ÷èòàííûå ïîëÿ ñêîðîñòåé ñ ñèñòåìàìè õðåáòîâ êîëüöåâûõ ñòðóê-

òóð, ïîëó÷åííûõ èç ýêñïåðèìåíòàëüíûõ íàáëþäåíèé. Ìîäåëüíîå ñðàâíåíèå ïîêàçàëî ïðîñòðàíñòâåííóþ

áëèçîñòü ðàäèóñîâ êîëüöåâûõ õðåáòîâ è îñîáûõ òî÷åê ñêîðîñòè òå÷åíèÿ íà ïîâåðõíîñòè.

Êëþ÷åâûå ñëîâà: ìíîãîñëîéíîå òå÷åíèå, äëèííîâîëíîâîå ïðèáëèæåíèå, óðàâíåíèÿ �åéíîëüäñà, íåëè-

íåéíàÿ äè��óçèÿ, êîëüöåâûå ñòðóêòóðû.

Ââåäåíèå

Óïðîùåííûå óðàâíåíèÿ âÿçêîé æèäêîñòè â äëèííîâîëíîâîì ïðèáëèæåíèè (óðàâíåíèÿ �åé-

íîëüäñà) øèðîêî èñïîëüçóþòñÿ äëÿ ìîäåëèðîâàíèÿ òå÷åíèé â òîíêèõ ñëîÿõ è ïëåíêàõ [1℄. Êàê

ïîêàçàëè ðåçóëüòàòû ìîäåëèðîâàíèÿ äâóõñëîéíûõ òå÷åíèé, ñëîèñòàÿ ñòðóêòóðà òå÷åíèÿ ïðè-

âîäèò ê íåòðèâèàëüíîé, òðóäíî ïðåäñêàçóåìîé ýâîëþöèè íà áîëüøèõ âðåìåíàõ [2℄.

Â ðàáîòå [3℄ ïðîâåäåíî èññëåäîâàíèå ïîëíîé íåëèíåéíîé ñèñòåìû äëÿ îñåñèììåòðè÷íîãî

òå÷åíèÿ äâóõñëîéíîé âÿçêîé æèäêîñòè íà íåïîäâèæíîì �óíäàìåíòå. Ñ ïîìîùüþ ìåòîäà ìà-

ëîãî ïàðàìåòðà ïîêàçàíî ñóùåñòâåííîå ðàçëè÷èå ðåæèìîâ ýâîëþöèè òå÷åíèÿ íà ìàëûõ è íà

áîëüøèõ âðåìåíàõ è ïîëó÷åíà àñèìïòîòè÷åñêàÿ �îðìóëà, ñâÿçûâàþùàÿ äâèæåíèÿ ïîâåðõíîñòè

è ãðàíèöû ðàçäåëà ñëîåâ æèäêîñòè. Â êà÷åñòâå ïðèìåðà âîçìîæíûõ ïðèëîæåíèé ïîëó÷åííûõ

ðåçóëüòàòîâ âûïîëíåí ðàñ÷åò ãëóáèííîé ñòðóêòóðû êðóïíîìàñøòàáíîé êîëüöåâîé ñòðóêòóðû

íà Ëóíå.

Îäíàêî äëÿ àäåêâàòíîãî ìîäåëèðîâàíèÿ ãëóáèííûõ äâèæåíèé â íåäðàõ Çåìëè è ïëàíåò òà-

êàÿ ïîñòàíîâêà çàäà÷è ÿâëÿåòñÿ ñëèøêîì óïðîùåííîé. Ïîëîæåíèå íèæíåé ãðàíèöû â ìîäåëè

ÿâëÿåòñÿ ïðîèçâîëüíûì è ïîñòàíîâêà íà íåé êðàåâûõ óñëîâèé íåïîäâèæíîé ãðàíèöû èñêëþ-

÷àåò âîçìîæíîñòü èçó÷åíèÿ âëèÿíèÿ äâèæåíèé â ïîäñòèëàþùåé îáëàñòè íà ðàññìàòðèâàåìîå

1

�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå Äàëüíåâîñòî÷íîãî îòäåëåíèÿ �ÀÍ (¾�àçðàáîòêà ìåòîäîâ

ìîäåëèðîâàíèÿ è èí�îðìàöèîííûõ èíòåëëåêòóàëüíûõ òåõíîëîãèé äëÿ ðåøåíèÿ âû÷èñëèòåëüíî ñëîæíûõ ïðè-

êëàäíûõ çàäà÷¿, 12�I�Ï15�04, 2012�2014).
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�èñ. 1. Îáùàÿ ñõåìà ðàñ÷åòíîé îáëàñòè

òå÷åíèå. Â ðàáîòå [4℄ ñäåëàíà ïîïûòêà ðåøèòü ýòó ïðîáëåìó ïóòåì äîáàâëåíèÿ â ìîäåëü äî-

ïîëíèòåëüíîãî ñëîÿ. Ïðîâåäåí àñèìïòîòè÷åñêèé àíàëèç îñíîâíûõ çàêîíîìåðíîñòåé ýâîëþöèè

ãðàíèö ñëîåâ òðåõñëîéíîãî òå÷åíèÿ âÿçêîé æèäêîñòè íà áîëüøèõ âðåìåíàõ.

