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C 50-x ronoB XX Beka TPaHCIIOPTHOE MOJCIUPOBAHUE KPYMHBIX METANOIMCOB CTAJ0 YCHICHHO pa3BUBaThes. [losBu-
JIMCH TIEPBBIE MOZIEITH PABHOBECHOTO PACIIpe/IeNIeH s TOTOKOB 10 My TsiM. Hanbonee momymsipaOit (1 McHoNmb3yromieics 10 CUxX
1op) Mozensio Obi1a Mozenb bokmana u ap. 1955 . B ocHOBY 3T0i1 Mozenu nonoxkeHs! ABa npuHnumna Bapapona. Ha cospe-
MEHHOM TEOPETHKO-UIPOBOM SI3BIKE MOJKHO KPAaTKO ONHKCATh CyTh MOJIENN KaK MOMCK paBHOBecHs HboIa B MOMyIsIIHOHHOI
Urpe 3arpy3kd, B KOTOPOI IOTEPH MIPOKOB (BOIUTEINICH) paCCUMTHIBAIOTCS UCXOS M3 BEIOPAHHOTO IYTH U 3arpy3kax Ha 3TOM
MyTH, IPH (UKCHPOBAHHBIX KOPPECHOHICHIMUIX. 3arpy3Ku (3aTpaTbl) Ha IyTH PAacCUUTHIBAIOTCS KaK CyMMa 3aTpaT Ha pas-
JMYHBIX y4acTKax Joporu (pedpax rpada TpaHCIIOPTHOH ceTn). 3aTparhl Ha pedpe (BpeMs Ipoesa 1o pedpy) OIpeaenseTcs
BEJIMYMHOHN MOTOKA aBTOMOOMIIEH Ha 3ToM pedpe. IloTok Ha pedpe, B CBOIO odepeb, ONPEaesIeTCs] CyMMO IOTOKOB IO BCEM
MyTAM, TIPOXOAAIINM depe3 3amaHHoe pedbpo. Takum oOpa3oM, 3aTpaThl Ha MPOE3[ MO MyTH OMPEIEISIOTCS He TOJIBKO BBIOO-
POM IyTH, HO ¥ T€M, KaKHe ITyTH BBIOpa OCTalIbHBIE BOAUTEIN. TakuM 00pa3oM, Mbl HAXOAUMCS B CTaHAAPTHOI TEOPETHKO-
urpoBoii mocranoske. Crenuduka GopmupoBanus GyHKIUIT 3aTpaT MO3BOJSET CBOAUTH IMOMCK PABHOBECHS K PELICHHUIO 3a-
Jla4¥ ONTHMHU3AIMHK (Mrpa MOTCHLIHUAIbHAS). JTa 3a/a4a ONTHUMHU3AMK OyJIeT BBITYKIOH, eciau (DYHKIMH 3aTpaT MOHOTOHHO
HeyObiBaronre. CoOCTBEHHO, Pa3iIMYHBIC MPEIIONIOKEeHHS 0 (QYHKIMAX 3arpar (GOopMUPYIOT pasiandHble Mozxenu. Hanboree
HOIYJIIPHON MOJIENBIO SIBIETCs Moziesb ¢ (yHkuuel 3arpar BPR. Takne GyHKIMN HCTIONB3YIOTCS MIPU pacdeTax PeasbHBIX
ropojioB moeceMectHo. OnHako B Havasie XXI Beka 1O. E. HectepoBeiM 1 A. sie [Tanbmoit 06110 MOKa3aHO, YTO MOJCTH THIIA
bakmaHa NMEIOT cephe3HbIe HEAOCTATKU. DTH HEJOCTaTKH MOKHO HCIIPABHUTh, UCIIONB3YSI MOJEIb, KOTOPYIO aBTOPHI HAa3BaJIN
MOJIeNbI0 CTaOMIBHON MuHAMUKH. [ToMck paBHOBECHsl B TaKOM MOJEIH TakkKe CBOJHUTCS K 3ajade ONTHMM3AnWu. TodHee,
Jake 3amade JIuHelHoro nporpammuposanus. B 2013 . A. B. 'acHUKOBBIM ObII0 00HApYKEHO, YTO MOJENb CTaOMIBHON -
HAMHUKH MOXET OBbITh MONydeHa MPEAeNbHBIM IIePEeX00M, CBI3aHHBIM C MOBEACHHEM (YHKIMU 3aTpart, u3 Mozaenu bakmana.
OpHako 000CHOBaHKE YHOMSHYTOTO IMPEAEIBHOTO Mepexoaa ObUIO CAENAaHO B HECKOJIBKHMX BAKHBIX (U1 MPAKTHUKH), HO BCE-
TaKH YaCTHBIX Cydasx. B obmiem ciaydae BOMpPOC O BO3MOXHOCTH TaKOTO IMPEIETBHOTO MEPEX0/ia, HACKOIBKO HaM H3BECT-
HO, OCTaeTcsl OTKPHITEIM. JlaHHas paboTa 3aKkphIBacT AAHHBIN 3a30p. B cTathe B 00mmeM ciydae MpUBOANUTCS 0OOCHOBAaHME
BO3MO)KHOCTH OTMEUYEHHOTO ITIPEAeNIbHOro nepexona (korna (yHKIWs 3arpar Ha Mmpoess Mo pedpy Kak (yHKIHS MOTOKa IO
