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A numerical method is proposed that approximates the equations of the dynamics of a weakly
compressible viscous flow in the presence of a polymer component of the flow. The behavior of the
flow under the influence of a static external periodic force in a periodic square cell is investigated. The
methodology is based on a hybrid approach. The hydrodynamics of the flow is described by a system
of Navier – Stokes equations and is numerically approximated by the linearized Godunov method.
The polymer field is described by a system of equations for the vector of stretching of polymer
molecules R, which is numerically approximated by the Kurganov – Tedmor method. The choice of
model relationships in the development of a numerical methodology and the selection of modeling
parameters made it possible to qualitatively model and study the regime of elastic turbulence at low
Reynolds Re ∼ 10−1. The polymer solution flow dynamics equations differ from the Newtonian fluid
dynamics equations by the presence on the right side of the terms describing the forces acting on the
polymer component part. The proportionality coefficient A for these terms characterizes the backward
influence degree of the polymers number on the flow. The article examines in detail how the flow
and its characteristics change depending on the given coefficient. It is shown that with its growth, the
flow becomes more chaotic. The flow energy spectra and the spectra of the polymers stretching field
are constructed for different values of A. In the spectra, an inertial sub-range of the energy cascade is
traced for the flow velocity with an indicator k ∼ −4, for the cascade of polymer molecules stretches
with an indicator −1.6.
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Предложен численный метод, аппроксимирующий уравнения динамики слабосжимаемого
вязкого течения при наличии полимерной составляющей потока. Исследуется поведение тече-
ния под воздействием статической внешней периодической силы в периодической квадратной
ячейке. Методика основывается на гибридном подходе. Гидродинамика течения описывается
системой уравнений Навье – Стокса и численно аппроксимируется линеаризованным методом
Годунова. Полимерное поле описывается системой уравнений для вектора растяжений поли-
мерных молекул R, которая численно аппроксимируются методом Курганова – Тедмора. Выбор
модельных соотношений при разработке численной методики и подбор параметров моделирова-
ния позволили на качественном уровне смоделировать и исследовать режим эластической турбу-
лентности при низких числах Рейнольдса Re ∼ 10−1. Уравнения динамики течения полимерного
раствора отличаются от уравнений динамики ньютоновской жидкости наличием в правой части
членов, описывающих силы, действующие со стороны полимерной компоненты. Коэффициент
пропорциональности A при данных членах характеризует степень обратного влияния количества
полимеров на поток. В статье подробно исследуется влияние этого коэффициента на структуру
и характеристики потока. Показано, что с его ростом течение становится более хаотическим. По-
строены энергетические спектры полученных течений и спектры полей растяжения полимеров
для различных величин коэффициента A. В спектрах прослеживается инерциальный поддиапа-
зон энергетического каскада для скорости течения с показателем k ∼ −4, для каскада растяжений
полимерных молекул с показателем −1,6.

Ключевые слова: численное моделирование, эластическая турбулентность, гидродинамиче-
ская неустойчивость
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1. Introduction

The addition of polymeric molecules to a fluid flow leads to a radical change in the dynamics
of its flow. Laboratory experiments show that the presence of even a small concentration of polymers
can significantly change the properties of laminar Re � 1 flows and create a new form of turbulence
called elastic turbulence. For Newtonian fluid flow, the transition to turbulence is determined by the
Reynolds number Re. The higher Re, the more unstable the flow becomes, which leads to the emergence
and development of a turbulent flow regime. However, in a fluid with polymeric molecules present,
a so-called viscoelastic effect occurs due to the presence of another nonlinear term characterizing
the effect of polymeric molecules on the flow. The influence of the polymer additive on the flow
is described by another dimensionless parameter, the Weissenberg number Wi = U

γ0L , defined by the

multiplication of the characteristic gradient of the fluid flow velocity U
L and the relaxation time of

the polymer molecule to its equilibrium state 1
γ0
. As physical experiments show, the emergence and

development of flow instability at low Re � 1 values occur precisely due to the presence of these
elastic forces characterized by Wi � 1 [Steinberg, 2021; Shahmardi et al., 2019; Belan, Chernykh,
Lebedev, 2018; Hong-Na et al., 2013].

