
ÂÅÑÒÍÈÊ ÓÄÌÓ�ÒÑÊÎ�Î ÓÍÈÂÅ�ÑÈÒÅÒÀ ÌÀÒÅÌÀÒÈÊÀ. ÌÅÕÀÍÈÊÀ. ÊÎÌÏÜÞÒÅ�ÍÛÅ ÍÀÓÊÈ

ÌÀÒÅÌÀÒÈÊÀ 2014. Âûï. 1

ÓÄÊ 517.958: 530.145.6


© Ë.Å. Ìîðîçîâà, Þ.Ï. ×óáóðèí

¾ÏÎÑËÎÉÍÎÅ¿ �ÀÑÑÅßÍÈÅ ÄËß �ÀÇÍÎÑÒÍÎ�Î ÎÏÅ�ÀÒÎ�À

Ø��ÄÈÍ�Å�À

Â ñîâðåìåííîé �èçè÷åñêîé ëèòåðàòóðå íåîäíîêðàòíî âîçíèêàëà ïîòðåáíîñòü â �îðìóëàõ, ïîçâîëÿþ-

ùèõ â êâàíòîâîé îäíîìåðíîé çàäà÷å ðàññåÿíèÿ ñâåñòè âû÷èñëåíèå âåðîÿòíîñòè îòðàæåíèÿ (ïðîõîæäå-

íèÿ) äëÿ ïîòåíöèàëà, ñîñòîÿùåãî èç íåñêîëüêèõ ¾áàðüåðîâ¿, ê âåðîÿòíîñòÿì îòðàæåíèÿ è ïðîõîæäåíèÿ

÷åðåç ýòè ¾áàðüåðû¿. Â íàñòîÿùåé ðàáîòå èññëåäóåòñÿ çàäà÷à ðàññåÿíèÿ äëÿ ðàçíîñòíîãî îïåðàòîðà

Øð¼äèíãåðà ñ ïîòåíöèàëîì, ÿâëÿþùèìñÿ ñóììîé N �óíêöèé (îïèñûâàþùèõ ¾áàðüåðû¿ èëè ¾ñëîè¿)

ñ ïîïàðíî íåïåðåñåêàþùèìèñÿ íîñèòåëÿìè. Ñ ïîìîùüþ óðàâíåíèÿ Ëèïïìàíà�Øâèíãåðà äîêàçàíà òåî-

ðåìà, ïîçâîëÿþùàÿ âû÷èñëåíèå àìïëèòóä îòðàæåíèÿ è ïðîõîæäåíèÿ äëÿ äàííîãî ïîòåíöèàëà ñâåñòè

ê âû÷èñëåíèþ àìïëèòóä îòðàæåíèÿ è ïðîõîæäåíèÿ äëÿ ñëàãàåìûõ. Äëÿ N = 2 ïîëó÷åíû ïðîñòûå ÿâ-

íûå �îðìóëû, îñóùåñòâëÿþùèå òàêîå ñâåäåíèå. �àññìîòðåíû ÷àñòíûå ñëó÷àè ÷åòíîãî ïåðâîãî áàðüåðà

è äâóõ îäèíàêîâûõ ÷åòíûõ (ïîñëå ñîîòâåòñòâóþùèõ ñäâèãîâ) áàðüåðîâ. �àçóìååòñÿ, àíàëîãè÷íûå ðå-

çóëüòàòû ñïðàâåäëèâû è äëÿ âåðîÿòíîñòåé îòðàæåíèÿ è ïðîõîæäåíèÿ. Ïîëó÷åíî ïðîñòîå óðàâíåíèå äëÿ

íàõîæäåíèÿ ðåçîíàíñîâ äâóõáàðüåðíîé ñòðóêòóðû â òåðìèíàõ àìïëèòóä äëÿ êàæäîãî èç äâóõ áàðüåðîâ.

