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NUMERICAL SOLUTION OF A CONTROL PROBLEM FOR A PARABOLIC SYSTEM
WITH DISTURBANCES

A controlled parabolic system that describes the heating of a given number of rods is considered. The
density functions of the internal heat sources of the rods are not known exactly, and only the segments of
their change are given. At the ends of the rods there are controlled heat sources and disturbances. The
goal of the choice of control is to lead the vector of average temperatures of the rods at a fixed time to
a given compact for any admissible functions of the density of internal heat sources and any admissible
realizations of disturbances. After replacing variables, the problem of controlling a system of ordinary
differential equations in the presence of uncertainty is obtained. Using a numerical method, a solvability
set is constructed for this problem. Model calculations are carried out.
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Introduction

Problems of controlling parabolic equations arise in the mathematical modelling of controlled
processes of thermal conductivity, diffusion, and filtration [1-5]. In practice, there are frequent
problems of heat propagation in a rod, the ends of which are under the influence of variable
controlled temperatures. These problems are reduced to the study of the heat equation, the
boundary conditions of which contain controls [6, 7].

There may be cases when some of the system parameters are not precisely specified, and there
is also influence from uncontrolled disturbances [8—11].

When solving such problems, the method of optimizing a guaranteed result can be ap-
plied [12]. Mathematical modelling of control within the framework of this method is based on
an approach that prescribes realization of uncertainties and disturbances that worsens the quality
indicator in accordance with which the control is modelled. This approach leads to consideration
of the problem of constructing control within the framework of the theory of differential games
(see, for example, [13, 14]).

In the works of L.S. Pontryagin and representatives of his scientific school, an analytical
scheme for solving linear differential pursuit games, which is based on the Minkowski sum and
difference operations of two sets and the procedure of alternating integration, was proposed and
justified [15]. Since in the case of arbitrary sets the result of the above-mentioned Minkowski
operations cannot be calculated exactly, numerical solution methods have been widely developed
(see, for example, [16,17]).

In the works of N. N. Krasovskii and representatives of his scientific school, the main results
of the theory of positional differential games were obtained [18]. This theory is based on the
concept of a stable bridge and the rule of extreme aiming at it. Papers [19-21] discuss grid
methods for solving positional differential games. These methods are based on the transition
to discrete representation of time and approximation of solvability sets by finite sets of points.
Another approach to the numerical solution of such problems is based on the approximation of
solvability sets by polygons (see, as example, [22]).
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The present article continues the research started in [23,24]. The article [23] considers the
problem of heating a rod by controlling the rate of temperature change at its left end. The rate
of temperature change at the right end of the rod is determined by the limited disturbance. The
density function of the internal heat sources of the rod is not precisely known, but only a segment
of its possible values is given. The goal of the control is to make the average temperature of
the rod at a fixed time moment no more than one given value and no less than another for any
admissible realization of disturbance and function of the density of internal heat sources. The
average temperature value is calculated as the integral of the product of temperature and a given
function. In [24] the problem of controlling a parabolic system describing the heating of a given
number of rods using point heat sources located at the ends of the rods is considered. The goal
of choosing a control is to ensure that at a fixed time moment the weighted sum of average
temperatures of the rods belongs to a given segment.

This article solves a modification of problems [23,24]. At a fixed time moment, it is required
to lead the vector of average temperatures of the rods to a terminal set, which is compact (possibly
non-convex). We assume that the control can be corrected only at a finite set of time moments.
After changing variables, taking disturbances and uncertainties as the control of the second player,
the problem is reduced to a differential game, the dynamics of which are described by a system of
ordinary differential equations. An approximate algorithm is proposed to construct the solvability
set of the first player in this problem. A program has been written that implements this algorithm.
Using this program, model calculations have been carried out for a specific example.

