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The paper considers the adequacy of the model developed earlier by the author for the analysis of income ine-
quality and based on an empirically confirmed hypothesis that the relative (to the income of the richest group) income
values of 20 % population groups in total income can be represented as a finite functional sequence, each member of
which depends on one parameter — a specially defined indicator of inequality. It is shown that in addition to the exist-
ing methods of inequality analysis, the model makes it possible to estimate with the help of analytical expressions the
income shares of 20 %, 10 % and smaller groups of the population for different levels of inequality, as well as to iden-
tify how they change with the growth of inequality, to estimate the level of inequality for known ratios between the
incomes of different groups of the population, etc.

The paper provides a more detailed confirmation of the proposed model adequacy in comparison with the previ-
ously obtained results of statistical analysis of empirical data on the distribution of income between the 20 % and 10 %
population groups. It is based on the analysis of certain ratios between the values of quintiles and deciles according to
the proposed model. The verification of these ratios was carried out using a set of data for a large number of countries
and the estimates obtained confirm the sufficiently high accuracy of the model.

Data are presented that confirm the possibility of using the model to analyze the dependence of income distribu-
tion by population groups on the level of inequality, as well as to estimate the inequality indicator for income ratios
between different groups, including variants when the income of the richest 20 % is equal to the income of the poor
60 %, income of the middle class 40 % or income of the rest 80 % of the population, as well as when the income of the
richest 10 % is equal to the income of the poor 40 %, 50 % or 60 %, to the income of various middle class groups, etc.,
as well as for cases, when the distribution of income obeys harmonic proportions and when the quintiles and deciles
corresponding to the middle class reach a maximum. It is shown that the income shares of the richest middle class
groups are relatively stable and have a maximum at certain levels of inequality.

The results obtained with the help of the model can be used to determine the standards for developing a policy of
gradually increasing the level of progressive taxation in order to move to the level of inequality typical of countries
with social oriented economy.
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PaccMOTpeHb! BONPOCH! aJIeKBATHOCTU Pa3pabOTaHHON paHee aBTOPOM MOJENH JJIs aHaJIN3a HEPAaBEeHCTBA J0X0-
JIOB, OCHOBaHHOW Ha SMITMPUYECKH MOATBEPKICHHOI TMITOTE3€ O TOM, YTO OTHOCUTENBHBIE (II0 OTHOLICHUIO K JOXOIY
Hanbosee OoraToil rpynmsl) BeIUUUHBL 10XoAa 20 % rpynil HacelIeHHs B COBOKYIIHOM JIOXOJ€ MOTYT ObITh MpUOIH-
JKEHHO IIPEICTaBICHBl B BHAE KOHEUHOH (YHKIMOHAIBHON ITOCIEJOBATEIFHOCTH, KQXKABIH WIEH KOTOPOM 3aBHCUT OT
OJHOT'0 MapaMeTpa — CIELHUaTIbHO OIPEeICHHOr0 [oKa3aTens HepaBeHCTBa. [loka3zaHo, YTO B JOMOJHEHHE K CYIIe-
CTBYIOIIMM METOJaM aHajIn3a HEPaBeHCTBA C IIOMOLIBIO 9TOM MOJEIH MOYKHO ONPENSNTUTh 3aBUCHMOCTD J0JIU JI0X0a
20 %, 10 % u Gonee MeIKUX IPYII HACENEHUS OT YPOBHS HEPaBEHCTBA, BBIABUTH OCOOCHHOCTU MX U3MEHEHHMS IPH
pocTe HepaBeHCTBA, PACCUNTATh YPOBEHb HEPABEHCTBA MIPU U3BECTHBIX COOTHOIICHHUSAX MEXIY TOXOJaMHU Pa3IMIHBIX
TPYIIN HACEJICHHS U JIp.

B pabote npuBoauTcst 6oee MoAPOOHOE MTOATBEPIKACHHE aJeKBATHOCTH MPEIOKEHHOH MOJIETIH IO CPABHEHHIO
C MOJy4EHHBIMH PaHee pe3yNbTaTaMU CTATUCTUYECKOTO aHalIM3a SMIMPUYECKUX JAHHBIX O PacHpe/ieNeHuH J0XO0J0B
mexay 20%- u 10%-mu rpynnamu HacenaeHus. OHO OCHOBAaHO Ha aHAJM3€ ONpPE/ENEHHBIX COOTHOIICHUN MEXIy Be-
JUYMHAMU KBMHTWIEH W Jeuuieil corjmacHo mpemnaraemMoid monenu. IIpoBepka 3THX COOTHOIIEHHMH IpPOBEAECHA IO
COBOKYITHOCTH JAaHHBIX JUIs OOJIBILOTO YKca CTpaH. [1oy4eHHbIe OLEeHKN OATBEPIKAAI0OT TOCTATOYHO BBICOKYIO TOU-
HOCTb MOJIEJIH.