Although the phenomenon of elastic turbulence was discovered only two decades ago, its
application has already become possible in various fields such as the efficient mixing of viscous fluids,
in particular in curved microchannels at Re� 1 [Groisman, Steinberg, 2001; Burghelea et al., 2004;
Gan, Lam, Nguyen, 2006] and, consequently, for heat transfer enhancing in microchannels [Traore,
Castelain, Burghelea, 2015; Whalley et al., 2015; Abed et al., 2016; Li et al., 2017]. In addition,
effective emulsification of oil droplets and breaking capillary effect were observed [Slutsky, Steinberg,
2005; Poole et al., 2012], but, first of all, a significant intensification of crude oil production compared
to conventional chemical flooding was established [Clarke et al., 2015; Howe, Clarke, Giernalczyk,
2015; Mitchell et al., 2016]. As in the case of hydrodynamic turbulence, the properties of elastic
turbulence depend significantly on the boundary conditions. In this article, we will not consider the
solid wall issue, restricting ourselves to the two-dimensional periodic case.

Numerical modeling of the elastic turbulence phenomenon is quite a sophisticated challenge.
In numerical modeling of the polymer component, polymer models such as Oldroyd-B [Oldroyd,
1950] and FENE-P [Peterlin, 1961] are mainly used. The primary problem of numerical modeling
with any of these models is numerical instability arising [Alves, Oliveira, Pinho, 2021]. Excessive
stretching of polymer molecules, occurring at large values of Wi, characteristic of elastic turbulence,
leads to steep stress gradients in the polymer field, which can lead to instability of the numerical
calculation. These numerical instabilities can be partially addressed by using high-resolution
discretization schemes [Kurganov, Tadmor, 2000; Vaithianathan et al., 2006], following strict polymer
requirements [Vaithianathan, Collins, 2003], and adding an artificial diffusion rate to the constitutive
equations per polymer component [Thomases, Shelley, Thiffeault, 2011; Gupta, Vincenzi, 2019].

However, since the elastic turbulence regime is driven solely by elastic instabilities, the artificial
diffusion rate can significantly affect the numerical solution, which may lead to an incorrect physical
interpretation of the chaotic regime [Gupta, Vincenzi, 2019]. In some cases, these numerical stability
problems can be partially eliminated by the local application of artificial diffusion only in regions with
steep stretching gradients of the polymer [Dubief et al., 2005].

Thus, at this stage of the study, the task arises of developing a numerical model that could
demonstrate the effects of elastic turbulence at a qualitative level. It should be emphasized here
that we do not set the task of obtaining results that could be used as the basis for describing real
experiments on elastic turbulence. This formulation determined the choice of model relations in the
development of numerical methods, as well as the selection of modeling parameters. This makes it
possible to circumvent the difficulties described above that arise in numerical modeling. The paper
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uses a numerical technique of the second order of accuracy [Годунов и др., 2020; Kurganov, Tadmor,
2000], constructed for direct numerical simulation of the dynamics of weakly compressible viscous
flows in the presence of structural components in them. Using this technique, the flow of the model
medium is numerically studied at Re ∼ 10−1 in the presence of an external periodic force. The instability
of such a flow was obtained and the influence of polymers on the flow and its energy characteristics
was studied.

2. Problem statement. Model equations

The equations of the dynamics of the flow of a polymer solution differ from the equations
of the dynamics of a Newtonian fluid by the presence on the right side of the terms describing the
forces acting on the part of the polymer component. The proportionality coefficient A for these terms
characterizes the degree of backward influence of polymers on the flow.

Consider the polymer component of the flow as a structural component to the hydrodynamic
flow in the form of deformable polymer molecules. The deformation is characterized by a vector R
(Rx, Ry are the components of the vector R on the OX and OY axes), which determines the direction
in which the boundary of the molecular phase changes. Let’s write down a system of model equations
describing the dynamics of a weakly compressible viscous flow involving a structural component.
It consists of a system of Navier – Stokes equations for the hydrodynamic phase of the flow and
equations describing the dynamics of stretching of the polymer component of the flow R [Steinberg,
2021; Денисенко, Фортова, 2023]:

∂ρ

∂t
+ ∇ · (ρV) = 0,

∂ρu
∂t
+ ∇ · (ρuV) = −∂p

∂x
− ρG sin(ky) cos(kx) + μΔu + A

∂

∂x

(
γ(R)

{
Rx}2

)
+ A
∂

∂y
(
γ(R)RxRy),

∂ρv
∂t
+ ∇ · (ρvV) = −∂p

∂y
+ ρG sin(kx) cos(ky) + μΔv + A

∂

∂y

(
γ(R)

{
Ry}2) + A

∂

∂x
(
γ(R)RxRy),

∂
(
ρV2

2 + e
)