Â ñòàòüå òàêæå ïðèâåäåíà èíàÿ ñõåìà äîêàçàòåëüñòâà ïîëó÷åííûõ ðåçóëüòàòîâ, îñíîâàííàÿ íà ðàç-

ëîæåíèè â ðÿä T -îïåðàòîðà, ïîçâîëÿþùàÿ îáîñíîâàòü �èçè÷åñêèå ïðåäñòàâëåíèÿ î ðàññåÿíèè íà ìíî-

ãîñëîéíîé ñòðóêòóðå êàê î ìíîãîêðàòíîì ðàññåÿíèè íà îòäåëüíî âçÿòûõ ñëîÿõ. Ïðè äîêàçàòåëüñòâå

óòâåðæäåíèé èñïîëüçóåòñÿ èçâåñòíûé ïðèåì ñâåäåíèÿ óðàâíåíèÿ Ëèïïìàíà�Øâèíãåðà ê ¾ìîäè�èöè-

ðîâàííîìó¿ óðàâíåíèþ â ãèëüáåðòîâîì ïðîñòðàíñòâå, ÷òî ïîçâîëÿåò, â ñâîþ î÷åðåäü, âîñïîëüçîâàòüñÿ

òåîðèåé Ôðåäãîëüìà. Êîíå÷íî, âñå ïîëó÷åííûå ðåçóëüòàòû îñòàþòñÿ ñïðàâåäëèâûìè è äëÿ ¾íåïðåðûâ-

íîãî¿ îïåðàòîðà Øð¼äèíãåðà, à âûáîð äèñêðåòíîãî ïîäõîäà îáóñëîâëåí åãî ðàñòóùåé ïîïóëÿðíîñòüþ

â êâàíòîâîé òåîðèè òâåðäîãî òåëà.

Êëþ÷åâûå ñëîâà: ðàçíîñòíûé îïåðàòîð Øð¼äèíãåðà, óðàâíåíèå Ëèïïìàíà�Øâèíãåðà, êîý��èöèåíòû

îòðàæåíèÿ è ïðîõîæäåíèÿ.

Ââåäåíèå

Â �èçè÷åñêîé ëèòåðàòóðå íåðåäêî âîçíèêàåò ïîòðåáíîñòü â �îðìóëàõ, ïîçâîëÿþùèõ â êâàí-

òîâîé îäíîìåðíîé çàäà÷å ðàññåÿíèÿ ñâåñòè âû÷èñëåíèå âåðîÿòíîñòè îòðàæåíèÿ (ïðîõîæäåíèÿ)

äëÿ ïîòåíöèàëà, ñîñòîÿùåãî èç íåñêîëüêèõ ¾áàðüåðîâ¿, ê âåðîÿòíîñòÿì îòðàæåíèÿ è ïðîõîæäå-

íèÿ ÷åðåç ýòè ¾áàðüåðû¿ (ñì. [1�3℄). Â íàñòîÿùåé ðàáîòå òàêèå �îðìóëû ïîëó÷åíû äëÿ êîíå÷íî-

ðàçíîñòíîãî îïåðàòîðà Øð¼äèíãåðà. Êðîìå òîãî, ïðèâåäåíà èíàÿ ñõåìà äîêàçàòåëüñòâà ýòèõ

�îðìóë, ïîçâîëÿþùàÿ îáîñíîâàòü �èçè÷åñêèå ïðåäñòàâëåíèÿ î ðàññåÿíèè íà ìíîãîñëîéíîé

ñòðóêòóðå êàê î ìíîãîêðàòíîì ðàññåÿíèè íà îòäåëüíî âçÿòûõ ñëîÿõ [4℄. �àçóìååòñÿ, ïîäîáíûå

ðåçóëüòàòû îñòàþòñÿ ñïðàâåäëèâûìè è äëÿ ¾íåïðåðûâíîãî¿ îïåðàòîðà, à âûáîð äèñêðåòíîãî

ïîäõîäà îáóñëîâëåí åãî ðàñòóùåé ïîïóëÿðíîñòüþ â ðàçäåëàõ êâàíòîâîé �èçèêè òâåðäîãî òåëà,

èññëåäóþùèõ òðàíñïîðò ýëåêòðîíîâ â íàíîðàçìåðíûõ ñòðóêòóðàõ (ñì. [5℄).

