
Proof of Theorem 1

Let us introduce useful notations:

z̃k+1 = zk+1 +
γ

n

n∑
i=1

ek+1
i

With this notation,

z̃k+1 = ukH+
γ

n

n∑
i=1

C(eki + Fi(m
k)− F1(m

k)− Fi(ukH) + F1(u
k
H))

+
γ

n

n∑
i=1

eki + Fi(m
k)− F1(m

k)− Fi(ukH) + F1(u
k
H)

−
γ

n

n∑
i=1

C(eki + Fi(m
k)− F1(m

k)− Fi(ukH) + F1(u
k
H))

= ukH+
γ

n

n∑
i=1

eki + Fi(m
k)− F1(m

k)− Fi(ukH) + F1(u
k
H).

It follow that

z̃k+1 − z̃k = ukH +
γ

n

n∑
i=1

eki + Fi(m
k)− F1(m

k)− Fi(ukH) + F1(u
k
H)− zk−

γ

n

n∑
i=1

eki

= ukH +
γ

n

n∑
i=1

Fi(m
k)− F1(m

k)− Fi(ukH) + F1(u
k
H)− zk.

(1)

In the algorithm, we run Extra Gradient method for H steps for the local problem

Find ûk such that 〈T (ûk), z − ûk〉 ≥ 0, ∀z ∈ Z

with T (z) =F1(z) + F (mk)− F1(m
k) +

1

γ
(z − [zk + τ(mk − zk)]).

(2)

In the proofs, we use the notation ûk as the solution of (2). We proceed with the following
lemma.

Lemma 1. Let {zk}k≥0 be the sequence that Algorithm 1 generates. Then we have the
following estimate on iterations:

K−1∑
k=0

qkE‖z̃k+1 − z∗‖2 +
K−1∑
k=0

qkE‖mk+1 − z∗‖2

≤
(
1− γµ

2

)K−1∑
k=0

qkE‖z̃k − z∗‖2 +
(
1− γµ

2

)K−1∑
k=0

qkE‖mk − z∗‖2

+

(
3 +

4γδ2

µ
+

4

γµ
+ 12γ2δ2 + 32

(
4− 3γµ

2

)
γ2ω2δ2

)K−1∑
k=0

qkE‖ukH − ûk‖2

−
(
1

2
− p− 3γµ

4

)K−1∑
k=0

qkE‖zk − ûk‖



−
(
p− 3γµ

2
− 12γ2δ2 − 32

(
4− 3γµ

2

)
γ2ωδ2

)K−1∑
k=0

qkE‖mk − ûk‖2,

where qk are the weights, with qk ≤ qj
(
1 + 1

4ω

)k−j for all j < k.

Proof: Using basic algebraic operators,

E‖z̃k+1 − z∗‖2 = E‖z̃k − z∗‖2 + 2E〈z̃k+1 − z̃k, z̃k − z∗〉+ E‖z̃k+1 − z̃k‖2

= E‖z̃k − z∗‖2 + 2E〈z̃k+1 − z̃k, ûk − z∗〉+ 2E〈z̃k+1 − z̃k, z̃k − ûk〉+ E‖z̃k+1 − z̃k‖2

= E‖z̃k − z∗‖2 + 2E〈z̃k+1 − z̃k, ûk − z∗〉+ E‖z̃k+1 − ûk‖2 − E‖z̃k − ûk‖2.

With (1), we can write

E‖z̃k+1 − z∗‖2 = E‖z̃k − z∗‖2

+ 2E〈ukH + γ · 1
n

n∑
i=1

Fi(m
k)− F1(m

k)− Fi(ukH) + F1(u
k
H)− zk, ûk − z∗〉

+ E‖z̃k+1 − ûk‖2 − E‖z̃k − ûk‖2

= E‖z̃k − z∗‖2

+ 2E〈ukH + γ ·

[
1

n

n∑
i=1

Fi(m
k)− F1(m

k)− Fi(ukH) + F1(u
k
H)

]
− zk, ûk − z∗〉

+ E‖z̃k+1 − ûk‖2 − E‖z̃k − ûk‖2

= E‖z̃k − z∗‖2 + 2E〈ukH + γ · (F (mk)− F1(m
k))− zk, ûk − z∗〉

− 2γE〈F (ukH)− F1(u
k
H), û

k − z∗〉
+ E‖z̃k+1 − ûk‖2 − E‖z̃k − ûk‖2.