∂t
+ ∇ ·

(
V

(
ρV2

2
+ p + e

))
=
∂

∂x

(
μuρ

(
∂u
∂x
− ∂v
∂y

)
+ Auγ(R)

(
Rx)2
+

+vμρ

(
∂v
∂x
+
∂u
∂y

)
+ Avγ(R)RxRy

)
+
∂

∂y

(
μuρ

(
∂u
∂y
+
∂v
∂x

)
+ Auγ(R)RxRy+

+μvρ

(
∂v
∂y
− ∂u
∂x

)
+ Avγ(R)

(
Ry)2

)
− uρG sin(ky) cos(kx) + vρG sin(kx) cos(ky),

∂Rx

∂t
+ u
∂Rx

∂x
+ v
∂Rx

∂y
− Rx ∂u
∂x
− Ry∂u
∂y
+ γ(R)Rx = CdΔRx,

∂Ry

∂t
+ u
∂Ry

∂x
+ v
∂Ry

∂y
− Rx ∂v
∂x
− Ry∂v
∂y
+ γ(R)Ry = CdΔRy,

e =
3p
2ρ
, γ(R) = γ0

(
1 +

R2

R2
m

)
, V = (u, v)T . (1)

Here, A stands for the coefficient proportional to the concentration of polymer molecules in the
solution and characterizing the degree of inverse effect of polymer molecules on the flow, Cd stands
for the artificial polymer diffusion coefficient introduced to stabilize the numerical solution, γ(R) is the
relaxation model of the polymer molecule, and G is the intensity of the external force. The nonlinear
approximation

γ(R) = γ0

(
1 +

R2

R2
m

)
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was used as a model of polymer elasticity. Here Rm stands for the maximum amount of stretching of
the polymer molecule. Under the condition R � Rm, we deal with the linear regime corresponding to
the Oldroyd-B model [Oldroyd, 1950].

The system of equations is closed using the equation of state of an ideal gas e = 3p
2ρ , where e is

the volume density of the internal energy [Ландау, Лифшиц, 1986].
The flow parameters at the initial moment of time and the boundary conditions were chosen from

considerations of stability of the numerical experiment. The values of the velocity components u, v at
the initial moment of time were assumed to be zero, which corresponds to an undisturbed flow. The
values of density and pressure were assumed to be equal:

ρ(x, y, t = 0) = 10 kg/m3; p(x, y, t = 0) = 103 Pa.

The initial stretching values of polymer molecules are as follows:

Rx(x, y, t = 0) = 0.2 cos(ax x) m; Ry(x, y, t = 0) = 0.2 cos(ayy) m;

ax = 1 m−1; ay = 1 m−1.

The artificial diffusion rate Cd was chosen empirically, based on the requirements of stable

numerical calculation and the ratio

√
Cd
γ0
∼ h, where h is the characteristic cell size of the computational

grid. The intensity of the external force was assumed to be G = 10−2 N/kg, the frequency of external
periodic force k = 2 m−1. The relaxation coefficient of the polymer molecule was assumed to be γ0 =

= 10−6 s−1 so Cd = 10−9 m2/s. The magnitude of dynamic viscosity μ = 0.5 Pa · s. The A value ranged

in A = 50÷5·106 kg/
(
m3 · s

)
. The computational domain is a square with sides L×L = 2π×2π m×m on

the boundary of which periodic boundary conditions are set and is covered by a uniform computational
grid of mesh dimension 250 × 250.

3. Numerical method

For the numerical approximation of system (1), a combination of two numerical techniques —
the linearized Godunov method [Годунов и др., 2020] and the Kurganov – Tadmor method [Kurganov,
Tadmor, 2000] were used. The linearized Godunov method was used to approximate the hydrodynamic
part of the model — Navier – Stokes equations, and the equations describing the polymer part were
approximated with the Kurganov –Tadmore method. It should be noted that the choice of the linearized
Godunov scheme for calculating the hydrodynamic part of the flow is due to the existence of large
gradients of flow parameters when an elastic turbulence regime occurs. Let’s briefly describe the
numerical method.