�àçíîñòíîå îäíîìåðíîå óðàâíåíèå Øð¼äèíãåðà

−ψ(xn+1)− 2ψ(xn) + ψ(xn−1)

h2
+ V (xn) = λψ(xn), n ∈ Z,

ãäå (ψ(xn+1) − 2ψ(xn) + ψ(xn−1))/h
2
ÿâëÿåòñÿ àïïðîêñèìàöèåé ψ′′(xn), a V (x), x ∈ R � âåùå-

ñòâåííàÿ �óíêöèÿ (ïîòåíöèàë), ìîæíî ïåðåïèñàòü â âèäå

ψ(n + 1) + ψ(n− 1) + Ṽ (n)ψ(n) = λψ(n), n ∈ Z,
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ãäå Ṽ (n) = −h2V (xn), λ
′ = −h2λ+2. Ïîýòîìó äëÿ ïðîñòîòû îáîçíà÷åíèé áóäåì ðàññìàòðèâàòü

â äàëüíåéøåì ñàìîñîïðÿæåííûå îãðàíè÷åííûå îïåðàòîðû â l2(Z) âèäà

(H0ψ)(n) = ψ(n− 1) + ψ(n + 1)

è H = H0 + V, ãäå V = V (n), n ∈ Z, � îïåðàòîð óìíîæåíèÿ íà íåíóëåâóþ âåùåñòâåííóþ

�óíêöèþ, óäîâëåòâîðÿþùóþ íåðàâåíñòâó

|V (x)| 6 Ce−a|x|

äëÿ íåêîòîðûõ C, a > 0.
Èçâåñòíî (ñì. [6℄), ÷òî ñïåêòð îïåðàòîðà H0 ñîâïàäàåò ñ îòðåçêîì [−2, 2].
×åðåç R0(λ) = (H0 − λ)−1

îáîçíà÷èì ðåçîëüâåíòó îïåðàòîðà H0. ßäðî G0(n,m, λ) ýòîé
ðåçîëüâåíòû (�óíêöèÿ �ðèíà), ïðîäîëæåííîå ïî ïàðàìåòðó λ íà èíòåðâàë (−2, 2), èìååò âèä
(ñì. [7℄)

G0(n, n
′, λ) = − 1√

λ2 − 4

(
λ−

√
λ2 − 4

2

)|n−n′|

, n, n′ ∈ Z.

Çàìåòèì, ÷òî �óíêöèÿ g(λ) = λ/2 −
√

(λ/2)2 − 1 ÿâëÿåòñÿ îáðàòíîé �óíêöèåé ê �óíêöèè

Æóêîâñêîãî w = 1
2
(z + 1

z ) äëÿ z = λ/2. �èìàíîâà ïîâåðõíîñòü M �óíêöèè g(λ) äâóëèñòíà. Åå
ëèñòû ñêëåèâàþòñÿ âäîëü èíòåðâàëà (−2, 2), à òî÷êè ±2 ÿâëÿþòñÿ òî÷êàìè âåòâëåíèÿ. Ôóíêöèÿ
G0(n, n

′, λ) àíàëèòè÷åñêè ïðîäîëæàåòñÿ íà âòîðîé ëèñò ïîâåðõíîñòè M. Âûáîð çíàêà ïåðåä

êîðíåì îòâå÷àåò ýêñïîíåíöèàëüíîìó óáûâàíèþ �óíêöèè G0 ïðè |n− n′| → ∞ äëÿ λ > 2.
Ââåäåì îáîçíà÷åíèå (òîëüêî äëÿ V )

√
V =

√
|V | sgnV. Îïåðàòîðíîçíà÷íàÿ �óíêöèÿ

√
|V |R0(λ)

√
V

ïðèíèìàåò çíà÷åíèÿ â ìíîæåñòâå îïåðàòîðîâ �èëüáåðòà�Øìèäòà è àíàëèòè÷åñêè ïðîäîëæà-

åòñÿ â äîñòàòî÷íî ìàëûå îêðåñòíîñòè òî÷åê èíòåðâàëà (−2, 2) íà êàæäûé èç ëèñòîâ ðèìàíîâîé
ïîâåðõíîñòè M ñâîåé �óíêöèåé �ðèíà.