§ 1. Problem statement

The heat equation

OT(0,t)  O°Ti(x,1)
ot o2

+ fi(z, 1), (1.1)

where 0 < ¢t < pand 0 < x < 1, describes the temperature distribution T;(z, ) in ith (i = 1,n)
homogeneous rod of unit length as a function of time ¢. At the initial time moment ¢ = 0,
the temperature distributions Tj(x,0) = g;(x), i = 1,n, are given, where g;(x) are continuous
functions. We assume that the controlled temperatures 7;(0,t) and 7;(1,¢) at the ends of the ith
rod, i = 1, n, change according to the equations

% = (1) + a? ()GLE(); (1.2)
% = b0 () + b2 (1) (GPE(t) + mi(1)). (1.3)

Here, agj)(t) and bgj)(t), i = 1,n, j = 1,2, are continuous functions for 0 < ¢t < p, where
a?) (t) > 0 and bl@ (t) = 0. The vector-function £(t) = (£1(t), (1), ..., &(t)* € U, where U
is convex compact in R/, is a control. The symbol * denotes the transposition operation. The

choice of the corresponding one-dimensional controls &;(¢) for the left and right ends of each rod
is given by matrices G and G® of dimension n x I, respectively. Ggl) and GZ(Q) denote the ith
rows of the corresponding matrix. The functions 7;(¢) (|;(t)| < 1), i = 1, n, are disturbances.

We know the estimates of the continuous functions f;(z, t), which are the densities of internal
heat sources of the rods:

[ ) < fila,t) < P (e1), 0<t<p, 0<a <L (14)

Here, functions fl-(j)(x, t),i=1,n, j = 1,2, are continuous.
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Assumption 1.1. Each function f;: [0,1] x [0,p] — R, ¢ = 1,n, is such that for any numbers
0 < 7 < v and continuous functions g;: [7,v] — R, j = 1,2, : [0,1] — R such that the
matching condition g;(7) = £(0), 02(7) = S(1) is satisfied, the first boundary value problem

0Q(x,t) 9?Q(x,t)
o 0x? + il t),

Q(O,t)zgl(t), Q(lvt) :QQ(t)> Tty
Q(z,7) =p(x), 0<z<1,

has a unique solution Q(z,t) continuous for 0 < =z < 1, 7 <t < v.

Let a compact Z C R™ be given. The goal of choosing control £(t) in (1.2), (1.3) is to
implement the inclusion

*

(Auunmm@mﬂnwluumm%@ma ez (1.5)

for any realized disturbances 7;(¢) (1.3), i = 1, n, and for any continuous functions f;(z,t) (1.4),
i = 1,n, satisfying Assumption 1.1. Here, given continuous functions o;: 0,1] = R, i=1,n,
satisfy the conditions

§ 2. Problem formalization

Let us describe the admissible rule for choosing control €. It means that each time 0 < v < p
and each admissible temperature distribution T'(z,v) = (T\(z,v), To(x,v), ..., T,(x,v)) at this
time, a measurable vector-function £(¢) such that ¢: [v,p] — U is put in correspondence. We
shall denote such a rule as

Et)=N(t,T(-v)), telvpl 2.1)
Fix a partition
w:O:t0<t1<...<tj<tj+1<...<tm+1:p (22)

of the segment [0, p]. Further, we will assume that control £(¢) can be corrected only at time
moments ¢;, 7 = 0, m.

Let the temperature distribution T (x,t;),0< < 1, be realized at time ¢, j = 0, m. Denote
) = N(t,T(w)(-, t;)), t € [t;,p]. Let measurable disturbances n\”: [t;, ¢;11] — [~1,1],
i = 1,n, and continuous functions f;(z,t), 1 = 1, n, are realized.

Denote by Ti(“)(x, t) for 0 < = < 1, t; <t < ¢4 the solution of the equation (1.1) with the
following initial and boundary conditions:

Ti(z,t) = T (z,t;), xe[0,1]; Ti(0,t) =T0,t), T(1,t)=T"(1,1);

7

)

t .
1900 =100.) + [ (@0)+ a6 ) dr i=Tn @)
t

J

Ti(w)(l,t) _ Ti(w)(l,tj) n /t (bgl)(r) + bl@)(r) (GZ(Q)g(j)(T) + nl_(j)(r))) dr, i=1,n, (24)

tj

fort € [tj, tj+1].
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§ 3. Reduction to a linear problem
Let us denote by v;(x,7) for 0 < x < 1, 0 < 7 < p solutions of the following first boundary
value problems

. 200,
8%(%7) _ 0 wz(l’ﬂ')’ wz(x’o) :O'i(ﬂf), %(077) :wz(laT) :07 i = 1777'- (31)
or Ox?
Equality (1.6) implies that the matching conditions at the ends of the segment in problems (3.1)

are satisfied.
Using the conditions (1.4), it can be shown that [25]