Â íàñòîÿùåé ðàáîòå èññëåäóåòñÿ ïîëíàÿ íåëèíåéíàÿ ñèñòåìà äëÿ îñåñèììåòðè÷íîãî òå÷å-

íèÿ äâóõñëîéíîé âÿçêîé æèäêîñòè ñ ó÷åòîì ñêîðîñòåé íà íèæíåé ãðàíèöå. Ïðîâåäåíî àñèìï-

òîòè÷åñêîå èññëåäîâàíèå ýâîëþöèè òå÷åíèÿ íà áîëüøèõ âðåìåíàõ è îïðåäåëÿåòñÿ çàâèñèìîñòü

ñìåùåíèé ïîâåðõíîñòè è ãðàíèöû ðàçäåëà æèäêîñòè îò ñêîðîñòåé, çàäàâàåìûõ íà íèæíåé ãðà-

íèöå. Â êà÷åñòâå ãåî�èçè÷åñêîãî ïðèëîæåíèÿ ïîëó÷åííûõ ðåçóëüòàòîâ ïîñòðîåíû ìîäåëüíûå

ïîëÿ ñêîðîñòåé â êîðå è ìàíòèè ïîä êðóïíîìàñøòàáíûìè êîëüöåâûìè ñòðóêòóðàìè íà Ëóíå.

� 1. Ñèñòåìà óðàâíåíèé è êðàåâûå óñëîâèÿ

�àññìîòðèì âÿçêóþ æèäêîñòü, ñîñòîÿùóþ èç äâóõ ñëîåâ (îáîçíà÷åíû èíäåêñàìè i = 1, 2),
êîòîðûå îãðàíè÷åíû ïîâåðõíîñòÿìè ðàçäåëà z = Zi, i = 1, 3, è áîêîâîé ãðàíèöåé r = rb. Îáùàÿ
ñõåìà ìîäåëè ïðåäñòàâëåíà íà ðèñóíêå 1. Âåðõíÿÿ ãðàíèöà Z1 ÿâëÿåòñÿ ñâîáîäíîé, à íèæíÿÿ

Z3 íåïîäâèæíà. Ïóñòü òå÷åíèå ñîçäàåòñÿ íà÷àëüíûì ðåëüå�îì âåðõíåé è ñðåäíåé ãðàíèö ñëîåâ

è ñêîðîñòÿìè, çàäàâàåìûìè íà íèæíåé ãðàíèöå.

Äëÿ îïèñàíèÿ ýòîãî òå÷åíèÿ âîñïîëüçóåìñÿ öèëèíäðè÷åñêèìè êîîðäèíàòàìè (r, ϕ, z), ãäå r,
ϕ è z � ýòî ñîîòâåòñòâåííî ðàäèàëüíàÿ, àçèìóòàëüíàÿ è âåðòèêàëüíàÿ êîîðäèíàòû. Ïóñòü íà-

÷àëî êîîðäèíàò ñîâïàäàåò ñ ïåðåñå÷åíèåì îñè ñèììåòðèè è ñðåäíèì (íåâîçìóùåííûì) óðîâíåì

ïîâåðõíîñòè æèäêîñòè. Âñå ïåðåìåííûå ïðåäïîëàãàþòñÿ íåçàâèñèìûìè îò ϕ.
Äâèæåíèå âÿçêîé íåñæèìàåìîé æèäêîñòè â ïîëå ñèëû òÿæåñòè ïðè óñëîâèè îñåâîé ñèììåò-

ðèè îïèñûâàåòñÿ ñëåäóþùèìè óðàâíåíèÿìè:

ur,t + ur ur,r + uz ur,z = −p,r + µi

(

ur,rr +
ur,r
r

+ ur,zz −
ur
r2

)

,

uz,t + ur uz,r + uz uz,z = −p,z + µi

(

uz,rr +
uz,r
r

+ uz,zz
)

− ρi g,

ur,r +
ur
r

+ uz,z = 0,

(1.1)

ãäå ρi, µi, i = 1, 2, � ïëîòíîñòè è âÿçêîñòè ñëîåâ (ïîñòîÿííûå âíóòðè ñëîåâ), ur, uz � ðàäèàëü-

íàÿ è âåðòèêàëüíàÿ êîìïîíåíòû ñêîðîñòè, p � äàâëåíèå, g � óñêîðåíèå ñèëû òÿæåñòè.

Äëÿ çàìûêàíèÿ ñèñòåìû (1.1) íà ãðàíèöàõ ñëîåâ çàäàþòñÿ ñëåäóþùèå êðàåâûå óñëîâèÿ.