Introducing the notation vk = zk + τ(mk − zk)− γ ·
(
F (mk)− F1(m

k)
)
, we have

E‖z̃k+1 − z∗‖2 ≤E‖z̃k − z∗‖2 + 2E〈ukH − vk, ûk − z∗〉+ τE〈mk − zk, ûk − z∗〉
− 2γE〈F (ukH)− F1(u

k
H), û

k − z∗〉+ E‖z̃k+1 − ûk‖2 − E‖z̃k − ûk‖2

=E‖z̃k − z∗‖2 + 2E〈ûk − vk, ûk − z∗〉+ τE〈mk − zk, ûk − z∗〉
− 2γE〈F (ukH)− F1(u

k
H), û

k − z∗〉+ 2E〈ukH − ûk, ûk − z∗〉
+ E‖z̃k+1 − ûk‖2 − E‖z̃k − ûk‖2.

Since ûk is the optimal solution of (2), then 〈γF1(û
k) + ûk − vk, ûk − z〉 ≤ 0. We can use it

in 2E〈ûk − vk, ûk − z∗〉 to get

E‖z̃k+1 − z∗‖2 ≤E‖z̃k − z∗‖2 − 2γE〈F1(û
k), ûk − z∗〉 − 2γE〈F (ukH)− F1(u

k
H), û

k − z∗〉
+ 2E〈ukH − ûk, ûk − z∗〉+ τE〈mk − zk, ûk − z∗〉+ E‖z̃k+1 − ûk‖2 − E‖z̃k − ûk‖2

=E‖z̃k − z∗‖2 − 2γE〈F1(û
k), ûk − z∗〉−2γE〈F (ûk)− F1(û

k), ûk − z∗〉
+2E〈γ(F (ûk)− F1(û

k)− F (ukH) + F1(u
k
H)) + ukH − ûk, ûk − z∗〉

+ τE〈mk − zk, ûk − z∗〉+ E‖z̃k+1 − ûk‖2 − E‖z̃k − ûk‖2.

By using the optimality of the solution z∗ and µ-strong monotonicity of F (Assumption 2),
we get

E‖z̃k+1 − z∗‖2 ≤E‖z̃k − z∗‖2 − 2γE〈F (ûk)− F (z∗), ûk − z∗〉



+ 2E〈γ(F (ûk)− F1(û
k)− F (ukH) + F1(u

k
H)) + ukH − ûk, ûk − z∗〉

+ τE〈mk − zk, ûk − z∗〉+ E‖z̃k+1 − ûk‖2 − E‖z̃k − ûk‖2

≤E‖z̃k − z∗‖2 − 2γµE‖ûk − z∗‖2

+ 2E〈γ(F (ûk)− F1(û
k)− F (ukH) + F1(u

k
H)) + ukH − ûk, ûk − z∗〉

+ τE〈mk − zk, ûk − z∗〉+ E‖z̃k+1 − ûk‖2 − E‖z̃k − ûk‖2.