{/01 i, s, p — 1) dx} _ {cg”(t) +c§2)(t)s,~(t)}, ()] <1, i=Tn,  (3.2)

where

)
—
i
=
—~
~
SN—
DO | =

/0 (fi(l)(x, t) + fl-(Q)(:E, t))@/)i(x,p —t)dx,
A (t) = = / 1(f,~<2’<:c,t> — £, 1)) [, p — 1) da

Note that cl(.j)(t), i=1,n,j = 1,2, are continuous functions for ¢ € [0, p], and 052)(75) > 0.
Fix a control (2.1). Let’s introduce new variables

1
Y1) = / T (&, s, p — 1) de
0

w pawi<07p_r> w) pawi<17p_r>
T.”()t/—d 7! l,t/—d
+T7(04) . Ox r=TT Y . Ox " (3.3)

w [ (a0 [P ) [POGEE g () ) ar

1=1,n.

Then, taking into account formulas (1.1), (2.3)-(2.4), (3.1) and (3.2), we obtain
P . O — (4
yfw) (t) _ (al@)(t)/ 677/)1( P T) dr) Ggl)g(])(t)
t

Ox
- (o0 [ G ) @0 0 1 ue) + Poso, O
1=1,n.

Next, we rewrite (3.4) in the matrix form

7 (1) = AW (1) + By(t), €7(1) €U, T(t) € H(n). (3-5)
Here

7) = (), 15 (1), ..y ()
II(n) = {5 =(s1,82,...,8:,) € R": |s;] <1, i =1,n}; (3.6)

P . _ P . _
ai == (a0 [(POL=0 ) 604 (s [M2L=D 0 ) 6 - T
t t

ox
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B(t) = diag {oﬁ”(t) + (1) / PonlLp—r)

pe ey
(3.7)
PO (Lp—r)
@ ymt/_gL;__d .
W+ | [ T
Taking into account (3.3), we obtain that a polygonal line ) (¢) satisfies the equality
1 (@) 1 *
790 = ([ 1 po) oo [ 1o o) de )
0 0
It follows that inclusion (1.5) takes the form
7 (p) € Z. (3.8)

Taking the uncertain function v as a control of the second player, we obtain the differential
game (3.5), (3.8).

§ 4. Approximate algorithm for solving a differential game
4.1 Construction of a solvability set

We propose the following heuristic algorithm for constructing the solvability set of the first player
in the differential game (3.5), (3.8). In ideological terms, this algorithm is close to the works of
V. N. Ushakov [19-21].

We take a partition (2.2) with a sufficiently small constant step 6 > 0. Then for each ¢; the
solvability set can be found using the recurrent formula

3

Wip) =2, W()= (W(tﬂl); /;jH B(r)I(n) d"’) + (/twl A(T’)Ud'f’) j=0,

J

Here «+» denotes the Minkowski sum operation, which is defined by the formula A + B =
={a+b:a€ A, be B}; «—» denotes the Minkowski difference operation, which is defined by
the formula
ALB = ((A-D). (4.1)
beB
Since solvability sets cannot be calculated exactly, we will calculate them approximately,
replacing W (¢;) with the sets

WO (p) =29, WO(t;) = (WO (tj11)-6Bt) IO (n)) + (5A(t;2)UY), j=0,m

Here, following the ideas of grid methods [19-21], we replaced the sets Z, U, II(n) with their
finite subsets Z(9, U@, 11 (n), respectively.
For finite sets, we redefine the intersection operation in (4.1) as follows

A(B=

4.2)
={a € A: |ja—b|w < ¢ for somebGB}U{bEB: la — bl < € for some a € A},

where |la — b||oc = max;_i;|a; — b;|; € > 0 is a sufficiently small given number.
At some iteration, the number of points in the set W) (¢;) may become so large that the
resources of the computer on which the calculations take place may not be enough to calculate
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the set W@ (¢,;_,). Thus, if the number of points in the set W) (¢,) exceeds a certain specified
threshold value j3, then it is necessary to carry out a reduction procedure. Next, we use a reduction
procedure with a constant step />0, which is defined as follows.