[IpuBeneHbl 1aHHbBIE, KOTOPbIE MMOATBEPXKIAIOT BO3MOXKHOCTh NPUMEHEHUS! MOJAEH Ul aHAJIn3a 3aBUCHMOCTHU
pacipesieneHys JoOX00B MO IPYIIIaM HAaceJICHNs! OT YPOBHs HEPABEHCTBA, a TAKXKe JUIS OLICHKH MTOKa3aTeNs HEepaBeH-
CTBa JIJIsl BAPUAHTOB COOTHOILIEHUH JJ0XO/I0B MEXIY Pa3IMUHBIMU IPYyIIIaMH, B TOM 4uciie korga aoxon 20 % nanbo-
nee OoraTeix paBeH goxoxny 60 % Oemnbix, noxony 40 % cpenHero kiacca nin goxony 80 % OCTanbHOTO HACENCHUS,
a Taioke koraa oxon 10 % cameix 6orateix paBen goxoxny 40 %, 50 % umu 60 % GenHbIX, TOXOAY Pa3IUUHBIX TPYIII
CpeIHero Kiacca U Jp., a TaKkkKe AT cIydaes, KOT/ia paclpeaeieHie JOX0I0B OIINHIETCS TapMOHNIECKHM IPOIIop-
UM U KOTJla KBUHTHJIM U JIEIIMJIM, COOTBETCTBYIOIIUE CPEAHEMY KIacCy, NOCTHraroT Makcumyma. [lokazaHo, 4ro
JI0NN 10X0Aa Hanbosee OOraThIX TPy CPEJHEro Kjacca OTHOCUTENIBHO CTaOMIBHEI U IMEIOT MAaKCUMYM IIPH OIIpejie-
JICHHBIX YPOBHSIX HEPABEHCTBA.

[Tony4ueHHBIE ¢ TOMOIIBIO MOJIETH PE3YNIBTATHl MOTYT OBITh MCIIOJIB30BAHBI UIS ONpeaelIeHNs] HOPMAaTUBOB IIPU
pa3paboTKe IMOJMTHKH IO3TAIIHOTO IOBBIIEHHH YPOBHS IMPOTPECCUBHOIO HAJOrOOOJIOKEHHS C LENbI0 Iepexona
K YPOBHIO HEPABEHCTBA, XapaKTEPHOMY AJISI CTPAH C COLMAIBHO OPUEHTHPOBAHHON 9KOHOMHKOIA.

KmroueBrle cioBa: HEPABCHCTBO, O0XOA, MOACIb, PACHpPCACIICHUC, ITOKA3aTCJib HEPABCHCTBA,
aJICKBATHOCTD, IOCJICAOBATCIIBHOCTD
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1. Introduction

Much attention is now being paid to the problem of significant increases in income inequality,
both globally and within countries, developed and developing (see [Piketty, Saez, 2006; Alvaredo et
al., 2013, 2017; Atkinson et al., 2011; Milanovic, 2016; Piketty, 2014, 2020; Saez, 2015; Stiglitz,
2012; Mareeva, Tikhonova, 2016; Model ..., 2018]). On average, as noted in [Chancel et al., 2022],
the gap between the average income of the richest 10 % and the poorest 50 % within countries has al-
most doubled over the past 20 years. Excessive inequality leads to a decrease in labor productivity,
deterioration in population health, increase in mortality, slowdown in economic growth, and instability
in society that determines the high priority of research in this direction.

There are a number of methods for analysis of the income distribution. In addition to the Lorentz
curve, the Gini index, the Pareto distribution function, lognormal distribution, Atkinson [Atkinson,
1970] and Theil [Theil, 1967] indices, and the Sen poverty index [Sen, 1976] are widely used. The
ratio of income of the richest 10 % and the poorest 40 % or Palma index [Palma, 2011, 2014] as well
as the ratio of income of the richest 1 % and the poorest 50 % , etc. are also often used [Chancel et al.,
2022; Alvaredo, et al., 2013, 2017; Piketty, 2014, 2020; Saez, 2015].

These methods provide, as a rule, an aggregate estimate of inequality and poverty. However, it is
interesting to determine how the share of income of each 20 % (quintiles) or 10 % (deciles) population
group depends on the inequality level; to assess the inequality level at certain income ratios of differ-
ent groups; to explain a reasonable range of inequality levels beyond which social tension in society
increases significantly, etc.

The distribution of income of the population is usually given for 20 % and 10 % population
groups (quintiles and deciles) and the level of inequality is characterized by the Gini index.

Using results of the analysis of a significant volume of statistical data on the income distribution
in various countries over a long period of time, the author has come to the conclusion that there is
a certain general law in the distribution of income by 20 % and 10 % population groups. This law is
characterized by the following: the income ratios of the middle quintiles — the ratio of the fourth to
the third, as well as the ratio of the third to the second are very close to each other. They are equal to
the same value — a, which depends on the inequality level in each individual country. And the in-
come ratios of the fifth (the richest) to the fourth, as well as the second to the first (the poorest) quin-
tiles are very close to each other, and they are equal to the square of the middle quintiles ratio — a”.

Similarly, as the analysis of statistical data for the distribution of income by 10 % population
groups has shown, the income ratios of the average deciles are close to each other — the ratio of the
eighth to the seventh deciles is equal to the ratio of the seventh to the sixth, etc. and to the ratio of the
fourth to the third which is equal to ", and the income ratios of the tenth (the richest) to the ninth, as
well as the second to the first (the poorest) deciles are also very close to each other, and they are also
equal approximately to a’, as the ratio of the extreme quintiles.

The results of a large volume of statistical data analysis show that this type of income distribution
for equal population groups is the same for all countries, and the parameter a depends on the inequali-
ty level in each country and increases with the growth of inequality, i. e. it can be used as an inequality
indicator.

As a result of these observations, a model of income distribution based on a finite functional se-
quence was developed, the parameter of which is approximately equal to the ratio of incomes of two
neighboring middle quintiles, depending on the level of inequality [Varshavsky, 2007, 2009, 2010,
2020, 2021].