pedpy BBIpOXKAACTCS B (DyHKIHIO, PABHYIO OCTOSHHBIM 3aTpaTaM JI0 JOCTIKEHHs IPOITyCKHOI CIIOCOOHOCTH, U paBHa ILIIOC
0ECKOHEYHOCTH, IPH TIPEBBIICHNH TIPOITYCKHOH CIIOCOOHOCTH).
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Since 1950s the field of city transport modelling has progressed rapidly. The first equilibrium distribution models of
traftic flow appeared. The most popular model (which is still being widely used) was the Beckmann model, based on the two
Wardrop principles. The core of the model could be briefly described as the search for the Nash equilibrium in a population
demand game, in which losses of agents (drivers) are calculated based on the chosen path and demands of this path with
correspondences being fixed. The demands (costs) of a path are calculated as the sum of the demands of different path
segments (graph edges), that are included in the path. The costs of an edge (edge travel time) are determined by the amount
of traffic on this edge (more traffic means larger travel time). The flow on a graph edge is determined by the sum of flows
over all paths passing through the given edge. Thus, the cost of traveling along a path is determined not only by the choice of
the path, but also by the paths other drivers have chosen. Thus, it is a standard game theory task. The way cost functions are
constructed allows us to narrow the search for equilibrium to solving an optimization problem (game is potential in this case).
If the cost functions are monotone and non-decreasing, the optimization problem is convex. Actually, different assumptions
about the cost functions form different models. The most popular model is based on the BPR cost function. Such functions
are massively used in calculations of real cities. However, in the beginning of the XXI century, Yu. E. Nesterov and A. de
Palma showed that Beckmann-type models have serious weak points. Those could be fixed using the stable dynamics model,
as it was called by the authors. The search for equilibrium here could be also reduced to an optimization problem, moreover,
the problem of linear programming. In 2013, A. V. Gasnikov discovered that the stable dynamics model can be obtained by
a passage to the limit in the Beckmann model. However, it was made only for several practically important, but still special
cases. Generally, the question if this passage to the limit is possible remains open. In this paper, we provide the justification
of the possibility of the above-mentioned passage to the limit in the general case, when the cost function for traveling along
the edge as a function of the flow along the edge degenerates into a function equal to fixed costs until the capacity is reached
and it is equal to plus infinity when the capacity is exceeded.