1. Let us construct an estimated n-dimensional parallelepiped containing W) (;) which is
defined as

[ min max] % [ min , max min max]

Ve T Yo ye X [yt

2. Then, taking into account the geometry of this estimated parallelepiped, we calculate

g?i“:[yfh Jh, .@;““:Pih Wh, i=Tn,

and partition the segment [g™", 7**] with the step i > 0. Here |-] is the operation of rounding
down to the nearest integer; [-| is the operation of rounding up to the nearest integer.

Thus we obtain a constant mesh contained in parallelepiped

7™, g™ < (g™ 72" < x (g™, g

3. For each grid node, which is the vertex of the «exposed» cell (containing points of the
set W@ (t;)), we choose the point of set W) (¢;) closest to it. We denote the resulting set
as WO ().

4. Replace W©(t;) with the set W(é)(tj).

Finally, we note that in the proposed algorithm, the choice of parameters h, € and the rules
for discretizing the set Z must be consistent with each other. We propose to define the set Z(®)
as the intersection of the set Z and a constant grid with step h. In addition, following a heuristic
consideration, we require that € be close to 0.5 h, but £ < 0.5 h, otherwise the e-neighborhoods
of the grid nodes intersect with each other.

4.2 Constructing the first player’s control

Let the initial temperature distributions 7;(z, to) = gi(x), i = 1, n, be such that y(ty) € W (t,).
Let us construct a guaranteeing control of the first player ¢ using the rule of extreme aiming [18].
1. Find the point 77*(t;) € W (¢,), which is closest to the point 7(t).
2. Construct the vector 7*(t1) — y(to).

3. If g*(t1) — y(to) # 0, then we find the control E(O) (t) as a solution to the problem
max(—A(to)€, 7" (t1) — y(to))-
&eu

Otherwise we take any & € U.

4. Substitute the constructed control E(O) (t) into the equation (3.5) and for some function
u(t) € II(n), realized on [ty, t1], let’s move to point ().
5. Let us continue the described procedure for y(t;), j = 1, m.

§5. Example

As an example, we consider the problem of heating a system consisting of two homogeneous
rods of unit length. The heating of the left and right ends of the first rod is determined by the
control & (t) and the disturbance 7, (t), respectively. The heating of the left end of the second
rod is determined by the control &;(¢), and the heating of the right end of this rod is determined
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by the control &,(t) and the disturbance 75(t). Let us define the rule for selecting controls &; ()

and &,(t) using matrices
10 0 0
1 — (2 —
G (1 0), G (0 1). (5.1

Next, £(t) = (£1(2),&(t))" such that £3(t) + €3(t) < 1, and |n;(¢)| < 1, j = 1,2
Substituting the matrices (5.1) into the formulas (3.6)—(3.7), we write the matrices A(t)
and B(t) for this example:

—af) (t) ’ W dr 0
R [ 202 gy [M 2Oy, | Y
t x ¢ T
B(t) = diag { 20) + 3@y | [~ 20LP 1) gl @y @y | [ OeLp =) g L
t Ox ‘ ox
(5.3)

Let 0;(z) = v;sinmz, 0 < < 1,7; > 0, ¢ = 1,2. Then the solution to problem (3.1) is the
functions

vi(x,T) = ’yl-e’WQT sintr, 0<ax<1, 7>0, i=1,2

Therefore

P ). _ D Gy _ ()
/ OYi(0,p — ) dr:—/ oi(Lp—r) dr = ~; - L i=1,2. (5.4)
t 81’ t al’ m

Let the functions fl-(j )(x, t),i=1,2, j = 1,2, be constant in this example. Then

c(?)(t) = %(fi@) - f‘(l))eiﬁ(pit), i=1,2.
T

K3 K3

Taking this and (5.4) into account, we rewrite the matrices (5.2) and (5.3) in the following
form:

1—e ™00 (oD 1)y, 0

A=y 4200 )’ )

ay’ (t)y2 5 (02

' 1 _ €—7r2(p—t)
B(t) = diag {%( = 1) (0 (T) |

- (5.6)

1 —e ™~

27 e s (L)

Let the numbers 0 < €; < e5 and the temperatures ﬁ and fg desired at time p be given. We
define a cross-shaped terminal set as follows:

Z(f17j—\‘27€1752) —

= {Z = (21,2’2)* - RQZ |,_Z/—\‘1 — 21| < €1, |,_Z/—\‘2 — 22| < E9 OI |f1 —21| < €9, |f2 —22| < 61}.
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5.1 Model calculations

The algorithm from § 4 is implemented in the C++ programming language using OpenMP parallel
computing technology. Using this program, calculations have been carried out for the example
under consideration. The program was run on the supercomputer node of the South Ural State
University «Tornado SUSUy, equipped with two Intel Xeon X5680 3.33 GHz processors (12
cores/24 threads per node) with 24 GB of RAM.