It should be noted that the discovered law for the ratio of the extreme quintiles and deciles, 1. e.,

the power law of distribution N(a)=a", m =2, is also valid, for example, for ecosystems, as shown

in [Camacho, Solé, 1999] where Zipf's law is used to describe the relationship between predator and
prey organisms.
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To confirm the validity of the discovered law, the author used several particular approaches in
previous articles. However, even now some specialists ask for a better proof of the validity of the
model. That is why this article provides a more detailed validation of the model based on the econo-
metric analysis of the ratios determined by the model using the data from The World Income Inequali-
ty Database (WIID) for 2016 [The World].

In addition, new data are presented and the previously obtained data are systematized on the ap-
plication of the proposed model and the possibility of obtaining additional results using this model.

2. A brief description of the model

As mentioned above, the following relationships were found for income ratios of quintiles as
a result of the statistical data analysis:

04(a) _03@)_ . 05@ _02a)_ .
03(a)  Q2(a) Q4(a) Ol(a)
Taking it into account, a model of income distribution was proposed for 20 % groups (quintiles). As
was shown in the previous articles of the author, the relative (relative to the income of the richest

group with number 5) income values of all five equal population groups in the total income can be ap-
proximated by a finite functional sequence in which the second and penultimate terms are removed:

A(@,5)={a*,a*,a a1}, a1, (1)

Each i-th term of this sequence is defined as the ratio of the income of the corresponding i-th
population group to the income of the richest group (i = 5) and depends on the parameter a character-
izing the level of inequality and defined as an inequality indicator.

The shares of the corresponding 20 % income groups Qi(a), i =1, 2, ..., 5, in the total income

are defined as
a a> a -6

05(a)=——=, OHa)=———, O3@)=——=, Q2a)=———, Ol(a) =

a
-2,
( ol Ay Ay’ Ay’ A(a™) @

where
A(a_l)zlJra_2 +a”+at+a* 3)

is a characteristic polynomial of the finite power sequence A(a,5); its features are described, for ex-

ample, in [ Varshavsky, 2020, 2021].
The model (1)—(3) for 20 % groups is used as a basis for transition to models for 10 %, 5%,
2,5 %, 1,25 %, etc., population groups. For example, for 10 % population groups the deciles Di(a),

i=1,2,..,10, are determined as:

a” 1 b
1+a" 1+a™ _1+b
D10(a)=—""=— A ) D9(a)= (a’l)’ D8(a)——A(a7|), ey
b noa” p 2 1
1+b _ 1+a” _ 1+a"
D3(a)= A ) , D2(a)= A(a_l) , Dl(a) A(a'l) , 4)

where b=a"?

, A(a™") is determined in accordance with (3), m =1,8 —2 (for deriving analytical ex-
pressions we assume that m =2; as the calculations show, for D10(a) the difference in value
atm = 1,8 and 2 does not exceed 4,5 %, and for D9(a)it is less than 10 % when a < 1,55 and it does

not exceed 18 % for a = 1,6-2).
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Similarly to (4), it is possible to construct a model for the distribution of income by 5 %, 2,5 %
groups, etc., assuming that with each subsequent division of the richest and poorest group into two
groups, the ratio of income of two pairs of extreme groups (left and right) remains approximately the
same and is equal to K =a™ [Varshavsky, 2020].

The inequality indicator a can be determined by the least squares method using real data on in-
come shares of 20 % groups for each individual country, as well as by estimating the ratio of real val-
ues of quintiles or deciles, as follows from (2) and (4):

5 1/6 4 1/2 DlO 1/8
a= @ , Or a= o4 ,oraz(—j (for m =2). (%)
01 02 D1
The approximate relationship between the inequality indicator a and the Gini index, as well as the

D10(a)
Dl(a)

corresponding quintile (%j and decile share ratios [

), are given in Table 1.
(a)

Table 1. Relation of inequality indicator a with Gini index as well as quintile 05(a) and decile Dl0(a)
Ql(a) Dl(a)

share ratios [Varshavsky, 2020, 2021]

a 12 125 13 | 135] 1.4 | 145 | 1,5 | 1,55 1,6 | 1,65 ] 1,7 | 1,75 | 1,8
Gini” | 22 | 26 | 30 | 34 37 40 44 47 49 52 55 57 59
(03]
Ol | 30 |38 |48 | 61 | 75 | 93 | 11,4 ] 13,9 | 168 | 202 | 24,1 | 28,7 | 34,0

D10
D1 4,3 6,0 | 82 | 11,0 | 148 | 19,5 | 25,6 | 33,3 | 42,9 | 549 | 69,8 | 88,0 | 110,2

*) Approximate estimate

3. Empirical confirmation of the model adequacy

This section presents the results of a detailed validation of the proposed model using WIID data
for 2016, see the Appendix (it should be noted that the use of data from other sources, for example, the
OECD Income Distribution Database [OECD], gave very similar results). It is based on the analysis of
expressions (1)—(4), according to which the following relationships between the quintiles and deciles
@:g:a; g=2=az' b1o =2=a2' E=D—4=b=a”2 and so on.