Keywords: equilibrium distribution model of traffic flow, Beckmann’s transportation network
equilibrium model, stable dynamics model
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BBenenue

Mopenb paBHOBECHOTO paclpeieseHus] TTOTOKOB bakmana octaetrcst HanbOoee TMOMyasIpHON st
MOJICIIMPOBAHMS Ha MPOTSHKCHHH OoJiee 4eM monyBeka [['acHukoB u ap., 2013; Beckmann, McGuire,
Winsten, 1955]. OqHuM U3 KITIOYEBBIX MOHATHI B 3TOH MOJIEH ABISIOTCS QyHKINU T,(f, | (), KOTOpBIE
BBIPA)KAIOT Y/IEJIBHBIE 3aTPaThl Ha IPOE3] 10 OyTe e, e f, — 3TO BEIMYMHA I0TOKA 1o ayre e. Kak mpa-
BWJIO, MTPEATIONAratoT, YTO TO (CTPOro) BO3pacTarolye MiagKkiue QyHKIUU OT f, (AHOTIA U BBITYKJIBIC).
B Gonee >xe HOBOII Mozenu CTaOMJIBHOW AMHAMUKHU YAEJIbHBIC 3aTparhl paccunTbiBaroTcsi [Nesterov,
Nemirovski, 2013; Nesterov, de Palma, 2003] ciexyromum oopazom. Kaxaomy pedpy e € E craBsiTcs
B COOTBETCTBUE MapaMeTpsl 76 ¥ 7,. OHU UMEIOT CIICIYIOLIYI0 TPAKTOBKY: 76 — MakcHMaJjbHas IMpo-
IyCKHas CIOCOOHOCTH pedpa e, f, — MUHUMAJIbHBIE BPEMEHHBIE H3JIEPIKKH, HEOOXOIUMBIE JUISl TIPOXOK-
neHus peodpa e. Torma 3arpaTsl cuuTaroTCs CleAylomuM odpasom. IlycTts f — BekTOp pacrpeneneHus
IOTOKOB 110 peOpaM, HHULMHUPYEMBI PAaBHOBECHBIM PACIPEICICHUEM IIOTOKOB 10 MapLipyTaM, a f —
BEKTOP BPEMEHHBIX M3JIEP)KEK, COOTBETCTBYIOIIMI pacnpenenenuto f. Torma, ecian TpaHCIIOPTHASA CH-
CTeMa HAXOIMTCS B CTAGMIBHOM COCTOSHHH, BCETNA BBIIONHSIOTCS HepaBeHcTBA f < f u ¢ > 1. Ilpn
3TOM CUHTAETCS, YTO €CIIH MOTOK M0 pedpy f, MEHbIIlEe, YeM MaKCHMaJlbHas MPOIYCKHAs CIIOCOOHOCTD
pedpa ?e, TO BCE aBTOMOOWJIM B IIOTOKE JBHUTAIOTCSl ¢ MAaKCHMMAJIBbHOW CKOPOCTBIO, @ UX BPEMEHHBIC
W3/IEPXKKH [, MUHUMAJIbHBI U PAaBHBI 7,. ECIHM 5Ke TOTOK 10 pebpy f, CTAHOBHUTCS PABHBIM IIPOITYCKHOM
criocobHoCTH pedpa ?e, TO BPEMECHHBIE U3ACPKKU BOAUTEICH f, MOTYT OBbITh CKOJIb YTOJHO OOJIBIIUMH.

HerpuBnansHbIM SIBIsSIeTCS Cieayioliee HaOmroneHne. Ecii paccMOTpeTh SHTPONUHHO-PEryIs-
PH30BaHHBINA (DYHKIIMOHAI

¥y = ¥(f() +T ) ) x,logx, — min
weW peP,, f)'C:e@x

1 B3ATh IpeelT 1, To mepexon K TBOMCTBEHHOW 3amade (U1 3a1aud MHHUMH3AITUH 3TOro (pyHKIIMOHAIA
Ha MHOXKeCTBE X) JaeT CTOXaCTHUECKHUI BapUaHT MOJCTH CTAaOWIbHOW AMHAMUKH. B kaure [I"'acHUKOB,
I'acaukoBa, 2020] ObLIa TPOAEMOHCTPHUPOBAHA TaKas CBSA3b MOJACTH CTAOMILHOW THHAMUKH C MOJCIHIO
bskmana Tonbko Ui HeCKOJIbKUX (yHKUMH 7,(f, | ¢) KOHKpeTHOro Buaa. B sToil xe crarbe aBTO-
pBI TIpeanaraT 0ojiee MHUPOKOE JTOKA3aTEIbCTBO, KOTOPOE JAETAcT BOSMOKHBIM MPEACIbHBIN TIEPEeX0

MEXIY ABYMS MOICIISIMH IS JTFOOBIX (DYHKITHH, YIOBICTBOPSIONINX OMPEICIICHHBIM yCIOBHAM. To €CTh
C €€ TIOMOIIBI0 MBI YCTAHOBUM, YTO €CITH

Ty 0< fo < for

Te(fe |,Ll) :—_)OT) [Ee, oo)’ fe _ ?e’ (1)

rae x(¢) — paBHOBECHOE pacipeeiicHHE ITOTOKOB 10 IMyTsSM B Moneinu bokMaHa mpu GpyHKIUAX 3aTpar
Ha pebpax 7,(f, | w)), T0

Te (fo () —— 1,
n—0+

Jo (X)) —— £,
u—0+

rae napa (¢, f) — paBHOBECHE B MOJCIIM CTAaOMJIBHOH JUHAMHKHU C TEM e rpagoM W MaTpHIIEH KOp-
pecrionieHIMi, 4To ¥ B Monenu bokmana, u ¢ peGpamm, Xapakrepusyommmucs Habopom (7, f) u3
onpezaeneHust GyHKuui 7,(f, | p).