Let’s consider an example with specific parameter values and given functions in A(t) (5.5)
and B(t) (5.6):

t0:07 p:27 ’71:7T7 72:71-7 fl(l):17 f1(2):37 f2(1):O7 2(2):27
dP) =4, oP@t)=3, P@t)=2 vP0)=2 for te]0,p.

Note that with the selected parameters, matrix B(t) (5.6) becomes a constant matrix.
Let us take the following parameters of the algorithm for calculating the solvability set:

0=0.05, h=0.1, B=30000, e=0.0425.

Let Ty, =0, Ty =0, &1 = 1, &5 = 3. We define finite subsets Z®(0,0,1,3) (see Fig. 1), U®,
I19)(2) as follows:

U® = {(ih, jh)* € R%: (ih)>+ (jh)> <1, 4,j = —10,10}.
n®2) ={(i,j)" € R*: i, j = =1,1},
Z9(0,0,1,3) = {(ih, jh)* € R%: (ih, jh)* € Z(0,0,1,3), i,j = —30,30}.

Y2 0
—1 — SeHseEsEEEEEsE e R R R e Esese s

_9 |
_3

I I I I I I I I I I I I I I

3 2 1 0 1 2 3 6 4 -2 0 2 4 6

Y1 Y1
Fig. 1. Set W) (p) = Z(9(0,0,1, 3) Fig. 2. Constructed set W (®) ()

The Figure 2 shows set W (9 (,) calculated by the approximate algorithm from Subsection 4.1,
for the parameters specified above.
All calculated sets W (%) (t;), 7 = 0,m + 1, we save in the computer memory. Let’s take the

point (—6.78, —3.905)* € W (t,) and construct the first player’s control E(w) (t) leading from
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this point to a small neighborhood of Z((0,0,1,3) using the algorithm described in Subsec-
tion 4.2. We assume that the control of the second player is chosen randomly from I1(2) and it
is constant at each half-interval [¢;,t;11), 7 = 0, m. Figures 3 and 4 show the coordinates of the

constructed control £ ().

1.0 4 1.0 4
T (

0.5 0.5 +

§1 0.0 €3 0.0
—0.5 L —0.5

I .
~1.04 —1.0
0.‘0 0.‘5 1‘.0 1‘.5 2.‘0 010 015 1‘.0 115 210
t t
Fig. 3. £ (1) Fig. 4. £ (1)

Figures 5 and 6 show the coordinates of the trajectory 7(“)(t) generated by the found con-

trol E(w) (t) of the first player and the corresponding random piecewise constant control T(¢) of
the second player.

0.0 0.5 1.0 L5 2.0 0.0 0.5 1.0 1.5 2.0

Fig. 5. y{“)(¢) Fig. 6. v\ (t)

Note that for the constructed trajectory 7 (p) = (—2.73813, —0.910883)* € Z(0,0, 1, 3).

§ 6. Conclusion

This paper considers the problem of controlling a parabolic system that describes the heating
of a given number of rods under conditions of uncertainty and the influence of external distur-
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bances. A terminal set is compact (possibly non-convex). After changing variables the problem
is reduced to an antagonistic differential game (3.5), (3.8). For this differential game, an approx-
imate algorithm for constructing the solvability set of the first player is proposed. This algorithm
is implemented in the C++ programming language using OpenMP parallel computing technol-
ogy. Model calculations of the solvability set for specific values of the numerical parameters of
the system have been carried out on the supercomputer node of the South Ural State University
«Tornado SUSU». Using the extreme aiming method, a guaranteeing control of the first player
leading to the terminal set has been found.