03 02 04 Q01 D9 Dl D4 D3
Thus, for each country, for the real values of quintiles, the following ratios of the form %z k.,

1

must be observed:

b b

where £, is determined in accordance with (2), thatis k, =1, 2, 3, 4, should be fulfilled:

o4 05 05
03 04 04 . . _1.
@—Q—Q—l, e k =1;
02 01 Q2
h{Q;‘j ln[sz 1n(Q§j
——Q=2, k, =2 ——Q=3’ k. =3; _—Q=4’ k, = 4;
In(a) In(a) In(a)
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ln(Q“J 1n(Q?j ln(Qf]
05 = Q0 = 0 =2, k =2

(5l 08
03 Q3 02

o4 03
o e,
a a

Similarly, for deciles the following equations must be fulfilled in accordance with (4):

Ds D6 DT D8 DIO
D4_D5_D6_DI_ DY _y s _y.

D4 D5~ D6~ DT D2~
D3 D4 D5 D6 Dl

D10 D2
In [j In (j
DY ) Dl) 5

In(a) In(a)

(1/6)
where the inequality indicator is calculated using the real data as a = (gj .
. - . DY d’(+a” D3 1+d’
In addition, the deviations of the ratios Do _al+a 7) (IIZZ ) _ fos(a) and D_i_:—l :; == fy(a)

from their real values (%) and (%) determined in accordance with (3) and (4) at m =2 were also

estimated using the data given in the Appendix.

The validation of these ratios for adequacy (coefficients k,) based on real data (37 samples for
36 countries) was carried out using a regression equation Y = kX + &, where the coefficient k was de-
termined using the ordinary least squares method (OLS). In Tables 2 and 3 the estimates of this coeffi-
cient (k,, ) are given compared with the corresponding values of the coefficient &, determined on the

est
. .. . k,, —k
basis of the model, the deviations are estimated as & =—-—--100%.

The results of the estimation that are given in Tables 2 and 3 provide convincing evidence of the
adequacy of the model: the standard deviations and the discrepancy between the coefficients £,

and &, are insignificant, and the coefficients of determination R’ are close to 1.

The model adequacy was also confirmed using other methods.
Thus, in accordance with (1)—(4), the estimates of indicator a for the income distribution by quin-
tiles and deciles using the data for a large number of countries were carried out using the OLS method.

The next regression equation was used for each country: y=gx, where y, zln[%], i=1..,5

and x, =-6, x,=-4, x,=-3, x,=-2, x;=0, and the inequality indicator a was calculated

as a=¢e°.
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Table 2. The results of estimation of the ratios between quintiles (coefficient &

Inequality Database (WIID), 2016, see the Appendix

est

); data source: World Income

. Standard | Lower Upper ) o
Ne Y X N Error | 95% | 95% | X &%
o4 3
1 03 02 1 0,982 0,003 0,976 0,989 0,972 -1,8
05 Q2
2 a 5 1 0,984 0,016 0,951 1,017 0,962 -1,6
05 04
3 a @ 1 0,958 0,011 0,935 0,980 0,967 —42
4
4 In {Q—SJ In(a) -2 | -1,935 0,032 -1,999 | -1,871 0,963 =33
3
5 In (%) In(a) -3 | —2,948 0,034 -3,016 | -2,879 | 0,968 -1,7
2
6 In (%) In(a) 4| 4,026 | 0032 | —4,091 | -3,961 | 0970 0,6
4 4
7 In (%) In (%) -2 | -1,904 0,035 -1,976 | -1,832 | 0,960 -4.8
4 3
8 In [%) In [%) 2| -1,779 0,043 -1,867 | -1,692 | 0,953 -11,0
2 4
9 In (%j In (%) 2 1,936 0,045 1,844 2,028 0,953 =32
10 In %j In [Q—;j 2 1,820 0,037 1,745 1,896 0,957 -9,0
4
11 a a 1 1,003 0,003 0,998 1,009 0,972 0,3
03
12 o a 1| 1,021 0,004 1,014 1,028 | 0972 2,1

As an example, Figure 1 shows the real data (from the Appendix) and the estimates of the relative

income shares in logarithms (relative to the income share of the richest 20 % Q5) for each quintile of

the population of Norway, Italy, the USA and Germany. As can be seen in Figure 1, the extreme seg-
ments corresponding to Q1 and Q5 have a greater slope compared to the middle part of the income

distribution. As mentioned above, this is typical of all countries and also confirms the validity of the

model.
The standard deviation of the estimates from the real data ranges from 0,8 % (for Germany)

to 6,5 % (for Italy), the coefficients of determination R* are higher than 0,989, which indicates a suf-
ficiently high accuracy of the approximation. The estimates of the values of Qi(a) and Di(a), which

were similarly carried out earlier using WIID data for 39 countries and also for 18 countries, were very
close to their real values for all countries as well, and R* were no less than 0,975 [Varshavsky, 2010,

2020].
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Table 3. The results of the estimation of ratios between deciles (coefficient &