1. Íà ãðàíèöå Z1: óñëîâèÿ ñâîáîäíîé ïîâåðõíîñòè, òî åñòü íîðìàëüíàÿ è êàñàòåëüíàÿ ñî-

ñòàâëÿþùèå íàïðÿæåíèÿ ðàâíû íóëþ:

(−p+ 2µ1 ur ,r)n
1
1 + µ1 (ur ,z + uz ,r)n

1
2 = 0,

µ1 (ur ,z + uz ,r)n
1
1 + (−p+ 2µ1 uz ,z)n

1
2 = 0,

(1.2)
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ãäå ni
j � íàïðàâëÿþùèå êîñèíóñû íîðìàëè ê ãðàíèöå Zi, êîòîðûå âû÷èñëÿþòñÿ ïî �îðìóëàì

ni
1 = −

Zi, r
√

1 + Z2
i, r

, ni
2 =

1
√

1 + Z2
i, r

.
(1.3)

2. Íà ãðàíèöå Z2: óñëîâèÿ íåïðåðûâíîñòè ñêîðîñòåé è íàïðÿæåíèé

[

ur
]+

−
= 0,

[

uz
]+

−
= 0,

[

(−p+ 2µ1 ur ,r)n
2
1 + µ1 (ur ,z + uz ,r)n

2
2

]+

−
= 0,

[

µ1 (ur ,z + uz ,r)n
2
1 + (−p+ 2µ1 uz ,z)n

2
2

]+

−
= 0,

(1.4)

ãäå

[

·
]+

−
� ñêà÷îê �óíêöèè.

3. Íà íåïîäâèæíîé è ïðîíèöàåìîé ãðàíèöå Z3 çàäàþòñÿ ñîñòàâëÿþùèå ñêîðîñòè äâèæåíèÿ:

Z3(r, 0) = Z30, ur = ur0(r), uz = uz0(r). (1.5)

4. Íà÷àëüíûé ïðî�èëü ãðàíèö îïðåäåëÿåòñÿ �óíêöèÿìè Zi0:

Zi(r, 0) = Zi0(r), i = 1, 2. (1.6)

Êðîìå ýòîãî, íà ïîäâèæíûõ ãðàíèöàõ ðàçäåëà çàäàâàëèñü êèíåìàòè÷åñêèå óñëîâèÿ îòñóò-

ñòâèÿ ïåðåòîêà ìàññû, òî åñòü íîðìàëüíàÿ ñîñòàâëÿþùàÿ ñêîðîñòè ÷àñòèö æèäêîñòè íà ãðàíèöå

ðàâíà ñêîðîñòè äâèæåíèÿ ñàìî̇é ãðàíèöû:

uz(r, Zi, t)− Zi, r ur(r, Zi, t)− Zi, t = 0, i = 1, 2. (1.7)

Èñïîëüçóÿ óðàâíåíèå íåðàçðûâíîñòè (1.1), óñëîâèå (1.7) ìîæíî ïðåîáðàçîâàòü ñëåäóþùèì

îáðàçîì:

Zi,t = −
1

r
S(ur, Zi),r −

1

r

(

r ur0(Zi − Z3)
)

,r
+ uz0, i = 1, 2, (1.8)

ãäå

S(ur, z) = r

∫ z

Z3

(

ur(z1)− ur0(r)
)

dz1, i = 1, 2. (1.9)

Íà áîêîâîé ãðàíèöå ðàñ÷åòíîé îáëàñòè, à òàêæå íà îñè ñèììåòðèè ðàäèàëüíàÿ ñêîðîñòü

çàäàâàëàñü ðàâíîé íóëþ:

ur(0, z, t) = 0, ur(rb, z, t) = 0. (1.10)

Äëÿ îïèñàíèÿ äâèæåíèÿ æèäêîñòè èñïîëüçîâàëèñü óïðîùåííûå óðàâíåíèÿ âÿçêîé æèäêî-

ñòè â äëèííîâîëíîâîì ïðèáëèæåíèè (óðàâíåíèÿ �åéíîëüäñà), ïîëó÷åííûå èç (1.1) ïðè ñëåäó-

þùèõ ïðåäïîëîæåíèÿõ:

1) õàðàêòåðíûé ãîðèçîíòàëüíûé ìàñøòàá âîçìóùåíèé ìíîãî áîëüøå âåðòèêàëüíîãî;

2) íåãèäðîñòàòè÷åñêèå íàïðÿæåíèÿ ìíîãî ìåíüøå ãèäðîñòàòè÷åñêîãî äàâëåíèÿ;

3) ïëîòíîñòü íå óáûâàåò ñ ãëóáèíîé.

Îáîçíà÷èì ãîðèçîíòàëüíûé ìàñøòàá Zi0 ÷åðåç R, à âåðòèêàëüíûé � ÷åðåç ǫR, ãäå ǫ� ìàëûé

ïàðàìåòð, è ïåðåéäåì ê áåçðàçìåðíûì ïåðåìåííûì

r = Rr′, z = ǫR z′, µi = µ0 µ
′

i, ρi = ρ0 ρ
′

i,

ur = u0 u
′

r, uz = ǫ u0 u
′

r, p = p0 p
′,

(1.11)
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ãäå µ0, ρ0, p0 = ρ1 g ǫR, u0 =
ǫ3ρ0 g R