In the future, we plan to consider a version of this problem in which the dynamics of the
system in (1.1) are described by more complex parabolic equations. In addition, the procedure
for approximate calculation of the Minkowski difference for finite sets will be improved.

Funding. The research was supported by a grant from the Russian Science Foundation no. 23—
21-00539. https://rsctf.ru/project/23-21-00539/.

REFERENCES

1. Osipov Iu. S. Position control in parabolic systems, Journal of Applied Mathematics and Mechanics,
1977, vol. 41, issue 2, pp. 187-193. https://doi.org/10.1016/0021-8928(77)90001-6

2. Korotkii A.I., Osipov Iu. S. Approximation in problems of position control of parabolic system, Jour-
nal of Applied Mathematics and Mechanics, 1978, vol. 42, issue 4, pp. 631-637.
https://doi.org/10.1016/0021-8928(78)90004-7

3. Egorov A.1. Optimal 'noe upravlenie teplovymi i diffuzionnymi protsessami (Optimal control of thermal
and diffusion processes), Moscow: Nauka, 1978.

4. Maksimov V.I. On the reconstruction of an input disturbance in a reaction—diffusion system, Compu-
tational Mathematics and Mathematical Physics, 2023, vol. 63, issue 6, pp. 990-1000.
https://doi.org/10.1134/S0965542523060143

5. Casas E., Yong Jiongmin. Optimal control of a parabolic equation with memory, ESAIM: Control,
Optimisation and Calculus of Variations, 2023, vol. 29, article number: 23.
https://doi.org/10.1051/cocv/2023013

6. Lohéac J. Nonnegative boundary control of 1D linear heat equations, Vietnam Journal of Mathematics,
2021, vol. 49, issue 3, pp. 845-870. https://doi.org/10.1007/s10013-021-00497-5

7. Barseghyan V., Solodusha S. The problem of boundary control of the thermal process in a rod, Math-
ematics, 2023, vol. 11, issue 13, 2881. https://doi.org/10.3390/math11132881

8. Dai Jiguo, Ren Beibei. UDE-based robust boundary control of heat equation with unknown input
disturbance, /FAC-PapersOnLine, 2017, vol. 50, issue 1, pp. 11403-11408.
https://doi.org/10.1016/j.ifacol.2017.08.1801

9. Zheng Guojie, Li Jun. Stabilization for the multi-dimensional heat equation with disturbance on the
controller, Automatica, 2017, vol. 82, pp. 319-323. https://doi.org/10.1016/j.automatica.2017.04.011

10. Feng Hongyinping, Xu Cheng-Zhong, Yao Peng-Fei. Observers and disturbance rejection control for
a heat equation, /EEE Transactions on Automatic Control, 2020, vol. 65, issue 11, pp. 4957-4964.
https://doi.org/10.1109/TAC.2020.3022849

11. Wang Shanshan, Qi Jie, Diagne Mamadou. Adaptive boundary control of reaction—diffusion PDEs
with unknown input delay, Automatica, 2021, vol. 134, 109909.
https://doi.org/10.1016/j.automatica.2021.109909

12. Krasovskii N.N. Upravienie dinamicheskoi sistemoi (Control of a dynamical system), Moscow:
Nauka, 1985.

13. Osipov Yu.S., Okhezin S.P. On the theory of differential games in parabolic systems, Soviet Mathe-
matics. Doklady, 1976, vol. 17, pp. 278-282. https://zbmath.org/0367.90144


https://rscf.ru/project/23-21-00539/
https://doi.org/10.1016/0021-8928(77)90001-6
https://doi.org/10.1016/0021-8928(78)90004-7
https://doi.org/10.1134/S0965542523060143
https://doi.org/10.1051/cocv/2023013
https://doi.org/10.1007/s10013-021-00497-5
https://doi.org/10.3390/math11132881
https://doi.org/10.1016/j.ifacol.2017.08.1801
https://doi.org/10.1016/j.automatica.2017.04.011
https://doi.org/10.1109/TAC.2020.3022849
https://doi.org/10.1016/j.automatica.2021.109909
https://zbmath.org/0367.90144

V. 1. Ukhobotov

[. V. Izmest’ev, , K. N. Kudryavtsev 43

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24,

25.