The equality 2〈a, b〉 = ‖a+ b‖2 − ‖a‖2 − ‖b‖2 gives

E‖z̃k+1 − z∗‖2 ≤E‖z̃k − z∗‖2 − 2γµE‖ûk − z∗‖2

+ 2E〈γ(F (ûk)− F1(û
k)− F (ukH) + F1(u

k
H)) + ukH − ûk, ûk − z∗〉

+ τE〈mk − ûk, ûk − z∗〉+ τE〈ûk − zk, ûk − z∗〉
+ E‖z̃k+1 − ûk‖2 − E‖z̃k − ûk‖2

=E‖z̃k − z∗‖2 − 2γµE‖ûk − z∗‖2

+ 2E〈γ(F (ûk)− F1(û
k)− F (ukH) + F1(u

k
H)) + ukH − ûk, ûk − z∗〉

+ τE‖mk − z∗‖2 − τE‖mk − ûk‖2 − τE‖ûk − z∗‖2

+ τE‖ûk − zk‖2 + τE‖ûk − z∗‖2 − τE‖zk − z∗‖2

+ E‖z̃k+1 − ûk‖2 − E‖z̃k − ûk‖2

=E‖z̃k − z∗‖2 + τE‖mk − z∗‖2 − 2γµE‖ûk − z∗‖2 − τE‖zk − z∗‖2

+ 2E〈γ(F (ûk)− F1(û
k)− F (ukH) + F1(u

k
H)) + ukH − ûk, ûk − z∗〉

+ E‖z̃k+1 − ûk‖2 − E‖z̃k − ûk‖2 − τE‖mk − ûk‖2 + τE‖zk − ûk‖2.

By the Young’s inequalities 2〈a, b〉 ≤ ‖a‖2 + ‖b‖2 and ‖a+ b‖2 ≤ 2‖a‖2 + 2‖b‖2, we have

E‖z̃k+1 − z∗‖2 ≤E‖z̃k − z∗‖2 + τE‖mk − z∗‖2 − 2γµE‖ûk − z∗‖2

+
2

γµ
E‖γ(F (ûk)− F1(û

k)− F (ukH) + F1(u
k
H)) + ukH − ûk‖2

+
γµ

2
E‖ûk − z∗‖2 − τE‖zk − z∗‖2 + E‖z̃k+1 − ûk‖2 − E‖z̃k − ûk‖2

− τE‖mk − ûk‖2 + τE‖zk − ûk‖2

=E‖z̃k − z∗‖2 + τE‖mk − z∗‖2 − 3γµ

2
E‖ûk − z∗‖2 − τE‖zk − z∗‖2

+
4γ

µ
E‖F (ûk)− F1(û

k)− F (ukH) + F1(u
k
H)‖2 +

4

γµ
E‖ukH − ûk‖2

+ E‖ukH + γ · 1
n

n∑
i=1

Fi(m
k)− F1(m

k)− Fi(ukH) + F1(u
k
H)− ûk +

γ

n

n∑
i=1

eki ‖2

− E‖z̃k − ûk‖2 − τE‖mk − ûk‖2 + τE‖zk − ûk‖2

=E‖z̃k − z∗‖2 + τE‖mk − z∗‖2 − 3γµ

2
E‖ûk − z∗‖2 − τE‖zk − z∗‖2

+
4γ

µ
E‖F (ûk)− F1(û

k)− F (ukH) + F1(u
k
H)‖2 +

4

γµ
E‖ukH − ûk‖2

+ 3E‖ukH − ûk‖2 + 3γ2E‖ 1
n

n∑
i=1

Fi(m
k)− F1(m

k)− Fi(ukH) + F1(u
k
H)‖2



− τE‖mk − ûk‖2 + τE‖zk − ûk‖2 + 3γ2E‖ 1
n

n∑
i

eki ‖. (3)

Under Assumption 3, we can write 2 bounds below:

‖ 1
n

n∑
i=1

F (mk)− F1(m
k)− Fi(ukH) + F1(u

k
H)‖2 ≤

1

n

n∑
i=1

‖F (mk)− F1(m
k)− Fi(ukH) + F1(u

k
H)‖

≤ 2δ2‖mk − ukH‖2 (4)

‖F (ûk)− F1(û
k)− F (ukH) + F1(u

k
H)‖2 ≤ δ2‖ûk − ukH‖2. (5)