2

µ0

è t0 � ýòî ñîîòâåòñòâåííî ìàñøòàáû âÿçêîñòè, ïëîòíîñòè,

äàâëåíèÿ, ñêîðîñòè è âðåìåíè. Â êà÷åñòâå ìàñøòàáîâ âÿçêîñòè è ïëîòíîñòè âûáåðåì âåëè÷èíû

µ0 = µ2 è ρ0 = ρ1.
Ïîäñòàâëÿÿ (1.11) â (1.1)�(1.7) è ïðåíåáðåãàÿ âåëè÷èíàìè ïîðÿäêà o(ǫ), ïîëó÷èì óðàâíåíèÿ

(â äàëüíåéøåì äëÿ óäîáñòâà øòðèõè îïóñêàþòñÿ)

p ,r = µi ur ,zz,

p ,z = −ρi,

ur ,r +
ur
r

+ uz ,z = 0,

(1.12)

ãðàíè÷íûå óñëîâèÿ

p = 0, µ1 ur ,z = 0, z = Z1,
[

ur
]+

−
= 0,

[

p
]+

−
= 0,

[

µur ,z
]+

−
= 0, z = Z2, (1.13)

ur = ur0, uz = uz0, z = Z3,

uz(r, Zi, t)− Zi ,r ur(r, Zi, t)−
1

Sh

Zi ,t = 0, i = 1, 2, (1.14)

ãäå Sh =
u0t0
R

, è íà÷àëüíûå óñëîâèÿ

Zi(r, 0) = Zi0, i = 1, 2. (1.15)

Â êà÷åñòâå ìàñøòàáà âðåìåíè âûáåðåì âåëè÷èíó t0 =
R

u0 γ2
, ãäå γ2 = ρ2 − 1� áåçðàçìåðíàÿ

ðàçíîñòü ïëîòíîñòåé ñëîåâ. Òîãäà Sh =
1

γ2
.

�åøàÿ (1.12) ñ ó÷åòîì óñëîâèé (1.13), ïîëó÷èì âûðàæåíèÿ äëÿ ur, uz è p íà ãðàíèöàõ ñëîåâ.
Ïîñëå ïîäñòàíîâêè èõ â (1.14) è íåêîòîðûõ ïðåîáðàçîâàíèé ïîëó÷àþòñÿ óðàâíåíèÿ äëÿ Zi:

Zi,t =
1

r

(

r (Ai1 Z1,r + γ2 Ai2 Z2,r)− ur0(Zi − Z3)
)

,r
+ uz0, i = 1, 2, (1.16)

ãäå

Aji = Aij =
2

∑

l=i

hi

2
∑

m=j

hj

2
∑

k=j

1

µk

hk
1 + δjk + δij

, i 6 j, i, j = 1, 2,

hi = Zi+1 − Zi, δij � ñèìâîë Êðîíåêåðà.

(1.17)

Òàêèì îáðàçîì, ýâîëþöèÿ âåðõíåé è ñðåäíåé ãðàíèö ñëîåâ îïèñûâàåòñÿ ñèñòåìîé íåëèíåé-

íûõ óðàâíåíèé ïàðàáîëè÷åñêîãî òèïà (1.16).

� 2. Àñèìïòîòè÷åñêèé àíàëèç óðàâíåíèé

Òàê êàê ðåàëüíûå çíà÷åíèÿ ïëîòíîñòåé â êîðå è ìàíòèè Çåìëè è äðóãèõ òâåðäûõ ïëàíåò

ïðèìåðíî ðàâíû ρ1 ∼ 3000 êã/ì

3
è ρ2 ∼ 3300 êã/ì

3, âåëè÷èíà γ2 ∼ 0.1 ÿâëÿåòñÿ ìàëûì

ïàðàìåòðîì.

Ïîêàæåì, ÷òî åñëè γ2 6= 0, òî â ýâîëþöèè òå÷åíèÿ ìîæíî âûäåëèòü äâà ðàçëè÷íûõ ðåæèìà:

áûñòðàÿ ýâîëþöèÿ íà ìàëûõ âðåìåíàõ, ïåðåõîäÿùàÿ â ìåäëåííî èçìåíÿþùóþñÿ (êâàçèñòàöè-

îíàðíóþ) �àçó. Äëÿ ýòîãî ïðåäñòàâèì ðåøåíèå ñèñòåìû (1.16) â âèäå ñóììû

Z1 = z1(r, t) + ζ1(r, τ), Z2 = z2(r, t) + ζ2(r, τ), (2.1)
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ãäå ζ1 è ζ2 ÿâëÿþòñÿ ïîãðàíè÷íûìè �óíêöèÿìè, êîìïåíñèðóþùèìè íåâÿçêè íà÷àëüíûõ óñëî-

âèé è áûñòðî óáûâàþùèìè ê íóëþ íà áåñêîíå÷íîñòè, τ =
t

γ2
� ¾áûñòðîå¿ âðåìÿ [5℄. Î÷åâèäíî,

÷òî íà÷àëüíûå óñëîâèÿ äëÿ zi è ζi èç (2.1) äîëæíû óäîâëåòâîðÿòü ñëåäóþùèì ñîîòíîøåíè-

ÿì: Zi0 = ζi(r, 0) + zi(r, 0), i = 1, 2. Ïðåäïîëîæèì, ÷òî ñêîðîñòè íà íèæíåé ãðàíèöå ÿâëÿþòñÿ

ìàëûìè âåëè÷èíàìè: ur0 = γ2Ur0, uz0 = γ2Uz0.
Äàëåå ðàçîáüåì ñèñòåìó (1.16) ñëåäóþùèì îáðàçîì.