Îïðåäåëèì óãîë θ ∈ (−π, 0) ∪ (0, π) ðàâåíñòâàìè cos θ = λ/2, sin θ = −
√

1− (λ/2)2, òîãäà
�óíêöèÿ G0(n, n

′, λ) ïðèìåò âèä

G0(n, n
′, θ) =

1

2i sin θ
eiθ|n−n′|. (1)

Äëÿ èññëåäîâàíèÿ çàäà÷è ðàññåÿíèÿ áóäåì èñïîëüçîâàòü óðàâíåíèå Ëèïïìàíà�Øâèíãåðà,

êîòîðîå äëÿ îïåðàòîðà H èìååò âèä (ñì. [8℄)

ψ±(n) = e±iθn − 1

2i sin θ

∑

n′∈Z

eiθ|n−n′|V (n′)ψ±(n′), n ∈ Z. (2)

Ïðè ýòîì çíàêè ¾+¿ è ¾−¿ â ïîêàçàòåëå ýêñïîíåíòû óðàâíåíèÿ (2) îòâå÷àþò äâèæåíèþ êâàí-

òîâîé ÷àñòèöû ñëåâà íàïðàâî è ñïðàâà íàëåâî ñîîòâåòñòâåííî, à ïðåäåëû G0(n, n
′, λ + i0)

è G0(n, n
′, λ− i0) îòâå÷àþò ñîîòâåòñòâåííî èçìåíåíèþ θ ∈ (−π, 0) è θ ∈ (0, π).

Óðàâíåíèå (2) ðàññìàòðèâàåòñÿ â êëàññå l∞(Z). Äëÿ òîãî ÷òîáû èñïîëüçîâàòü àïïàðàò òåî-

ðèè ãèëüáåðòîâûõ ïðîñòðàíñòâ, óìíîæèì (2) íà

√
|V | è, ââîäÿ îáîçíà÷åíèÿ

ϕ±(n) =
√

|V (n)|ψ±(n), ϕ±
0 (n) =

√
|V (n)|e±iθn,

ïîëó÷èì ¾ìîäè�èöèðîâàííîå¿ óðàâíåíèå Ëèïïìàíà�Øâèíãåðà [9℄ âèäà

ϕ±(n) = ϕ±
0 (n)−

√
|V (n)|

2i sin θ

∑

n′∈Z

eiθ|n−n′|
√
V (n′)ϕ±(n′), n ∈ Z, (3)
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ðàññìàòðèâàåìîå â l2(Z). Îáîçíà÷èì ÷åðåç K = K(θ) îïåðàòîð �èëüáåðòà�Øìèäòà ñ ÿäðîì

√
|V (n)|eiθ|n−n′|

√
V (n′)

2i sin θ
.

Â ñèëó êîìïàêòíîñòè K ñóùåñòâîâàíèå îãðàíè÷åííîãî îáðàòíîãî îïåðàòîðà (I+K(θ))−1
ýêâè-

âàëåíòíî òîìó, ÷òî ker(I+K(θ)) = {0}, ïðè÷åì θ, ñîîòâåòñòâóþùèå íåíóëåâîìó ÿäðó, îòâå÷àþò
ñîáñòâåíûì çíà÷åíèÿì èëè ðåçîíàíñàì îïåðàòîðà H (ñì. [7℄), ïðè÷åì èõ ìíîæåñòâî êîíå÷íî

(ýòî ñëåäóåò èç ìåðîìîð�íîé òåîðåìû Ôðåäãîëüìà [10℄ è îãðàíè÷åííîñòè îïåðàòîðà H). Ââåäåì

îáîçíà÷åíèå

a(±,±) = − 1

2i sin θ
(ϕ±,

√
V e±iθn) = − 1

2i sin θ

∑

n′∈Z

e∓iθn′
√
V (n′)ϕ±(n′) (4)

(çíàêè â ïðàâîé ÷àñòè èçìåíÿþòñÿ íåçàâèñèìî äðóã îò äðóãà, ïðè ýòîì ïåðâûé çíàê â îáîçíà÷å-

íèè a(±,±) ñîîòâåòñòâóåò çíàêó â ϕ±
, òî åñòü íàïðàâëåíèþ äâèæåíèÿ ÷àñòèöû, à âòîðîé � çíà-

êó â e∓iθn′

). Ñîâîêóïíîñòü ÷èñåë a(±,±) íàçîâåì àìïëèòóäîé ðàññåÿíèÿ (ñì. [11℄), à âåëè÷èíû

a(+,−) è 1+a(+,+) (âåëè÷èíû a(−,+) è 1+a(−,−)) � êîý��èöèåíòàìè îòðàæåíèÿ è ïðîõîæ-

äåíèÿ äëÿ îïåðàòîðà H = H0+V ïðè äâèæåíèè ñëåâà íàïðàâî (ñîîòâåòñòâåííî ñïðàâà íàëåâî).