We substitute (4) and (5) in (3) to obtain

E‖z̃k+1 − z∗‖2 ≤E‖z̃k − z∗‖2 + τE‖mk − z∗‖2 − 3γµ

2
E‖ûk − z∗‖2 − τE‖zk − z∗‖2

+
4γδ2

µ
E‖ukH − ûk‖2 +

4

γµ
E‖ukH − ûk‖2

+ 3E‖ukH − ûk‖2 + 6γ2δ2E‖mk − ukH‖2

− E‖z̃k − ûk‖2 − τE‖mk − ûk‖2 + τE‖zk − ûk‖2 + 3γ2E‖ 1
n

n∑
i=1

eki ‖2

≤E‖z̃k − z∗‖2 + τE‖mk − z∗‖2 − 3γµ

2
E‖ûk − z∗‖2

+

(
3 +

4γδ2

µ
+

4

γµ
+ 12γ2δ2

)
E‖ukH − ûk‖2

− E‖z̃k − ûk‖2 − (τ − 12γ2δ2)E‖mk − ûk‖2 − τE‖zk − z∗‖2

+ τE‖zk − ûk‖2 + 3γ2E‖ 1
n

n∑
i

eki ‖2.

=E‖z̃k − z∗‖2 + τE‖mk − z∗‖2 − 3γµ

4
E‖ûk − z∗‖2 − 3γµ

4
E‖ûk − z∗‖2

− τE‖zk − z∗‖2 +
(
3 +

4γδ2

µ
+

4

γµ
+ 12γ2δ2

)
E‖ukH − ûk‖2

− E‖z̃k − ûk‖2 − (τ − 12γ2δ2)E‖mk − ûk‖2 + τE‖zk − ûk‖2 + 3γ2E‖ 1
n

n∑
i

eki ‖.

(6)

The Young’s inequality ‖a+ b‖2 ≤ 2‖a‖2 + 2‖b‖2 was also used here. The update of mk+1

gives

Emk+1

[
‖mk+1 − z∗‖2

]
= (1− p)‖mk − z∗‖2 + p‖zk − z∗‖2. (7)

Then, summing up (6) and (7) with τ = p, we obtain

E‖z̃k+1 − z∗‖2 + E‖mk+1 − z∗‖2 ≤E‖z̃k − z∗‖2 + E‖mk − z∗‖2

− 3γµ

4
E‖ûk − z∗‖2 − 3γµ

4
E‖ûk − z∗‖2



+

(
3 +

4γδ2

µ
+

4

γµ
+ 12γ2δ2

)
E‖ukH − ûk‖2

− E‖z̃k − ûk‖2 − (τ − 12γ2δ2)E‖mk − ûk‖2

+ pE‖zk − ûk‖+ 3γ2E‖ 1
n

n∑
i=1

eki ‖.

Using ‖a+ b‖2 ≥ 2
3‖a‖

2 − 2‖b‖2, one can get

E‖z̃k+1 − z∗‖2 + E‖mk+1 − z∗‖2 ≤
(
1− γµ

2

)
E‖z̃k − z∗‖2 +

(
1− γµ

2

)
E‖mk − z∗‖2

+

(
3 +

4γδ2

µ
+

4

γµ
+ 12γ2δ2

)
E‖ukH − ûk‖

−
(
1− 3γµ

2

)
E‖z̃k − ûk‖

−
(
p− 3γµ

2
− 12γ2δ2

)
E‖mk − ûk‖2

+ pE‖zk − ûk‖2 + 3γ2E‖ 1
n

n∑
i=0

eki ‖2.

We can bound the term E‖zk − ûk‖2:

E‖zk − ûk‖2 = E‖z̃k − γ

n

n∑
i=1

eki − ûk‖2 ≤ 2E‖z̃k − ûk‖2 + 2γ2E‖ 1
n

n∑
i=1

eki ‖2.