1. Äëÿ �óíêöèé zi(r, t):

γ2 zi,τ =
1

r

(

r
(

Ai1

∣

∣

Zi=zi
z1,r + γ2 Ai2

∣

∣

Zi=zi
z2,r

)

)

,r
−

−
γ2
r

(

r Ur0(zi − z3)
)

,r
+ γ2 Uz0, i = 1, 2.

(2.2)

2. Äëÿ �óíêöèé ζi(r, t):

ζi,t =
1

r

(

r
(

Ai1 Z1,r + γ2Ai2 Z2,r

)

)

,r
−

1

r

(

r
(

Ai1

∣

∣

Zi=zi
z1,r +

− γ2Ai2

∣

∣

Zi=zi
z2,r

)

)

,r
−

γ2
r

(

r Ur0(Zi − zi)
)

,r
, i = 1, 2.

(2.3)

Ïðåäñòàâèì ïðèáëèæåííîå ðåøåíèå â âèäå àñèìïòîòè÷åñêèõ ðàçëîæåíèé

zi = zi0 + γ2 zi1 + . . . , ζi = ζi0 + γ2 ζi1 + . . . . (2.4)

Ñèñòåìà íóëåâîãî ïðèáëèæåíèÿ äëÿ z10 èìååò âèä

0 =
1

r

(

r Ai1

∣

∣

Zi=zi0
z10, r

)

,r
.

(2.5)

Òàê êàê áîêîâûå ãðàíèöû ðàñ÷åòíîé îáëàñòè íåïðîíèöàåìû, ýòà ñèñòåìà èìååò íóëåâîå ðåøå-

íèå:

z10 = 0. (2.6)

Ïîäñòàâëÿÿ (2.6) â (2.3), ïîëó÷èì ñèñòåìó íóëåâîãî ïðèáëèæåíèÿ äëÿ ζi:

ζi0, τ =
1

r

(

r Ai1

∣

∣

Zi=zi0+ζi0
ζ10, r

)

,r
.

(2.7)

Òàê êàê ñèñòåìà (2.3) àâòîíîìíà (òî åñòü êîý��èöèåíòû óðàâíåíèé íå çàâèñÿò ÿâíî îò t),
âåëè÷èíû ïîãðàíñëîéíûõ �óíêöèé íà áîëüøèõ âðåìåíàõ (t ∼ 1) ìîæíî îöåíèòü ñëåäóþùèì

îáðàçîì. Ïðåäñòàâèì ζi0 â âèäå ñóììû

ζi0 = ζi0 + hi, hi ≪ 1, i = 1, 2, (2.8)

ãäå ζi0 � óñðåäíåííîå çíà÷åíèå ζi0. Ïîäñòàâèì (2.8) â (2.7) è ëèíåàðèçóåì ïîëó÷åííóþ ñèñòåìó:

hi, τ =Ai1

∣

∣

Zi=zi0+ζ
i0

1

r

(

r h10, r

)

,r
.

(2.9)

Èç (2.9) ïîëó÷èì h2 =
A21(ζ10, ζ20)

A11(ζ10, ζ20)
h1.

Ñîãëàñíî [6℄ |ζi0| ∼ exp(−
ω1 t

γ2
), ãäå ω1 ∼ minA11(ζ10, ζ20). Ñëåäîâàòåëüíî, íà áîëüøèõ âðå-

ìåíàõ t ∼ 1 âêëàä ïîãðàíñëîéíûõ �óíêöèé â îáùåå ðåøåíèå ïðåíåáðåæèìî ìàë.

Óðàâíåíèå îòíîñèòåëüíî z11 â ïåðâîì ïðèáëèæåíèè èìååò âèä

0 =
1

r

[

r
(

A11

∣

∣

Zi=zi0
z11,r +A12

∣

∣

Zi=zi0
z20,r

)]

,r
−

1

r

(

r Ur0(−Z3)
)

,r
+ Uz0. (2.10)
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Óðàâíåíèå äëÿ z20 â ïåðâîì ïðèáëèæåíèè èìååò âèä

z20,t =
1

r

[

r
(

A21

∣

∣

Zi=zi0
z11,r +A22

∣

∣

Zi=zi0
z20,r

)]

,r
−

1

r

(

r Ur0(z20 − Z3)
)

,r
+ Uz0. (2.11)

Òàêèì îáðàçîì, â ïåðâîì ïðèáëèæåíèè íà áîëüøèõ âðåìåíàõ ñìåùåíèÿ âåðõíåé è ñðåä-

íåé ãðàíèö ñëîåâ ñâÿçàíû ñâÿçàíû �óíêöèîíàëüíîé çàâèñèìîñòüþ òîëüêî ñî ñêîðîñòÿìè íà

íèæíåé ãðàíèöå è íå çàâèñÿò îò íà÷àëüíîãî ðåëüå�à ïîâåðõíîñòè è ãðàíèöû ðàçäåëà ñëîåâ.