Êàê èçâåñòíî (ñì., íàïðèìåð, [8, 12℄), âåðîÿòíîñòü ïðîõîæäåíèÿ êâàíòîâîé ÷àñòèöû ÷åðåç ïî-

òåíöèàëüíûé áàðüåð ðàâíà P+ = |1+a(+,+)|2, à âåðîÿòíîñòü îòðàæåíèÿ ðàâíà P− = |a(+,−)|2
ïðè äâèæåíèè ñëåâà íàïðàâî (ñîîòâåòñòâåííî P+ = |1 + a(−,−)|2 è P− = |a(−,+)|2 ïðè äâè-

æåíèè ñïðàâà íàëåâî).

� 1. Îáùàÿ �îðìóëà

Áóäåì äàëåå ïðåäïîëàãàòü, ÷òî V =
∑N

l=1
Vl è suppVl ⊂ [xl, xl+1], l = 1, . . . , N , ãäå −∞ =

= x0 < x1 < . . . < xN = ∞ äëÿ íåêîòîðîãî íàòóðàëüíîãî N, ïðè÷åì |Vl(n)| 6 Ce−a|n|
äëÿ

l = 1, . . . , N . Ïîëîæèì Ωl = [xl−1, xl], ψ
±
l = ψ±|Ωl

, l = 1, . . . , N . Òîãäà óðàâíåíèå (3) ìîæíî

ïåðåïèñàòü â âèäå ñîâîêóïíîñòè óðàâíåíèé

ψ±
l (n) = e±iθn − 1

2i sin θ

∑

n′∈Ωl

eiθ|n−n′|Vl(n
′)ψ±

l (n
′)− eiθn

2i sin θ

l−1∑

m=1

∑

n′∈Ωm

e−iθn′

Vm(n′)ψ±
m(n′)−

− e−iθn

2i sin θ

N∑

m=l+1

∑

n′∈Ωm

eiθn
′

Vm(n′)ψ±
m(n′), n ∈ Ωl.

(5)

Ââåäåì îáîçíà÷åíèÿ

ϕ±
l (n) =

√
|Vl|ψ±

l (n), ϕ±
l0(n) =

√
|Vl|e±iθn,

am(±,±) = − 1

2i sin θ

∑

n′∈Ωm

e∓iθn′
√
Vm(n′)ϕ±

m(n′),
(6)

à ÷åðåç Kl îáîçíà÷èì îïåðàòîð �èëüáåðòà�Øìèäòà ñ ÿäðîì

√
|Vl(n)|eiθ|n−n′|

√
Vl(n′)

2i sin θ
.

Èç (5) ïîëó÷àåì óðàâíåíèÿ

ϕ±
l (n) = ϕ±

l0(n) + ϕ+

l0(n)

l−1∑

m=1

am(±,+) + ϕ−
l0(n)

N∑

m=l+1

am(±,−)− (Klϕl)(n), l = 1, . . . , N. (7)
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Äàëåå áóäåì ïðåäïîëàãàòü ñóùåñòâîâàíèå îïåðàòîðîâ (1 +Kl)
−1

(ñì. îáñóæäåíèå âî ââåäå-

íèè). Â ñèëó (7) èìååì

ϕ±
l = (1 +Kl)

−1ϕ±
l0 + (1 +Kl)

−1ϕ+

l0

l−1∑

m=1

am(±,+) +

+ (1 +Kl)
−1ϕ−

l0

N∑

m=l+1

am(±,−), l = 1, . . . , N.