L ); data source: World Income
Inequality Database (WIID), 2016, see Appendix

Standard Lower Upper g,
k. k 2
! X v % | Bror | 95% | 95% | R %
1 —lD)j b 1 | 1,026 0,003 1,020 1,032 0,972 2,6
D5
2 _— b 1 | 1,008 0,002 1,003 1,013 0,972 0,8
D4
D6
3 s b 1 | 1,001 0,002 0,997 1,005 0,972 0,1
D7
4 6 b 1 | 0,997 0,002 0,993 1,000 0,972 | -0,3
D38
5 — b 1 | 1,012 0,002 1,008 1,016 0,972 1,2
D7
6 b5 ba 1 | 0,982 0,003 0,976 0,988 0972 | -1,8
D4 D3
D
7 b6 b3 1 | 0,993 0,003 0,987 0,999 0,972 | 0,7
D5 D4
8 b7 D6 1 | 0,995 0,003 0,990 1,001 0,972 | -0,5
D6 D5
9 b8 b1 1 | 1,015 0,002 1,011 1,019 0,972 1,5
D7 D6
10 D1o D2 1 | 0915 0,024 0,866 0,964 0,948 | -8,5
D9 D1
D10
11 In [D_9J In(a) 2 | 1,762 0,044 1,674 1,851 0,951 | -11,9
D2
12 In [Ej In(a) 2 | 2,019 0,064 1,888 2,150 0,937 1,0
D9
13 8 Jos (@) 1 | 1,017 0,003 1,011 1,023 0,972 1,7
D3
14 0 fin(a) 1 | 0979 0,004 0,971 0,987 0,972 | -2,1
15 a, a 1 | 0,998 0,001 0,995 1,000 0,972 | -0,2

Note: in Tables 2 and 3 the inequality indicator was calculated using the real data for the first and fifth quintiles for each

1/6 1/8
country as a = @ ; b=d"’; a, = D—loj ; S:MJOO%.
ol DI k

i

4. The possibility of obtaining additional results using the model

The proposed model expands the possibilities of income inequality research, which can be ex-
plained by the following.

First, using the model it becomes possible to determine the dependence of the different popula-
tion groups income shares (quintiles, deciles, etc.) on the level of inequality, characterized by the ine-
quality indicator a or the Gini index. Tables 4 and 5 present the values of Ql(a), ..., O5(a)

and Dl(a), ..., D10(a) in % calculated using (1)—(4) at different levels of inequality (for a = 1,0-1,8).

KOMIIBIOTEPHBIE UCCJIEJOBAHUA U MOJAEJIUPOBAHUE




A model for analyzing income inequality based on a finite functional sequence €683
1 2 3 4 5
0,0

—e— Norway (real
02 (real)
-04 Norway (est.)
-0,6

—a— Ttaly (real)
-0,8
~1.0 —&- Jtaly (est.)
-1.2 —a— USA (real)
~14

—3- USA (est.)
-1,6
-1,8 —e— Germany (real)
-2,0

—o-- Germany (est.)
-22

Fig. 1. The shares of income of each quintile of the population of Norway, Italy, the USA and Germany in rela-

tion to the share of income of the richest 20 % in logarithms: In g , In Q , In 2 , In @ R
05 05 05 05

05

and In [5J =0, real data and results of estimation (est.)

Table 4. Shares of quintiles Q5(a)—Ql(a) in the total income at different levels of inequality, % (calculated
using (1)~(3))

Inequality Gini" 0s 04 03 02 o1
indicator a
1 0 20,0 20,0 20,0 20,0 20,0
1,2 22 32,4 22,5 18,7 15,6 10,8
1,25 26 35,4 22,7 18,1 14,5 9,3
1,272 27 36,7 22,7 17,9 14,0 8,7
1,3 30 38,4 22,7 17,5 13,4 8,0
1,35 34 41,3 22,7 16,8 12,4 6,8
1,4 37 44,1 22,5 16,1 11,5 5.9
1,45 40 46,8 22,3 15,3 10,6 5,0
1,5 44 49,4 21,9 14,6 9,7 4,3
1,55 47 51,8 21,6 13,9 9,0 3,7
1,6 49 54,1 21,1 13,2 8,3 3,2
1,65 52 56,4 20,7 12,5 7,6 2,8
1,7 55 58,5 20,2 11,9 7,0 2.4
1,75 57 60,4 19,7 11,3 6,4 2,1
1,8 59 62,3 19,2 10,7 5.9 1,8

) Evaluation, see Table 1.
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Table 5. Shares of deciles D10(a)— DI(a) in the total income at different levels of inequality, % (calcu-
lated using (1)—(4))

Inequality Gini® D0 | D9 | D8 | D7 D6 | D5 | p4 | D3 | D2 | DI
indicator a
1 0 10 10 | 10 10 10 10 [ 10] 10 10] 10
12 22 191 [133]11,7] 10,7 | 98 |89 |82 | 74| 64| 44
1,25 26 216 | 138120 10,7 | 96 |86 ] 7.7 ] 68 | 57 | 3,6
1272 27 227 [140]120] 107 | 95 |84 | 74 ] 66 | 54 | 33
1,3 30 241 (143121 106 | 93 [ 827216350130
1,35 34 26,7 | 146|122 105 | 90 |78 [ 6,7 ] 58 | 44 | 24
1.4 37 202 [ 149|122 103 | 87 | 7462533920
1,45 40 31,7 [ 151 ] 122 | 10,1 84 | 70 |58 ] 48 |34 16
1,5 44 342 [ 152121 99 81 | 66 | 54 | 44 |30 | 1,3
1,55 47 36,6 | 152120 96 77 162 150140/ 26 1,1
1,6 49 389 | 152 ] 11,8 93 74 |58 |46 |36 23] 09
1,65 52 412 [ 151 11,6 9,1 71 | 5543 ]33] 20] 08
1,7 55 434 [ 150114 88 6,7 | 52 140 30 18] 06
1,75 57 456 (149|112 85 64 | 49 [ 3728 16 |05
1,8 59 476 (147110 82 6,1 | 46 |34 |25 1.4 ] 04

*) Evaluation, see Table 1.