Okhezin S.P. Differential encounter—evasion game for a parabolic system under integral constraints
on the player’s controls, Journal of Applied Mathematics and Mechanics, 1977, vol. 41, issue 2,
pp. 194-201. https://doi.org/10.1016/0021-8928(77)90002-8

Pontryagin L. S. Linear differential games of pursuit, Mathematics of the USSR-Sbornik, 1981, vol. 40,
issue 3, pp. 285-303. https://doi.org/10.1070/SM1981v040n03ABEH001815

Grigorenko N. L., Kiselev Yu.N., Lagunova N.V.,, Silin D.B., Trin’ko N.G. Solution methods for
differential games, Computional Mathematics and Modelling, 1996, vol. 7, issue 1, pp. 101-116.
https://doi.org/10.1007/BF01128750

Polovinkin E.S., Ivanov G.E., Balashov M. V., Konstantinov R.V., Khorev A.V. An algorithm for
the numerical solution of linear differential games, Sbornik: Mathematics, 2001, vol. 192, issue 10,
pp- 1515-1542. https://doi.org/10.1070/SM2001v192n10ABEH000604

Krasovskii N. N., Subbotin A.1. Game-theoretical control problems, New York: Springer, 1988.
https://www.springer.com/gp/book/9781461283188

Ushakov V.N.; Matviichuk A.R., Parshikov G.V. A method for constructing a resolving control in
an approach problem based on attraction to the solvability set, Proceedings of the Steklov Institute of
Mathematics, 2014, vol. 284, suppl. 1, pp. 135-144. https://doi.org/10.1134/S0081543814020126
Ushakov V.N., Ukhobotov V.I., Lipin A.E. An addition to the definition of a stable bridge and an
approximating system of sets in differential games, Proceedings of the Steklov Institute of Mathematics,
2019, vol. 304, pp. 268-280. https://doi.org/10.1134/S0081543819010206

Ershov A.A., Ushakov A.V., Ushakov V.N. Two game-theoretic problems of approach, Sbornik:
Mathematics, 2021, vol. 212, issue 9, pp. 1228-1260. https://doi.org/10.1070/SM9496

Kamneva L. V., Patsko V.S. Construction of the solvability set in differential games with simple mo-
tions and nonconvex terminal set, Proceedings of the Steklov Institute of Mathematics, 2018, vol. 301,
suppl. 1, pp. 57-71. https://doi.org/10.1134/S008154381805005X

Ukhobotov V.I., Izmest’ev 1. V. The problem of controlling the process of heating the rod in the
presence of disturbance and uncertainty, /FAC-PapersOnLine, 2018, vol. 51, issue 32, pp. 739-742.
https://doi.org/10.1016/j.ifacol.2018.11.458

Izmest’ev 1. V., Ukhobotov V.I. On one problem of controlling the heating of a rod system under
uncertainty, Vestnik Udmurtskogo Universiteta. Matematika. Mekhanika. Komp *yuternye Nauki, 2022,
vol. 32, issue 4, pp. 546-556 (in Russian). https://doi.org/10.35634/vm220404

Ukhobotov V. 1., Izmest’ev 1. V. A control problem for a rod heating process with unknown temperature
at the right end and unknown density of the heat source, Trudy Instituta Matematiki i Mekhaniki UrO
RAN, 2019, vol. 25, no. 1, pp. 297-305 (in Russian).
https://doi.org/10.21538/0134-4889-2019-25-1-297-305


https://doi.org/10.1016/0021-8928(77)90002-8
https://doi.org/10.1070/SM1981v040n03ABEH001815
https://doi.org/10.1007/BF01128750
https://doi.org/10.1070/SM2001v192n10ABEH000604
https://www.springer.com/gp/book/9781461283188
https://doi.org/10.1134/S0081543814020126
https://doi.org/10.1134/S0081543819010206
https://doi.org/10.1070/SM9496
https://doi.org/10.1134/S008154381805005X
https://doi.org/10.1016/j.ifacol.2018.11.458
https://doi.org/10.35634/vm220404
https://doi.org/10.21538/0134-4889-2019-25-1-297-305

44 Numerical solution of a control problem for a parabolic system with disturbances

Received 25.11.2023

Accepted 30.01.2024

Igor’ Vyacheslavovich Izmest’ev, Candidate of Physics and Mathematics, Senior Researcher, Department
of Scientific and Innovation Activities, South Ural State University, pr. Lenina, 76, Chelyabinsk, 454080,
Russia;

Researcher, Department of Control Theory and Optimization, Chelyabinsk State University, ul. Brat’ev
Kashirinykh, 129, Chelyabinsk, 454001, Russia.