(8)

Ïîëîæèì ϕ̃±
l = (1 + Kl)

−1ϕ±
l0, l = 1, . . . , N, ãäå ϕ̃±

l � ýòî ðåøåíèÿ ìîäè�èöèðîâàííîãî

óðàâíåíèÿ Ëèïïìàíà�Øâèíãåðà äëÿ îïåðàòîðà Hl = H0 + Vl. Òîãäà óðàâíåíèÿ (8) ïðèìóò âèä

ϕ±
l = ϕ̃±

l +

( l−1∑

m=1

am(±,+)

)
ϕ̃+

l +

( N∑

m=l+1

am(±,−)

)
ϕ̃−
l , l = 1, . . . , N. (9)

Ñêàëÿðíî óìíîæàÿ óðàâíåíèÿ (9) íà

√
Vle

±iθn/2i sin θ, l = 1, . . . , N , è ââîäÿ îáîçíà÷åíèÿ

ãl(±,±) = − 1

2i sin θ
(ϕ̃±

l ,
√
Vle

±iθl),

ïîëó÷àåì ðàâåíñòâà

al(±,±) = ãl(±,±) + ãl(+,±)

l−1∑

m=1

am(±,+) + ãl(−,±)

N∑

m=l+1

am(±,−), l = 1, . . . , N, (10)

ãäå âåëè÷èíû ãl(±,±) ÿâëÿþòñÿ àìïëèòóäîé ðàññåÿíèÿ äëÿ îïåðàòîðà Hl.

Ñîîòíîøåíèÿ (10) ìîæíî ðàññìàòðèâàòü êàê ñèñòåìó 4N ëèíåéíûõ óðàâíåíèé îòíîñèòåëüíî

4N íåèçâåñòíûõ al(±,+) è al(±,−), l = 1, . . . , N. Äàëåå, ñîãëàñíî (4) è (6),

a(±,±) =
N∑

l=1

al(±,±). (11)

Òàêèì îáðàçîì, äîêàçàíà ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 1. Âåëè÷èíû a(±,±), îáðàçóþùèå àìïëèòóäó ðàññåÿíèÿ äëÿ îïåðàòîðà H, âûðà-

æàþòñÿ ÷åðåç àìïëèòóäû ðàññåÿíèÿ ãl(±,±) äëÿ îïåðàòîðîâ Hl ñ ïîìîùüþ �îðìóëû (11),

ãäå al(±,±), l = 1, . . . , N , ÿâëÿþòñÿ ðåøåíèåì ñèñòåìû (10).

� 2. Ñëó÷àé äâóõ ïîòåíöèàëüíûõ áàðüåðîâ

Â äàííîì ðàçäåëå ðàññìîòðèì âàæíûé ÷àñòíûé ñëó÷àé V (n) = V1(n) + V2(n). Äëÿ îïðåäå-
ëåííîñòè áóäåì ðàññìàòðèâàòü äâèæåíèå ÷àñòèöû ñëåâà íàïðàâî.

Òåîðåìà 2. Ïðåäïîëîæèì, ÷òî 1− ã1(−,+)ã2(+,−) 6= 0. Òîãäà èìåþò ìåñòî �îðìóëû

a(+,+) =
ã1(+,+)[1 + ã2(+,+)] + ã2(+,+) + ã1(−,+)ã2(+,−)

1− ã1(−,+)ã2(+,−)
,

a(+,−) = ã1(+,−) +
ã2(+,−)[1 + ã1(+,+)][1 + ã1(−,−)]

1− ã1(−,+)ã2(+,−)
.

(12)

Ä î ê à ç à ò å ë ü ñ ò â î. Ôîðìóëû (12) ïîëó÷àåì, èñïîëüçóÿ òåîðåìó 1, èç (10), (11) äëÿ

N = 2. Ïðè ýòîì ñèñòåìà (10) ëåãêî ðåøàåòñÿ ñ ïîìîùüþ �îðìóë Êðàìåðà. �
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Ñëåäñòâèå 1. Ïóñòü V1(n) = V1(−n). Òîãäà ñïðàâåäëèâû �îðìóëû

a(+,+) =
ã1(+,+)[1 + ã2(+,+)] + ã2(+,+) + ã1(+,−)ã2(+,−)

1− ã1(+,−)ã2(+,−)
,

a(+,−) = ã1(+,−) +
ã2(+,−)[1 + ã1(+,+)]2

1− ã1(+,−)ã2(+,−)
.