It is also possible to find a level of inequality for which certain proportions between some income
groups or their combinations take place, for example, the ratio of the richest 10 % or 20 % to the poor-
est 60 %, 50 % or 40 %, etc. Thus, if the income of the richest 20 % is equal to the income of the
poorest 60 %, that is, 05 =01+ 02+ 03, then the value of the inequality indicator « is defined as the

root of the equation a®=a’ +a” +1, which is equal to @ = 1,304 (Gini = 30). Similarly, it can be
shown that the income of the richest 10 % is equal to the income of the poorest 50 % when the ine-
quality indicator is equal approximately to a = 1,35 (Gini = 34), etc.

Expressions for quintiles (2) and deciles (4) also show that the income shares of the middle-class
groups (Q4, D9, D8, D7) have a maximum at certain levels of inequality. For example, the middle
class 40 % (D9 + Q4+ D6) = max at a = 1,33 (Gini = 33), while D9 = max at a = 1,56 (Gini = 47),
D8 = max at a = 1,39 (Gini = 37), D7 = max at a = 1,21 (Gini = 22), 04 = max at a = 1,30
(Gini = 30).

Figure 2 shows how according to model (1)—(4) the share of income of the richest 10 %, the
poorest 40 % and 50 %, as well as of the three middle-class groups 10 %, 20 % and 40 % depend on
the level of the inequality indicator (for m = 2). It should be noted that the income shares of middle-
class groups are relatively stable, and this corresponds to the results of empirical data analysis
in [Palma, 2014]. The share of the fourth quintile Q4 1is particularly stable, but the richest 10 % of the

middle class (D9) receive the greatest benefits from the inequality growth as its share increases to
a rather high level up to a = 1,56 (Gini about 47), see Table 5.

Obviously, model (1)—(4) can be used for developing a policy of gradual inequality reduction to
the level typical of socially oriented market economies. For example, as can be seen from Tables 4
and 5, reducing the inequality level from Gini = 35 to Gini = 25 will require an increase in the tax on
income of the richest part of the population by 17-18 %, which is close to 16 %, which was deter-
mined in [Atkinson, 2015].

Secondly, using the model it is possible to prove the level of harmonious inequality when the in-
equality indicator is close to the level corresponding to the harmonious proportions: the Golden ratio
(a special number found by dividing a line into two parts so that the longer part divided by the smaller
part is also equal to the whole length divided by the longer part, this number is equal to ¢ ~ 1,618) or
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Fig. 2. The income shares of the richest 10 % ( D10 ), the poorest 40 % (Q1+ Q2) and 50 % (Ql1+ Q2+ D5), as
well as of three middle-class groups: 10 % (D9), 20 % (Q4) and 40 % (D9 + Q4+ D6) as function of the ine-
quality indicator a according to the model of income distribution based on a finite functional sequence (1)—(4)

the Silver ratio (two quantities are in the Silver ratio if the ratio of the smaller of these two quantities
to the larger quantity is the same as the ratio of the larger quantity to the sum of the smaller quantity
and twice the larger quantity), which is characterized by the number s = 1+2%° = 2,414 [Corbalén,
2016; Gazalé, 1999]. The range of harmonious inequality, as shown in [Varshavsky, 2021], corre-
sponds approximately to a = 1,25-1,33 (Gini coefficient about 26-33) and is typical of the socially
oriented market economies, where there is a significant redistribution of income through progressive
taxation [Varshavsky, 2020, 2021].

As an example, we can consider the analytical expression for the Palma ratio [Palma, 2014],
which can be easily found at m =2 from (1)—(4):

D10 a®
P: = 2 2’
01+02 (1+a%)

(6)

where a is the inequality indicator. The expression (6) shows that for P = 1 the value of the inequality
indicator satisfies the condition of the golden ratio: a’> = ¢ = 1,618; a = ¢"*> = 1,272 [Varshavsky,
2020, 2021]. If P =1, i. e., if the share of income of the richest 10 % ( D10) is equal to the share of
income of the poorest 40 % ( Q1 + Q2), then simultaneously D10 = Q4 (this is seen in Fig. 2) and, as

follows from (1)—(4), %) = o) = Do = b2 =a’ =¢=1,618, which corresponds to the golden ratio
04 Q1 D9 DI
(variant 1). In this case we have the following distribution of income: Q5 = 36,7 %, 04 = 22,7 %,
03 =17.9%, 02 =14,0 %, O1 = 8,7 %. Interestingly, in [Doyle, Stiglitz, 2014] it was proposed to
reach this level of income inequality (P = 1) in the USA by 2030.
Approximately the same result is also observed when the income ratio of the richest 20 % and the
remaining 80 % of population corresponds also to the golden ratio (variant 2), i.e., Q5=

=¢'(100 — 05), in this case a = 1,3.
Table 6 presents income distribution options characterized by different variants of the ratios be-
tween quintiles and deciles, as well as the corresponding inequality indicator ¢ and the Gini index, de-

termined on the basis of the model (1)—(4) for m = 2. Among them are: the income of the rich 10 % is
equal to the income of the lower middle class 20 %, or to the income of the poor 40 % (the golden
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Table 6. Income distribution options, characterized by different quintile and decile ratios as well as correspond-
ing values of the inequality indicator a and Gini index, determined by the model (1)—(5)