Ýâîëþöèÿ äâóõñëîéíîãî òå÷åíèÿ ïîëíîñòüþ îïðåäåëÿåòñÿ íåëèíåéíûì ïàðàáîëè÷åñêèì óðàâ-

íåíèåì (2.11).

Òàê êàê ðàññìàòðèâàåìàÿ æèäêîñòü íåñæèìàåìà, äëÿ ïîñòðîåíèÿ ïîëÿ ñêîðîñòåé òå÷åíèÿ

æèäêîñòè óäîáíåå èñïîëüçîâàòü �óíêöèþ òîêà:

Ur =
1

r
Ψ , z, Uz = −

1

r
Ψ , r.

Èñïîëüçóÿ �îðìóëó (1.9), ïîëó÷èì ñëåäóþùåå âûðàæåíèå äëÿ �óíêöèè Ψ ÷åðåç �óíêöèþ

S(ur, z):

Ψ(r, z) = S(Ur, z)
∣

∣

Zi=zi0
+ Ur0(z − Z3) + Ψ(r, Z3). (2.12)

Ïîäñòàâëÿÿ (2.12) â (2.10), ïîëó÷èì êðàåâîå óñëîâèå äëÿ �óíêöèè òîêà íà ïîâåðõíîñòè:

−
1

r

[

Ψ(r, 0) −Ψ(r, Z3)
]

,r
−

1

r
Ψ(r, Z3),r = 0 ⇒ Ψ(r, 0) = C1. (2.13)

Áåç îãðàíè÷åíèÿ îáùíîñòè ìîæíî ñ÷èòàòü, ÷òî C1 = 0.
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�èñ. 2. Ëèíèè òîêà ïîëÿ ñêîðîñòåé â êîðå è ìàíòèè êîëüöåâûõ ñòðóêòóð íà Ëóíå. �îðèçîíòàëüíàÿ ñêîðîñòü

íà íèæíåé ãðàíèöå ðàâíà íóëþ. Òîíêèìè ëèíèÿìè ñî ñòðåëêàìè îáîçíà÷åíû ëèíèè òîêà òå÷åíèÿ, òîëñòûìè

ëèíèÿìè � ðåëüå� ïîâåðõíîñòè è ïðî�èëü ãðàíèöû ¾êîðà�ìàíòèÿ¿, ïîëó÷åííûå ãðàâèìåòðè÷åñêèìè

ìåòîäàìè [8℄

Èñïîëüçóÿ (2.13), ìîæíî ïîëó÷èòü �îðìóëû âû÷èñëåíèÿ �óíêöèè òîêà äëÿ äâóõ ïðåäåëü-

íûõ âàðèàíòîâ.

1. �îðèçîíòàëüíàÿ ñêîðîñòü íà íèæíåé ãðàíèöå ðàâíà íóëþ, Ur0 = 0:

Ψ(r, z) =
(

S(Ur, z)− S(Ur, 0)
)
∣

∣

Zi=zi0
.

(2.14)

2. Âåðòèêàëüíàÿ ñêîðîñòü íà íèæíåé ãðàíèöå ðàâíà íóëþ, Uz0 = 0:

Ψ(r, z) = S(Ur, z)
∣

∣

Zi=zi0
+

S(Ur, 0)
∣

∣

Zi=zi0

Z3

(z − Z3). (2.15)
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� 3. �åî�èçè÷åñêèå ïðèëîæåíèÿ

Â êà÷åñòâå ãåî�èçè÷åñêèõ ïðèëîæåíèé áûë âûïîëíåí ðàñ÷åò ïîëÿ ñêîðîñòåé â êîðå è ìàí-

òèè ìíîãîêîëüöåâûõ ñòðóêòóð Orientale è Serenitatis íà Ëóíå, èìåþùèõ ñåðèþ êîíöåíòðè÷åñêèõ

êîëüöåâûõ õðåáòîâ.

Ñîãëàñíî äàííûì íàáëþäåíèÿ Ëóíû [7℄, ñðåäíÿÿ òîëùèíà ëóííîé êîðû ÿâëÿåòñÿ âåëè÷è-

íîé ïîðÿäêà ∼ 50 êì, à ðàäèóñ êîëüöåâîé ñòðóêòóðû Orientale ∼ 900 êì. Íèæíÿÿ ãðàíèöà Z3

çàäàâàëàñü íà ãëóáèíå 100 êì. Óñêîðåíèå ñèëû òÿæåñòè íà Ëóíå ðàâíî 1.62 ì · ñ−2, âÿçêîñòü
ìàíòèè ∼1022 Ïà ·ñ. Ïëîòíîñòè ñëîåâ ρ1 = 2800 êã ·ì−3

è ρ2 = 3350 êã ·ì−3
âçÿòû èç [8℄. Â ýòîì

ñëó÷àå ìàñøòàá âðåìåíè ïîëó÷àåòñÿ ∼ 0.4 · 109 ëåò, ÷òî ïî ïîðÿäêó ñîîòâåòñòâóåò âîçðàñòó

ðàññìàòðèâàåìîé êîëüöåâîé ñòðóêòóðû [9℄.