Ñëåäñòâèå 2. Ïóñòü, â óñëîâèÿõ ñëåäñòâèÿ 1, V2(n) = V1(n − d), ãäå d ∈ N. Òîãäà

a(+,+) = −1 +
[1− ã1(+,+)]2

1− (eiθdã1(+,−))2
,

a(+,−) = ã1(+,−) +
e2iθdã1(+,−)[1 + ã1(+,+)]2

1− (eiθdã1(+,−))2
.

Ä î ê à ç à ò å ë ü ñ ò â î ñ ë å ä ñ ò â è ÿ 2. Èìååì

ψ2(n) = eiθn − 1

2i sin θ

∑

n′∈Ω2

eiθ|n−n′|V2(n
′)ψ2(n

′) = eiθn − 1

2i sin θ

∑

n′∈Ω1

eiθ|n−d−n′|V1(n
′)ψ2(n

′ + d).

Ñëåäîâàòåëüíî,

ψ2(n+ d) = eiθdeiθn − 1

2i sin θ

∑

n′∈Ω1

eik|n−n′|V1(n
′)ψ2(n

′ + d),

òàê ÷òî e−iθdψ2(n+ d) = ψ1(n). Îòñþäà áåç òðóäà ïîëó÷àåì ðàâåíñòâà

ã2(+,+) = ã1(+,+), ã2(+,−) = e2iθdã1(+,−),

÷òî è äîêàçûâàåò ñëåäñòâèå 2. �

Äàëåå áóäåì îáîçíà÷àòü ÷åðåç R0(θ) îïåðàòîð ñ ÿäðîì (1) òàì, ãäå äàííàÿ �óíêöèÿ �ðèíà

ñóùåñòâóåò. Â ñëó÷àå λ = 2cos θ /∈ [−2, 2] îïåðàòîð R0(θ) ñîâïàäàåò ñ ðåçîëüâåíòîé. Ââåäåì

T -îïåðàòîð äëÿ ïîòåíöèàëà V ðàâåíñòâîì [11℄

T = V (I +R0(θ)V )−1 =
√
V (I +

√
|V |R0(θ)

√
V )−1

√
|V |. (13)

Êàê ñëåäóåò èç (13), îïåðàòîð T äåéñòâóåò èç ïðîñòðàíñòâà H−1 â ïðîñòðàíñòâî H1, ãäå H−1

ñîñòîèò èç �óíêöèé ψ òàêèõ, ÷òî

√
|V |ψ ∈ l2(Z), à H1 � èç �óíêöèé ψ òàêèõ, ÷òî ψ =

√
V ϕ,

ãäå ϕ ∈ l2(Z).
Ïóñòü V (n) = V1(n)+V2(n). Îáîçíà÷èì ÷åðåç Tj îïåðàòîð äëÿ ïîòåíöèàëà Vj , j = 1, 2. Ëåãêî

âèäåòü, ÷òî èìååò ìåñòî ðàçëîæåíèå â �îðìàëüíûé ðÿä âèäà

T = V (I +R0V )−1 = (V1 + V2)(I −R0(V1 + V2) +R0(V1 + V2)R0(V1 + V2)− . . .) =

= T1 + T2 − T1R0T2 − T2R0T1 + T1R0T2R0T1 + T2R0T1R0T2 − . . . .
(14)

(Â ïðàâîé ÷àñòè (14) èíäåêñû ó ñîñåäíèõ Tj â ïðîèçâåäåíèÿõ ðàçëè÷íû.) Ïðè çàìåíå V íà εV
ðÿä (8) ñõîäèòñÿ ïî êðàéíåé ìåðå ïðè ìàëûõ ε (â ñèëó (13) íåòðóäíî ïåðåéòè ê îïåðàòîðàì

â l2(Z)). Â äàëüíåéøåì ïðåäïîëàãàåì ñõîäèìîñòü âñåõ ðÿäîâ.

Îïðåäåëèì T -ìàòðèöó ðàâåíñòâîì [11℄

T (θ, θ′) = (Teiθn, eiθ
′n) =

(
(I +

√
|V |R0(θ)

√
V )−1(

√
|V |eiθn ),

√
V eiθ

′n
)
.