Income distribution options Relationships between quintiles and Indicator
p deciles and their combinations a Gini
The income of the richest 10 % is equal to the _
income of the lower middle class 20 % DP10=D7+D6 1,23 23
Income distribution corresponds to the golden
ratio (variant 1), @ = ¢ = 1,618; a = 05 Q2 DI0 D2 51,618
= ¢* = 1,272. The income of the richest | @4 Ol D9 Dl T
10 % is equal to the income of the poorest 04 03
o L ) = ===¢"=1,272;
40 %, 1i.e., the Palma ratio is equal to 1: 03 02 1,272 27
8

po PO @ g oted i DI0=01+02=04

O1+02 (1+a”) 1
this case 05 = 36,7 %, 04 = 22,7 %, 03 = D10 = g<D9+D8+D7)
17,9 %, 02 =14,0%, 01 =8,7%
The income ratio of the richest 20 % and the
rest 80 % corresponds to the golden ratio o »
(variant 2); 05 = 382%, 04 = 227%, | ©5=¢ (100-05), ¢~ =0,618 1,30 30
03 =175%, 02 =13,5%, 01 =8,0%
The income ratio of the richest 10 % and
30 % of the richest part of the middle class D10 = (s )(D9 + D8 + D7); 1.29 30
corresponds to the silver ratio s = 1+2%° = s =0,6436 ’
~2414
The income of the richest 20 % and the rest 05 = (s7°)(Q4+03+02+ Ql); 131 31
80 % corresponds to the silver ratio s =0,6436 ’

- - YA
The income of the richest 20 % is equal to the 05=01+02+03 1.30 30
income of the poorest 60 %
The income share of the middle class 40 % is

4+ 03 =40 %

equal to 40 % of the total income Q4+0 ’ 131 3
The income of the richest 20 % is equal to the 5-04+03
income of the middle class 40 % 05=04+0 1,32 32
The income of 30 % of the upper middle class D9+ D8+ D7 = 133 1
is equal to the income of the poorest 60 % = D6+ D5+ D4+ D3+ D2+ DI ’
The income of the richest 10 % is equal to the DI0=01+02+D5 135 34
income of the poorest 50 % ’
The income of the richest 10 % is equal to the _
income of the lower middle class 30 % D10=D7+ D6+ D5 1,36 34
The income of the richest 10 % is equal to the _
income of the upper middle class 20 % D10=D9+D8 1,33 34
The income of the richest 10 % is equal to the
income of the middle and lower middle class D10=03+0Q2 1,38 36
40 %
The income of the richest 10 % is equal to the D10 =01+ 02 +03 | .44 40
income of the poorest 60 % ’

. . Y
The income of the rllc.hest 20 % is equal to the 05=100-05 1.51 44
income of the remaining 80 %

ratio, variant 1, the Palm index is equal to 1) or 50 %, to the income of the lower middle class 30 %,
the upper middle class 20 %, the middle and lower middle class 40 %, the poor 60 %; variants in
which the income ratio of the rich 10 % and of the richest part of the middle class 30 % corresponds to
the silver ratio; the income ratio of the richest 20 % and the rest 80 % corresponds to the golden ratio
(variant 2) or to the silver ratio; the income of the richest 20 % is equal to the income of the poor
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60 %, to 40 % of the middle class or is equal to the income of the remaining 80 % of the population;
the income share of 40 % of the middle class is equal to 40 % of the total income, the income of the
upper middle class 30 % is equal to the income of the poor 60 %.

Finally, using the model, it is possible to determine an approximate range of inequality beyond
which the social tension increases significantly and the level of stability in society decreases. This can
be shown using the Shepley vector or by investigating transition processes. In addition, by modifying
the Keynes model and using Caldor's ideas about the propensity to save, one can assess the influence
of inequality on economic growth [Varshavsky, 2007, 2009, 2010].

5. Conclusion

Thus, the results of the analysis of the proposed model of income distribution based on a finite
functional sequence, as well as the data given in the author's previous articles, confirm the adequacy of
the model and the possibility of using it for analyzing the dependence of income distribution by popu-
lation groups on the level of inequality.

With the help of the model, it becomes possible to determine the type of dependence of the in-
come groups of the population on the inequality level, as well as to find analytical expressions for the
ratios between different groups of quintiles and deciles, for example, for the widely used Palma ratio.
The analysis of the model shows that the income shares of the richest middle class groups have a max-
imum at certain levels of inequality and the income shares of these groups are relatively stable.

The model allows us to confirm the level of harmonious inequality that is typical of socially ori-
ented market economies, where there is a significant redistribution of income through progressive tax-
ation. With its help, it is possible to find the level of inequality for certain income ratios between indi-
vidual income groups or their combinations (for example, the income ratio of the richest 10 % of the
population and of the poorest 50 % or 40 %, etc.).