Let’s write down the system of Navier – Stokes equations in a divergent form:

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

ρ

ρu
ρv

ρV2

2 + e

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
t

+

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

ρu
ρu2 + p
ρuv

u
(
ρu2

2 + p + e
)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
x

+

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

ρv
ρuv
ρv2 + p

v
(
ρu2

2 + p + e
)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
y

= μ

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0
∂u
∂x
∂v
∂x

uρ
(
∂u
∂x − ∂v∂y

)
+ vρ

(
∂v
∂x +

∂u
∂y

)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
x

+

+ μ

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0
∂u
∂y
∂v
∂y

uρ
(
∂u
∂y +

∂v
∂x

)
+ vρ

(
∂v
∂y − ∂u∂x

)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
y

+ Aγ(R)

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0
(Rx)2

RxRy

u (Rx)2 + vRxRy

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
x

+ Aγ(R)

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0
RxRy

(Ry)2

uRxRy + v (Ry)2

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
y

.
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Viscous and “polymer” flows through the faces of the cells of the computational grid are
calculated by the usual averaging.

Convective flows
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

ρu
ρu2 + p
ρuv

u
(
ρu2

2 + p + e
)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

ρv
ρuv
ρv2 + p

v
(
ρu2

2 + p + e
)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

are calculated using the linearized Godunov method as follows:

Pn+1/2
i+1/2, j =

pn
i, j

ρn
i, jc

n
i, j
+

pn
i+1, j

ρn
i+1, jc

n
i+1, j
+ un

i, j − un
i+1, j

1
ρn

i, jc
n
i, j
+ 1
ρn

i+1, jc
n
i+1, j

; Un+1/2
i+1/2, j =

ρn
i, jc

n
i, ju

n
i, j + ρ

n
i+1, jc

n
i+1, ju

n
i+1, j + pn

i, j − pn
i+1, j

1
ρn

i, jc
n
i, j
+ 1
ρn

i+1, jc
n
i+1, j

;

Vn+1/2
i+1/2, j =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
vn

i, j, Un+1/2
i+1/2, j � 0,

vn
i+1, j, Un+1/2

i+1/2, j < 0,
Rn+1/2

i+1/2, j =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ρn
i, j

⎛⎜⎜⎜⎜⎜⎜⎜⎝1 −
Un+1/2

i+1/2, j − un
i, j

cn
i, j

⎞⎟⎟⎟⎟⎟⎟⎟⎠ , Un+1/2
i+1/2, j � 0,

ρn
i+1, j

⎛⎜⎜⎜⎜⎜⎜⎜⎝1 −
un

i+1, j − Un+1/2
i+1/2, j

cn
i+1, j

⎞⎟⎟⎟⎟⎟⎟⎟⎠ , Un+1/2
i+1/2, j < 0.

Here P, U, V , R are the pressure flows, the velocity and density components, respectively. Half-
integer indexes indicate flows on the faces of cells, integers indicate the values of the values in the
center of the cell.

Next, we describe the approximation of the equations to the polymer stretching vector R. Let us
write the equations of the system (1) for the polymer stretch vector in divergent form:

(
Rx

Ry

)

t

+

(
uRx

uRy

)

x

−
⎛⎜⎜⎜⎜⎜⎝
Cd
∂Rx

∂x

Cd
∂Ry

∂x

⎞⎟⎟⎟⎟⎟⎠
x

+

(
vRx

vRy

)

y

−
⎛⎜⎜⎜⎜⎜⎝
Cd
∂Rx

∂y

Cd
∂Ry

∂y

⎞⎟⎟⎟⎟⎟⎠
y

=

⎛⎜⎜⎜⎜⎜⎝
2Rx ∂u

∂x + Ry ∂u
∂y + Rx ∂v

∂x − γ(R)Rx

Rx ∂v
∂x + 2Ry ∂v

∂y + Ry ∂u
∂x − γ(R)Ry

⎞⎟⎟⎟⎟⎟⎠.

The main principle of the Kurganov – Tadmore technique implies the calculation of convective fluxes

(
uRx

uRy

)
,

(
vRx

vRy

)

on the faces of computational cells, and for approximation of other terms (diffusion and source), the
usual averaging on the faces of computational grid cells is applied. Let us denote the convective flux
along the axes x, y:

F =

(
uRx

uRy

)
; G =

(
vRx

vRy

)
,

vector-column of unknowns

R =

(
Rx

Ry

)
.
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Convective fluxes will then be calculated as follows:

Fn
i+1/2, j =

F
((

R+i+1/2, j

)n)
+ F

((
R−i−1/2, j

)n)

2
−

(
ax

i+1/2, j

)n

2

((
R+i+1/2, j

)n −
(
R−i−1/2, j

)n)
;

Gn
i, j+1/2 =

G
((

R+i, j+1/2

)n)
+G

((
R−i, j−1/2

)n)

2
−

(
ay

i, j+1/2

)n

2

((
R+i, j+1/2

)n −
(
R−i, j−1/2

)n)
;