Â ñëó÷àå θ, θ′ ∈ (−π, π) \ {0} î÷åâèäíî, ÷òî (â ïðåæíèõ îáîçíà÷åíèÿõ)

a(±,±) =
1

2i sin θ
T (±,±). (15)
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Ïîëüçóÿñü (13) è ðàñïîëîæåíèåì íîñèòåëåé Vj , ïîëó÷àåì

T2R0(θ)T1e
iθ′n = T2

( 1

2i sin θ

∑

n′∈Z

eiθ|n−n′|T1e
iθ′n′

)
=

1

2i sin θ
(T1e

iθ′n, eiθn)T2e
iθn.

Èç ýòîé è àíàëîãè÷íûõ âûêëàäîê ïîëó÷àåì ðàâåíñòâà

(T1R0T2e
iθn, e−iθn) =

1

2i sin θ
T2(θ,−θ)T1(−θ,−θ),

(T2R0T1e
iθn, e−iθn) =

1

2i sin θ
T1(θ, θ)T2(θ,−θ),

(T1R0T2R0T1e
iθn, e−iθn) =

( 1

2i sin θ

)2
T1(θ, θ)T2(θ,−θ)T1(−θ,−θ)

(16)

è òàê äàëåå. Èç (14)�(16) ñ ïîìîùüþ ñóììèðîâàíèÿ ðÿäîâ íåòðóäíî ïîëó÷èòü �îðìóëû òåîðå-

ìû 2. Â ÷àñòíîñòè, âûðàæåíèå 1/
(
1 − ã1(−,+)ã2(+,−)

)
ïîëó÷àåòñÿ ñóììèðîâàíèåì ñòåïåíåé

ã1(−,+)ã2(+,−), òî åñòü ïîðîæäàåòñÿ ìíîãîêðàòíûìè ïîñëåäîâàòåëüíûìè îòðàæåíèÿìè îò ïî-
òåíöèàëîâ V1 è V2. Äëÿ àíàëèòè÷åñêè ïðîäîëæåííûõ ïî λ âåëè÷èí ã1(−,+), ã2(+,−) ïîëó÷àåì
ñëåäóþùåå óñëîâèå ðåçîíàíñà:

1− ã1(−,+)ã2(+,−) = 0.

Äàííûé ïîäõîä ðàñïðîñòðàíÿåòñÿ è íà ñëó÷àé íåñêîëüêèõ ïîòåíöèàëîâ.
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L.E. Morozova, Yu.P. Chuburin

�Layerwise� s
attering for a di�eren
e S
hr�odinger operator

Keywords: di�eren
e S
hrödinger operator, Lippmann�S
hwinger equation, re�e
tion and transmission


oe�
ients.

Mathemati
al Subje
t Classi�
ations: 81Q10, 81Q15

In modern physi
s literature, the need for formulas that permit, in a quantum one-dimensional problem, to

redu
e a 
al
ulation of the re�e
tion (transmission) probability for the potential 
onsisting of some �barriers�

to the re�e
tion and transmission probabilities over these �barriers� repeatedly o

urred. In this paper, we

study the s
attering problem for the di�eren
e S
hr�odinger operator with the potential whi
h is the sum

of N fun
tions (desribing the �barriers� or �layers�) with pairwise disjoint supports. With the help of the

Lippmann�S
hwinger equation, we proved the theorem whi
h redu
es the 
al
ulation of the re�e
tion and

transmission amplitudes for this potential, to the 
al
ulation of the ones for these barriers. For N = 2 simple
expli
it formulas whi
h realized this redu
tion were obtained. The parti
ular 
ases for the even �rst barrier

and two identi
al even (after appropriate shifts) barriers were studied. Of 
ourse, the similar results hold for

the re�e
tion (transmission) probabilities. We obtained the simple equation for the double-barrier stru
ture

resonan
es in terms of the amplitudes of ea
h of the two barriers.

In the paper, we also present the alternative s
heme of the proof of the obtained results whi
h are based

on the series expansion of the T-operator. This approa
h substantiates the physi
al understanding of the

s
attering by a multilayer stru
ture as multiple s
attering on separate layers. To proof the theorems, the

known method of redu
tion of the Lippmann�S
hwinger equation to the �modi�ed� equation in a Hilbert

spa
e is used. Of 
ourse, all the results remain valid for the �
ontinuous� S
hr�odinger operator, and the 
hoi
e

of the dis
rete approa
h is due to its growing popularity in the quantum theory of solids.
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