The results obtained using the model can be used for developing a policy of gradually increasing
the level of progressive taxation in order to reach the level of inequality typical of countries with so-
cially oriented market economies.
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Appendix

Table 7. Income distribution indicators and estimates of the inequality indicator @; data source: World Income
Inequality Database (WIID), 2016

Country | Gini | Ol | 02 | 03 | 04 | 05 | p2 | pa | 6 | ps | P10 4

1 | Austria 272 | 88 | 142|182 228 | 36 | 55 | 7.6 | 96 | 12,1 | 22 | 126
2 | Belgium 263 | 9,1 | 13,9 | 184 | 235 | 35,1 | 54 | 75 | 98 | 12,5 | 20,7 | 125
3 | Bulgaria 383 | 56 | 11,4 | 162 | 22,6 | 442 | 39 | 63 | 88 | 122 | 289 | 1,41
4 | Canada 30,6 | 74 | 132 | 179 | 234 | 38,1 | 47 | 72 | 96 | 125 | 23,1 | 1,31
5 | Croatia 208 | 75 | 134 | 18,1 23,7 | 373 | 47 | 73 | 97 | 12,6 | 22,1 | 1,31
6 | Cyprus 32,1 | 83 | 12,4 | 16,7 | 222 | 404 | 48 | 66 | 9 | 11,9 | 258 | 1,30
7 | Czechia 251 | 10,1 | 146 | 17,9 | 22 | 354 | 6 | 7.6 | 94 | 11,7 | 21,6 | 123
8 | Denmark 2771 9 1421792221367 57 | 76 | 94 | 11,7 ] 232 | 126
9 | Estonia 327 | 7,0 | 12,0 | 17,1 | 239 [ 397 | 45 | 66 | 93 | 13 | 23,7 | 1,33
10 | Finland 254 | 99 | 143 | 18 | 224 | 354 | 57 | 76 | 95 | 11,9 | 21,5 | 124
11 | France 293 | 89 | 13,7 | 172|216 | 385 | 53 | 73 | 9,1 | 11,5 | 24,7 | 1,28
12 | Germany 295 | 82 | 13,5 | 17,7 | 228 | 37.8 | 51 | 73 | 94 | 122 | 233 | 129
13 | Greece 343 | 62 | 125 | 173 | 23.5 | 405 | 42 | 68 | 92 | 12,7 | 25,1 | 137
14 | Hungary 282 | 86 | 13,9 178229369 | 54 | 74 | 94 | 123 | 22,6 | 1,27
15 | Iceland 241 | 104 | 149 | 18,1 | 22 | 346 | 6,1 | 7,8 | 95 | 11,6 | 212 | 1,22
16 | Ireland 295 | 86 | 13,1 | 17,6 | 229 | 37.9 | 51 | 7 | 94 | 123 | 23,5 | 1,28
17 | Israel 347 | 6,1 | 11,7 | 173 | 242 | 406 | 39 | 6,5 | 9.4 | 13,1 | 245 | 1,37
18 | Italy 33,1 | 63 | 128 | 179 | 235 | 395 | 45 | 7 | 9.6 | 12,6 | 24,4 | 1,36
19 | Latvia 345 | 6,6 | 12 | 169 | 233 | 412 | 43 | 65 | 9.1 | 12,6 | 25,6 | 1,36
20 | Lithuania 37 | 6,1 | 11,4 ] 162 | 229 | 433 | 41 | 63 | 87 | 125 | 27,7 | 1,39
21 | Luxembourg | 31 | 7.8 | 13,1 | 17,3 | 22,8 | 39,1 | 48 | 7 | 93 | 123 | 24,1 | 1,31
22 | Macedonia, | 33,6 | 6 | 125 | 17,7 | 242 | 396 | 42 | 69 | 97 | 13,1 | 23,7 | 1,37
23 | Malta 285 | 89 | 133 | 17,7 | 228 | 373 | 52 | 72 | 94 | 122 | 228 | 1,27
24 | Netherlands | 26,9 | 92 | 14,1 | 17,9 | 22,6 | 36,1 | 5.6 | 7.5 | 94 | 12 | 22,1 | 1,26
25 | Norway 25 | 94 | 151 | 185 | 22,4 | 346 | 59 | 8 | 97 | 11,8 | 21,0 | 124
26 | Poland” 288 | 85 | 13,8 | 17,6 | 225 | 37.6 | 53 | 7.4 | 94 | 120 | 233 | 128
27 | Poland? 208 | 7,9 | 13,4 | 17,7 | 23,1 | 37.8 | 5 | 72 | 94 | 124 | 229 | 1,30
28 | Portugal 33,0 | 7 | 124 | 16,7 | 22,6 | 414 | 45 | 6,7 | 89 | 123 | 259 | 1,34
29 | Slovakia 243 | 93 | 152 | 188 | 23 | 33,7 ] 59 | 81 | 98 | 12 | 199 | 124
30 | Slovenia 244 | 95 | 149 | 18,7 | 229 | 34 | 57 | 7.9 | 98 | 12,1 | 20,1 | 124
31 | Spain 345 | 62 | 122 | 173 | 23,7 | 40,7 | 42 | 67 | 93 | 120 | 249 | 137
32 | Sweden 276 | 85 | 14,1 | 184 | 232 | 359 | 54 | 7.6 | 97 | 123 | 21,8 | 1,27
33 | Switzerland | 29,4 | 8,6 | 13,5 | 17,4 | 22,4 | 38,1 | 52 | 72 | 93 | 11,9 | 23,9 | 1,28

Taiwan
34 | (China) 303 | 82 | 132|172 ] 228 [ 38,7 | 50 | 7,07 | 9.1 | 123 | 23,7 | 1,30

United 31,5 | 7,7 | 13 | 172229392 5 7 192 | 123|243 | 1,31
35 | Kingdom
36 Isjt‘;teesd 383 | 57 | 11,1 | 163 | 22,7 | 443 | 3.8 | 6,1 | 88 | 12,4 | 285 | 1,41
37 | Uruguay 36 | 7,0 | 11,4 ] 16 | 223 | 433 | 42 | 62 | 86 | 122 ] 27,7 | 136

1) Luxembourg Income Study, LIS 2018.

2) Eurostat 2018.
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