(
R±i+1/2, j

)n
= Rn

i+1, j ∓
Δx
2

(Rx)n
i+1/2±1/2, j;

(
R±i, j+1/2

)n
= Rn

i, j+1 ∓
Δy
2

(Ry)n
i, j+1/2±1/2;

(
ax

i+1/2, j

)n
= max±

(
∂F
∂R

((
R±i+1/2, j

)n))
=

∣∣∣∣ui+1/2, j

∣∣∣∣;
(
ay

i+1/2, j

)n
= max±

(
∂G
∂R

((
R±i, j+1/2

)n))
=

∣∣∣∣vi+1/2, j

∣∣∣∣;

ui+1/2, j =
1
2

(ui, j + ui+1, j); vi+1/2, j =
1
2

(vi, j + vi+1, j);

(Rx)n
i, j = min mod

⎛⎜⎜⎜⎜⎝θ
(Rx)n

i, j − (Rx)n
i−1, j

Δx
,

(Rx)n
i+1, j − (Rx)n

i−1, j

2Δx
, θ

(Rx)n
i+1, j − (Rx)n

i, j

Δx

⎞⎟⎟⎟⎟⎠;

(Ry)n
i, j = min mod

⎛⎜⎜⎜⎜⎝θ
(Ry)n

i, j − (Ry)n
i, j−1

Δy
,

(Ry)n
i, j+1 − (Ry)n

i, j−1

2Δy
, θ

(Ry)n
i, j+1 − (Ry)n

i, j

Δy

⎞⎟⎟⎟⎟⎠;

θ = 1.5 is a constraint weight ratio.

Here, semi-integer indices denote the fluxes on the cell faces, integer indices denote the values
of the variables in the cell center, u, v stand for the x- and y-components of the flow velocity, and a is
the local velocity of disturbance propagation. A minmod constraint was used to limit the slopes of the
reconstructed solution in the cell.

4. Results of numerical modeling

Figire 1 shows the flow vorticity patterns at the same moment of time t ∼ 630 s for different
values of the A parameter. In all of the above, the value of the Reynolds number is Re ∼ 10−1 and
the Weissenberg number is Wi ∼ 1000. Figure 1 show the flow becomes more and more chaotic
as A increases. Figures 2, 3 show the flow velocity patterns with flow lines and polymer stretching
patterns R =

√
(Rx)2 + (Ry)2 respectively. Indeed, the magnitude of stretching R decreases with A

increasing, which is explained by the increase in the inverse effect of polymer molecules on the flow,
due to which it becomes chaotic. This dependence suggests that the chaotic flow occurs due to an
increase in the reverse effect of the polymer component on the flow.

The emergence of instabilities in solution flow comes from the regions of the greatest stretching
of polymers, i. e., the region of flow hyperbolicity. The flow resulting from the external force is
vortical; in the regions between vortices, the flow is hyperbolic, and the degree of stretching of polymer
molecules is the highest here. The reverse effect of highly stretched polymers on the flow leads to
instabilities and their further development.

Figure 4 shows the velocity Ev(k) (left) and stretching spectra of the polymer molecules Er(k)
(right) of the resulting flow at t ∼ 630 s for different values of the A parameter. The spectra were
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Рис. 1. Vorticity fields of the polymer solution flow in a periodic cell under the influence of an external periodic
force for different values of the parameter A characterizing the degree of reverse influence on the flow at a time
t ∼ 630 s

Рис. 2. The flow velocity fields of a polymer solution with current lines in a periodic cell, which is under the
influence of an external periodic force for various values of the parameter characterizing the degree of reverse
influence on the flow A, at a time t ∼ 630 s
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Рис. 3. Fields of the elongation modulus R =
√

(Rx)2 + (Ry)2 of polymer molecules in a periodic cell, which is
under the influence of an external periodic force for various parameter values at a time t ∼ 630 s

calculated as cosine-sine expansion:

Ev(kx, ky) =
1∑

i=0

4∑

j=1

u2
i( j)(kx, ky) + 2

1∑

i=0

[
ui(1)(kx, ky)ui(2)(kx, ky) + ui(3)(kx, ky)ui(4)(kx, ky)

]
;

ui(1)(kx, ky) =
1
π

2π∫

0

ui(x, y) cos(kx x) cos(kyy) dx dy,

ui(2)(kx, ky) =
1
π

2π∫

0

ui(x, y) cos(kx x) sin(kyy) dx dy,

ui(3)(kx, ky) =
1
π

2π∫

0

ui(x, y) sin(kxx) cos(kyy) dx dy,

ui(4)(kx, ky) =
1
π

2π∫

0

ui(x, y) sin(kx x) sin(kyy) dx dy.