JlokazatenscTBO OyaeT pa3OMTO Ha JIBE YacTH: B TIEPBON OyJeT pacCMOTPEH Cilydail TaKuX IOTO-
KoB f,, e € E, uto f, < f,, a BO BTOPOIl MBI PACCMOTPUM OCOOEHHOCTb, BO3HUKAIOLIYIO 1IpH f, = f,.
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338 E. B. KotnsipoBa u 1p.

ITocTaHoBKA 3a1a4M U TPpUBHAJIbHAdA 4aCTbh A0Ka3areJbCTBa

Jlemma 1. Ilycms 7,: R — R 6ospacmaem onsa nwoboeo e € E. Toeda

min {Z ae(f»} = sup {Z d,T,0) - a:ae)}. 5)

f=0x \e€E redom o™ | ey ecE

Ota nemma mu3BecTHa U3 nuteparyphl [[‘acHukos, ['acaukoBa, 2020; Nesterov, de Palma, 2003],
KaK W ee JIOKa3aTelIbcTBO, HO OHA MOHAmoO0uTCsl HaM gainee. [lepeiineM K mpenMeTry CTaThbH.

Teopema 1. [Iycms Ona 1106020 3nauenus napamempa (1 > 0 ¢yuxyuu 7,(- | (1) yoosremsopsiom
CeOVIOUUM YCIOBUSIM:

1) 7,(f, | ©) = —c0 npu f, <0,
2) 7,(f, 1) >0 npu f, >0,

3) 7,(- | p) empoeo ospacmaem na domt,(- | u) ={f, e R: —co <7,(f, | 1) < +oo}.

Ipu scex p > 0 doonpedenum

Tgl(te ) = 0, ecut, < 7,00 | ),
+oo, ecaut, > T,(4+00 | ).
Ilycmo
f [ @ 1w - F )] dz —0 3)
R
20e
0, ecmut <t,
Fe(le) =) e _e
fer ecmut,>t,.
Tocoa
,}info min {Z o (f, | ,U)} = stti?{z d,T, () —f, t— t>}-
F=Ox ecE Z weW
Jlokazamenvbcmeo.

3amerum, 4to Juist Jr00boro > 0

T (fe | 1) = +oo, ecmu f, <0,
o (felw) = 7,0mf, ecm f,>0.
Te

Oto cnenyer u3 npeanonoxeHuit 1), 3) u dopmynst o, (f, | 1) = f 7,(z | ) dz.
0
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Jlemma 2. Ilpu nobwix p, t,

1,

e

oit, | p) = f .Mz wdz.
0

Jlokazamenvcmeo.
Ilycts cnauana ¢, < 7,(0 | u). Torna

O-:(te |:u) = sup {tefe - O-e(fe |,Ll)} = SU% {tefe - O-e(fe |:u)} < sup {tefe - Te(o |,u)fe} = 0.

e Je> 120
C npyroii croponsl, npu f, = 0 Bblpaxenue ?,f, — o,(f, | 1) Bcerna paBHo Hymo. Taxum oOpa-
3oM, o,(t, | 1) = 0 mnst moOeix u > 0, t, < 7,(0 | w). Ilycrs teneps ¢, > 7,(0 | u). Paccmorpum
ONTHMH3AIMOHHYIO 33/1a9Y:
tofe =0 (fo ) = max.

e

[IpupaBHsieM IPON3BOIHYIO K HYJIO:

-1, lw=0 = f=7"01p.