This leads to the following estimate:

E‖z̃k+1 − z∗‖2 + E‖mk+1 − z∗‖2 ≤
(
1− γµ

2

)
E‖z̃k − z∗‖2 +

(
1− γµ

2

)
E‖mk − z∗‖2

+

(
3 +

4γδ2

µ
+

4

γµ
+ 12γ2δ2

)
E‖ukH − ûk‖

−
(
1

2
− 3γµ

4
− p
)
E‖zk − ûk‖

−
(
p− 3γµ

2
− 12γ2δ2

)
E‖mk − ûk‖2

+

(
4− 3γµ

2

)
E‖γ
n

n∑
i=0

eki ‖2.

The Young’s inequality on error part gives

E‖ 1
n

n∑
i=0

eki ‖2 ≤
1

n

n∑
i=0

E‖eki ‖2

≤ 1

n

n∑
i=1

E‖ek−1i + Fi(m
k−1)− F1(m

k−1)− Fi(uk−1H ) + F1(u
k−1
H )

− C(ek−1i + Fi(m
k−1)− F1(m

k−1)− Fi(uk−1H ) + F1(u
k−1
H )‖2



≤ 1

n

(
1− 1

ω

) n∑
i=1

E‖ek−1i + Fi(m
k−1)− F1(m

k−1)− Fi(uk−1H ) + F1(u
k−1
H )‖2

≤ 1

n

(
1− 1

ω

)
(1 + c)

n∑
i

E‖ek−1i ‖2

+
1

n

(
1− 1

ω

)
(1 +

1

c
)

n∑
i=1

E‖Fi(mk−1)− F1(m
k−1)− Fi(uk−1H ) + F1(u

k−1
H ))‖2

≤ 1

n

(
1− 1

2ω

) n∑
i=1

E‖ek−1i ‖2

+
1

n
2ω

n∑
i=1

E‖Fi(mk−1)− F1(m
k−1)− Fi(uk−1H ) + F1(u

k−1
H )‖2

≤ 1

n

(
1− 1

2ω

) n∑
i=1

E‖ek−1i ‖2

+
2ω

n

n∑
i=1

E‖Fi(mk−1)− F1(m
k−1)− Fi(uk−1H ) + F1(u

k−1
H )‖2

≤ 1

n

(
1− 1

2ω

) n∑
i=1

E‖ek−1i ‖2

+ 2ωδ2E‖mk−1 − uk−1H ‖2.

Running the reccurence, we get

E‖ 1
n

n∑
i=0

eki ‖2 ≤
1

n

n∑
i=0

E‖eki ‖2

≤ 2ωδ2
k−1∑
j=0

(
1− 1

2ω

)k−1−j
E‖mj − ujH‖

2.

Weighting the previous expression by qk, where qk ≤ qj
(
1 + 1

4ω

)k−j , leads to
K−1∑
k=0

qk
1

n

n∑
i=0

E‖eki ‖2 ≤2ωδ2
K−1∑
k=0

qk
k−1∑
j=0

(
1− 1

2ω

)k−1−j
E‖mj − ujH‖

2

≤ 2ωnδ2

1− 1
2ω

K−1∑
k=0

K−1∑
j=0

qj
(
1 +

1

4ω

)k−j (
1− 1

2ω

)k−j
E‖mj − ujH‖

2

≤ 2ωδ2

1− 1
2ω

K−1∑
k=0

k−1∑
j=0

qj
(
1− 1

4ω

)k−j
E‖mj − ujH‖

2

≤ 2ωδ2

1− 1
2ω

K−1∑
k=0

qkE‖mk − ukH‖2
∞∑
j=0

(
1− 1

4ω

)j

≤16ω2δ2
K−1∑
k=0

qkE‖mk − ukH‖2



≤32ω2δ2
K−1∑
k=0

qkE‖mk − ûk‖2 + 32ω2δ2
K−1∑
k=0

qkE‖ukH − ûk‖2.