Here, the i index is introduced to number the axial velocity components (u, v). The resulting
distribution in space (kx, ky) was averaged over the vector directions k in a ring of width δ = 0.5:

E(k) =
∑

kx , ky :
∣∣∣∣k−
√

k2
x+k2

y

∣∣∣∣<δ

E(kx, ky).

The stretching spectrum Er(k) was calculated similarly by u→ Rx, v→ Ry substitution.
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Рис. 4. The spectra of velocity Ev (left) and stretching of polymer molecules Er (right) of chaotic flows of
a polymer solution in a periodic cell under the influence of an external periodic force, depending on the value of
the parameter A, plotted on a doubly logarithmic scale

As shown in Fig. 4, the spectral characteristics of the flow are practically independent of the
A parameter, which determines the degree of the inverse influence of the polymer component of the
solution on the flow itself. The inertial range of the energy cascade with the indicator −4 is clearly
visible. For the stretching of polymer molecules, a dependence with the index −1.6 is observed. At the
same time, as expected, with an increase in the parameter A, the energy of the polymer component of
the flow decreases due to the transfer of polymer energy back into the flow.

From the results obtained, it can be concluded that the flow in Figs. 1–3 is in the regime of
elastic turbulence, a chaotic flow caused by the presence of polymer additive.

5. Conclusion

The paper presents a numerical model that qualitatively demonstrates the emergence and
development of an elastic turbulence regime — a chaotic flow of a medium containing a polymer
component. Using the example of weakly compressible viscous flows of a polymer solution in
a periodic square cell excited by an external force, flows with a low Reynolds number Re ∼ 10−1 and
a high Weissenberg number Wi ∼ 1000 are studied. With the determined model parameters, it is shown
by numerical experiment that the presence of a polymer impurity significantly changes the nature of
the hydrodynamic flow due to the influence of elastic forces acting from the polymer molecules. The
action of these forces leads to a loss of stability of the hydrodynamic flow and the subsequent transition
to the elastic turbulence regime. The instability of the flow occurs in areas of hyperbolicity, where the
stretching of polymer molecules, and consequently their reverse effect on the flow, has a maximum
value. It should be noted that the parameter characterizing the stability of such flows is a combination
of Reynolds Re and Weissenberg Wi — the coefficient of elasticity El = Wi

Re [Steinberg, 2021]. In the
presented numerical experiments, this number was 10,000.

A hybrid numerical scheme of second-order accuracy approximating the polymer solution
dynamics equations (1) is proposed to investigate the problem at hand. The hydrodynamic part of
the system (1) — Navier – Stokes equations were approximated by the linearized Godunov method [Го-
дунов и др., 2020], and the polymer part — by the Kurganov –Tadmor method [Kurganov, Tadmor,
2000].

The influence of the problem parameter characterizing the degree of inverse influence of elastic
forces produced by deformed polymer molecules on the hydrodynamic flow A is investigated. As the
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parameter A increases, the flow becomes more unstable and chaotic. The inertial range of the energy
cascade with an indicator ∼ −4 is obtained in the spectral characteristics of the flow. In the stretching
spectra of polymer molecules, this indicator is equal to ∼ −1.6. It is shown that the parameter A has the
main effect on the stretching spectrum of polymer molecules. An increase in this parameter leads to
a decrease in the energy contained in the polymer component of the flow and the transfer of polymer
energy into the hydrodynamic flow.

List of designations

A — a coefficient proportional to the concentration of polymer molecules in solution and
characterizing the degree of reverse influence of polymer molecules on the flow,

Cd — coefficient of artificial diffusion of polymers,
γ(R) — relaxation model of a polymer molecule,
G — the intensity of the external force,
Rm — the maximum amount of a polymer molecule stretching,
e — internal energy volume density,
k — external periodic force frequency,
u — x-component of the solution flow velocity,
v — y-component of the solution flow velocity,
Rx — x-component of the polymer molecule stretching vector,
Ry — y-component of the polymer molecule stretching vector,
p — pressure,
ρ — solution density,
μ — dynamic viscosity,
Re — Reynolds number,
Wi — Weissenberg number,
γ0 — relaxation model of the polymer molecule,
Ev — spectra of velocity,
Er — spectra of stretching of polymer molecules,
R — the polymer molecule stretching vector.
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