ORCID: https://orcid.org/0000-0003-0134-8466

E-mail: j748e8@gmail.com

Viktor Ivanovich Ukhobotov |, Doctor of Physics and Mathematics, Professor, Senior Researcher, Depart-
ment of Scientific and Innovation Activities, South Ural State University, pr. Lenina, 76, Chelyabinsk,
454080, Russia.

ORCID: https://orcid.org/0000-0003-2130-6482

E-mail: ukh@csu.ru

Konstantin Nikolaevich Kudryavtsev, Candidate of Physics and Mathematics, Associate Professor, De-
partment of Mathematical Analysis and Methods of Teaching Mathematics, South Ural State University,
pr. Lenina, 76, Chelyabinsk, 454080, Russia.

ORCID: https://orcid.org/0000-0001-9279-4490

E-mail: kudriavtcevkn@susu.ru

Citation: 1. V. Izmest’ev, | V. 1. Ukhobotov |, K. N. Kudryavtsev. Numerical solution of a control problem
for a parabolic system with disturbances, Vestnik Udmurtskogo Universiteta. Matematika. Mekhanika.
Komp yuternye Nauki, 2024, vol. 34, issue 1, pp. 33-47.



https://orcid.org/0000-0003-0134-8466
mailto:j748e8@gmail.com
https://orcid.org/0000-0003-2130-6482
mailto:ukh@csu.ru
https://orcid.org/0000-0001-9279-4490
mailto:kudriavtcevkn@susu.ru

BECTHUK YIMYPTCKOI'O YHUBEPCUTETA. MATEMATUKA. MEXAHUKA. KOMIIbIOTEPHBIE HAYKHN

MATEMATUKA 2024. T. 34. Bem. 1. C. 33-47.

U. B. Uzmecmoes, | B. H. Yxo60moe L K. H. Kyopaeues
YucneHHoe pelreHre 3a1a4i YIPaBJIeHH MAPa0oIHIeCcKOil CHCTEMOIl ¢ oMexaMu
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YK 517.977
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PaccmarpuBaercs ynpasnsiemasi napaboiauueckas CHCTEMa, KOTopasi OIUCHIBACT HAarpeB 3aJaHHOTO KOJH-
yecTBa cTepkHed. DyHKIUU IIOTHOCTH BHYTPEHHUX MCTOYHUKOB TEIUIA CTEP)KHEW TOYHO HEU3BECTHBI,
3a/laHbl TOJIBKO OTPE3KH UX U3MEHEHHUs. Ha KOHLax crep:kHel HAXOAATCS YIPaBIseMble UCTOYHHMKY TEILIA
u omexu. Llenp BBIOOpa ympaBiieHHs 3aKIIFO9aeTCs B TOM, YTOOBI IIPHBECTH BEKTOP CPEIHUX TEMIIeparyp
cTepHed B QUKCHMPOBaHHBI MOMEHT BPEMEHHU Ha 33/IaHHBIA KOMIIAKT IIPHU JIFOOBIX TOMTYCTHUMBIX (PyHKLIUIX
TUIOTHOCTH BHYTPEHHUX MCTOYHHKOB TEIIa ¥ JIFOOBIX JOMYCTHMBIX peanm3anusax nmomex. [locie 3ameHsl
NepeMEeHHBIX MONy4YeHa 3a/ada yIpaBJeHUS! CUCTEMOH OOBIKHOBEHHBIX OU(depeHIHanbHBIX ypaBHEHHUH
[IPY HAJIMYUU HEOIIPeeICHHOCTH. VICIonb3ysl YnCAeHHBIH METO, ISl ATOM 3aJ1aud MOCTPOEHO MHOXKECTBO
pa3pemMocTi. BBIOMTHEHBI MOJEIBHBIE PACUETHI.

dunancupoBanue. ccnenoBaHue BBIOIHEHO 3a cueT rpanTta Poccuiickoro nayunoro ¢onga Ne 23-21-
00539. https://rsct.ru/project/23-21-00539/.
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