Ïî �îðìóëàì (2.14)�(2.15) áûë âûïîëíåí ðàñ÷åò ïîëåé ñêîðîñòåé â êîðå è ìàíòèè êîëüöåâûõ

ñòðóêòóð, êîòîðûå ïðåäñòàâëåíû íà ðèñóíêàõ 2, 3. Ëåãêî âèäåòü, ÷òî ëèíèè òîêà â âåðõíåì ñëîå

ïî÷òè èäåíòè÷íû â îáîèõ âàðèàíòàõ.
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�èñ. 3. Ëèíèè òîêà ïîëÿ ñêîðîñòåé â êîðå è ìàíòèè êîëüöåâûõ ñòðóêòóð íà Ëóíå. Âåðòèêàëüíàÿ ñêîðîñòü íà

íèæíåé ãðàíèöå ðàâíà íóëþ. Îñòàëüíûå îáîçíà÷åíèÿ òàêèå æå, êàê è íà ðèñóíêå 2

Äëÿ áîëåå äåòàëüíîãî ñðàâíåíèÿ ñîïîñòàâèì ãîðèçîíòàëüíûå ñêîðîñòè íà ïîâåðõíîñòè

è íîðìèðîâàííûå çíà÷åíèÿ �óíêöèè òîêà Ψ/Ψmax íà ãðàíèöå ðàçäåëà ìåæäó ñëîÿìè äëÿ îáî-

èõ âàðèàíòîâ. Êàê èçâåñòíî, òàêàÿ íîðìèðîâêà �óíêöèè òîêà ìîæåò èçìåíèòü òîëüêî ìîäóëü

ñêîðîñòè, à ëèíèè òîêà îñòàþòñÿ íåèçìåííûìè. Èç ðåçóëüòàòîâ, ïðèâåäåííûõ íà ðèñóíêå 4,

ìîæíî âèäåòü äîñòàòî÷íî áëèçêîå ðàñïîëîæåíèå ãðà�èêîâ ëèíèé òîêà â âåðõíåì ñëîå è ãîðè-

çîíòàëüíûõ ñêîðîñòåé íà âåðõíåé ãðàíèöå äëÿ îáîèõ âàðèàíòîâ.

Äëÿ òîãî ÷òîáû âûÿñíèòü, íàñêîëüêî ìîäåëüíûå ïîëÿ ñêîðîñòåé ñîîòâåòñòâóþò ðåàëüíûì,

íà ðèñóíêå 5 ñîâìåùåíû ãðà�èêè ìîäóëÿ ãîðèçîíòàëüíîé ñêîðîñòè è ðàäèóñû êîëüöåâûõ õðåá-

òîâ, ïîëó÷åííûõ èç ýêñïåðèìåíòàëüíûõ íàáëþäåíèé [9℄.

Ñðàâíåíèå ãðà�èêîâ ïîêàçûâàåò, ÷òî èìååò ìåñòî îïðåäåëåííàÿ êîððåëÿöèÿ ìåæäó ðàñ-

ïîëîæåíèåì ýêñòðåìàëüíûõ òî÷åê ìîäóëÿ ãîðèçîíòàëüíîé ñêîðîñòè è ðàäèóñàìè êîëüöåâûõ

õðåáòîâ. Íåêîòîðûå ðåçóëüòàòû ðàñ÷åòà ïîëåé ñêîðîñòåé ïðåäñòàâëåíû â [10℄.

Òàêèì îáðàçîì, èñõîäÿ èç ìîäåëüíûõ ðàñ÷åòîâ ìîæíî ñäåëàòü ñëåäóþùèå âûâîäû.

1. Ìîäóëü ãîðèçîíòàëüíîé ñêîðîñòè íà âåðõíåé ãðàíèöå è ëèíèè òîêà òå÷åíèÿ â âåðõíåì

ñëîå ñëàáî çàâèñÿò îò çàäàíèÿ ñêîðîñòåé íà íèæíåé ãðàíèöå.

2. Íàáëþäàåòñÿ îïðåäåëåííàÿ êîððåëÿöèÿ ìåæäó ýêñòðåìàëüíûìè òî÷êàìè ìîäóëÿ ãîðè-

çîíòàëüíîé ñêîðîñòè íà âåðõíåé ãðàíèöå è ðàñïîëîæåíèåì êîëüöåâûõ õðåáòîâ. Â ðåàëüíîñòè

ýòè õðåáòû ïðåäñòàâëÿþò ñîáîé êîëüöåâûå çîíû ðàçëîìîâ è îáðàçîâàíû âóëêàíè÷åñêèìè èç-

ëèÿíèÿìè ÷åðåç íèõ. Âåðîÿòíî, ÷òî ýòè ðàçëîìíûå ñòðóêòóðû äîëæíû êàêèì-òî îáðàçîì îò-
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(b) Íîðìèðîâàííàÿ �óíêöèÿ òîêà íà ãðàíèöå ðàçäåëà