After weighting the recurrence we get what lemma says.

�

Next, it is time to finish with the theorem. In Line 3 we run Extra Gradient algorithm.
The operator in (2) is

(
L+ 1

γ

)
-Lipschitz continuous (Assumption 1) and 1

γ -strongly monotone
(Assumption 2). For this case, there are convergence guarantees from [Alacaoglu, Malitsky, 2021]:

with η =
1

4
(
L+ 1

γ

) it holds that ‖ukH − ûk‖2 ≤ exp

(
− H

4 (γL+ 1)

)
‖zk − ûk‖2.

If γ ≤ 1
L ·

(
H

4 log
220Lω
µ
√
p

− 1

)
, then it holds that

‖ukH − ûk‖2 ≤
µp

220Lω
‖zk − ûk‖2.

This fact, in addition to Lemma 1, gives

K−1∑
k=0

qkE‖z̃k+1 − z∗‖2 +
K−1∑
k=0

qkE‖mk+1 − z∗‖2

≤
(
1− γµ

2

)K−1∑
k=0

qkE‖z̃k − z∗‖2 +
(
1− γµ

2

)K−1∑
k=0

qkE‖mk − z∗‖2

+

(
3 +

4γδ2

µ
+

4

γµ
+ 12γ2δ2 + 32

(
4− 3γµ

2

)
γ2ω2δ2

)
µp

220L

K−1∑
k=0

qkE‖zk − ûk‖2

−
(
1

2
− p− 3γµ

4

)K−1∑
k=0

qkE‖zk − ûk‖

−
(
p− 3γµ

2
− 12γ2δ2 − 32

(
4− 3γµ

2

)
γ2ω2δ2

)K−1∑
k=0

qkE‖mk − ûk‖2.

If we pick γ, H and p from Theorem 1, we get

3 +
4γδ2

µ
+

4

γµ
+ 12γ2δ2 + 32

(
4− 3γµ

2

)
γ2ω2δ2 ≤3 + 4δ2

µ
·
√
p

12δ

+
4

µ
·max

6µ

p
,
12δ
√
p
, L

(
H

4 log
220L
µp

− 1

)−1
,
αωδ
√
p


+ 12δ2 ·

(√
p

12δ

)2

+ 32

(
4− 3γµ

2

)
ω2δ2

p

α2ω2δ2

≤3 +
δ
√
p

3µ
+

4

µ
·max

{
6µ

p
,
12δ
√
p
, L,

αδω
√
p

}
+
p

2
+

128p

α2



≤4 + 128p

α2
+max {48, 4α+ 1}max

{
1

p
,
δω

µ
√
p
,
L

µ

}
≤55Lω

µp
.

Next, if we pick α =
√
128, we get

K−1∑
k=0

qk(E‖z̃k+1 − z∗‖2 + E‖mk+1 − z∗‖2)

≤
(
1− γµ

2

)K−1∑
k=0

qkE‖z̃k − z∗‖2

+
(
1− γµ

2

)K−1∑
k=0

qkE‖mk − z∗‖2

−
(
1

4
− p− 3γµ

4

)K−1∑
k=0

qkE‖zk − ûk‖

−
(
p− 3γµ

2
− 12γ2δ2 − 32

(
4− 3γµ

2

)
γ2ωδ2

)K−1∑
k=0

qkE‖mk − ûk‖2

≤
(
1− γµ

2

)K−1∑
k=0

qk(E‖z̃k − z∗‖2 + E‖mk − z∗‖2).

With q = 1
1−µγ/2 (for which qk ≤ qj

(
1 + 1

4ω

)k−j holds with chosen above learning rate),
we have

E
(
‖z̃k+1 − z∗‖2 + ‖mk+1 − z∗‖2

)
≤
(
1− γµ

2

)K
E
(
‖z̃0 − z∗‖2 + ‖m0 − z∗‖2

)
This ends the proof.
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