ìåæäó ñëîÿìè

�èñ. 4. Orientale. Ëèíèÿìè ñ ìàðêåðàìè îáîçíà÷åíû ãðà�èêè äëÿ âàðèàíòà ñ íóëåâîé ãîðèçîíòàëüíîé

ñêîðîñòüþ, áåç ìàðêåðîâ � ñ íóëåâîé âåðòèêàëüíîé ñêîðîñòüþ

ðàæàòüñÿ â îñîáåííîñòÿõ ïîëÿ ñêîðîñòåé. Êîíå÷íî, âîïðîñ î ïðèðîäå ïîëó÷åííîé êîððåëÿöèè

òðåáóåò äàëüíåéøèõ èññëåäîâàíèé, íî óæå ñåé÷àñ îíà ìîæåò ñëóæèò äîñòàòî÷íûì îñíîâàíèåì

ðàññìàòðèâàòü ìîäåëüíûå ïîëÿ ñêîðîñòåé êàê õîðîøåå ïðèáëèæåíèå ðåàëüíûõ.

Çàêëþ÷åíèå

Ïðîâåäåíî àñèìïòîòè÷åñêîå èññëåäîâàíèå ñèñòåìû íåëèíåéíûõ ïàðàáîëè÷åñêèõ óðàâíåíèé,

îïèñûâàþùèõ ýâîëþöèþ îñåñèììåòðè÷íîãî ìåäëåííîãî òå÷åíèÿ äâóõñëîéíîé âÿçêîé æèäêîñòè

ñî ñâîáîäíîé ãðàíèöåé, ñîçäàâàåìîãî íà÷àëüíûì ðåëüå�îì ãðàíèö ñëîåâ ñî ñêîðîñòÿìè, çàäà-

âàåìûìè íà íèæíåé ãðàíèöå. Ïîëó÷åíî àñèìïòîòè÷åñêîå óðàâíåíèå, ñâÿçûâàþùåå äâèæåíèÿ

ïîâåðõíîñòè è ãðàíèöû ðàçäåëà ñëîåâ æèäêîñòè è ñêîðîñòè íà íèæíåé ãðàíèöå íà áîëüøèõ

âðåìåíàõ.

Â êà÷åñòâå ãåî�èçè÷åñêèõ ïðèëîæåíèé ïîëó÷åííûõ ðåçóëüòàòîâ ïîñòðîåíû ìîäåëüíûå ïî-

ëÿ ñêîðîñòåé â êîðå êðóïíîìàñøòàáíûõ êîëüöåâûõ ñòðóêòóð íà Ëóíå. Ïîêàçàíà ñëàáàÿ çà-

âèñèìîñòü ëèíèÿ òîêà òå÷åíèÿ æèäêîñòè â âåðõíåì ñëîå îò ñêîðîñòåé íà íèæíåé ãðàíèöå.

Ìîäåëüíûå ðàñ÷åòû ïîêàçàëè ñîîòâåòñòâèå ìåæäó ðàñïîëîæåíèåì êîëüöåâûõ õðåáòîâ è ýêñ-

òðåìàëüíûìè òî÷êàìè ïîñòðîåííûõ ïîëåé ñêîðîñòåé.
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V.V. Pak

Modeling the velo
ity �eld of two-layered 
reeping �ow and some geophysi
al appli
ations

Keywords: multi-layered �ow, long-wave approximation, Reynolds equations, nonlinear di�usion, ring

stru
tures.

Mathemati
al Subje
t Classi�
ations: 76D50

We study the long-time evolution of axisymmetri
 free-surfa
e two-layered 
reeping �ow subje
t to the initial

topography of its boundaries and bottom velo
ities. Ea
h layer has uniform density and vis
osity. The upper

layer is assumed to have a smaller density than the lower layer. Based on lubri
ation approximation (the

Reynolds equations) the nonlinear system of di�usion-type equations with respe
t to the surfa
e and interfa
e

between the layers is obtained to des
ribe this �ow. Taking the dimensionless density 
ontrast between

the layers as a small parameter, we apply the method of asymptoti
 expansions to extra
t leading-term

approximation for the slowly varying large-time evolution of the governing equations. An asymptoti
 equation

relating both surfa
e and interfa
e displa
ement to the bottom velo
ities is derived. Based on this equation,

we develop the algorithm to 
al
ulate velo
ity �elds within layers for large time. Streamlines are used to
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visualize the �ow. Numeri
al results reveal stability of the streamlines in the upper layer under variation of

the bottom velo
ity. As geophysi
al appli
ations, the developed algorithm is used to evaluate the velo
ity �eld

in the 
rust (the upper layer) beneath the large-s
ale lunar multi-ring basins in�uen
ed by deep movements

in the underlying mantle (the lower layer). To validate the results of modeling, we 
ompare the 
al
ulated

velo
ity �elds with basin ridge systems obtained by experimental observations. The model 
omparison has

shown proximity of radii of basin rings and 
riti
al points of the surfa
e velo
ity.
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