CrenoBarenbHO,
ait, | ) =7, (2, | ) — o1 (8, | ) | ).
OrTcrona 1 :
ooy(t, | 4 or, (t, I 0t (t, lp)
— =1, (1, ) +1 —1t =7, (t
ate e (ell’l) e 6te e ate e (ell’l)
npu Beex 7, > 7,(0 | w). Takum obpa3zom,
ZE
out, | p) = f 7,z | p)dz.
0
Jlemma nokasana. O
IlycTs
0, ecut, <1,
S:(Z’e) — _ ) e e
f.(t, —t,), ecnu uHadye.
Nmeem

t 1

e e

St - oL, | | = fFe(Z)dz—fTe_l(zlu)dz <

0 0

1,

e

< f |Fo@ =7, (2| ] dz < f |Fo@) - 7. (2| w)|dz — 0

u—+0
0 R

paBHOMepHO 110 £, € R. Tlo nemme 1,

#lingo min {Z o (f, | u)} = lim  sup {Z d,T,(1) - Z o, | ,U)}-

+0 *
f=0x \ecE H=*iedomo | ey eeE

2022, T. 14, Ne 2, C. 335-342




340 E. B. KotnsipoBa u 1p.

B cuny nokazaHHOH Bblllle PABHOMEPHOM CXOIUMOCTH 07, (: | ) MOJKHO ITOMEHSITh MECTaMM OIlepaliu
cynpemyma u B3saTHS mpenena. [lomyanm

lim sup {Z dwTw(t) - Z O-:(te | ,u)} = Sup {Z dwTw(t) - #112’_10 Z O-:(te | ,u)} =

1=+0 tedom o | oy ocE tedomo* | =y “E
= sup {Z AT = S:a»} = sup {Z dT,(0) = (F. t - z>},
L \wew ecE =t \weWw
9TO U TPeOOBAJIOCh J10Ka3aTh. |

3AMEYAHME 1. Ilycts
T(f ) = ?e(l —uln(l - _—D £ >0.
Ipu f, < 0 ompenerum 7,(f, | 1) = —oo. Torma

- t,—1 -
f. (1 — exp (—g)) ecnm t, > 1,

o, 1w = ot

0, ecnu nHaye.

KitroueBoe npennonoxenne (3) Teopemsl | B 3ToM ciydae BermonHsAeTcs. s GpyHKImi

Te(ﬂlu)=fe(l+u_fe )
fe_fe

) f L/p
(] )=te(l+ (_—6) )
T M Y 7

e

npenmnoiioxkeHue (3) He BHITOJIHSIETCS.
PaCCMOTpeHI/Ie 0COOEHHOCTH

Jist Toro yTOOBI HAWTH PaBHOBECHE B TPAHCIIOPTHOW CETH, HEOOXOAUMO PEIIHTh 3a7ady TTOHCKa
PaBHOBECHOTO pacIpeesIeHHs TOTOKOB

min ) o (f, | ). )
f=0Ox ecE
pIS
fe
oo | ) = f v ) dz. )

0
[Janee cunrtaem, uto Be3ne f, > 0. Benem npeanonoxenns 1-3.

Ipennonoxenue 1. 7,(f, | ) — neyowvisaiowas gyuxyus om f, ons ecex u > 0, e € E.
Hpuuem 7,(f, | 1) > t,.

Mpeanonoxenne 2. lim 7,(f, |p) =1, f, < f,, lim 7,(f, | u) = +c0 dnz 6cex e € E.
p=0+ =0+

Mpeanonoxenne 3. [lepeceuenue mpancnopmuoeo nomoka T = {f = Ox, x € X} u mHoowce-

cmea F = {f: f < f} ne nyemo. Ilycms E' — maxoii nabop pebep (603movrcHo nycmoi), 4umo min f, =
feTNF

= f, moeda u monvko mozoa, koeda e € E'.
ITpu BBIIONIHEHUH MPEANOINKEHHH 1-3 I BeceX e € E’ BBIMOIHACTCS #IE{)L a,(f, | W) = f.t,.

3aMeTuM TaKKe, 4TO

KOMIIBIOTEPHBIE UCCIIEJOBAHUS U MOJAEJIUPOBAHUE
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3AMEYAHMUE 2. W3 npeanonoxeHus 2 cIeyer, uTo liI(I)l o, (f 1) = £ty £, < fo
u=0+

— _ 1/p
3AMEYAHME 3. Ecmu TNF #ourt,(f, |n) =1, (l + y(%) ), TO IPEAINONOKEHUs 1-3 BBIIONHSAIOTCS.

Teopema 2. Ilycms cnpagednusel npeononoscenus 1-3. Iycmo f* € T — pewenue 3a0auu (4).
Toeoa 3aoaua (cm. 3ameuanue 2)

min > i, (©)
f=Ox ¢€E
I<f
umeem peuilenue fo eTn F, npuuem
V(") = ) o) == ) £, = () (7)
ecE H=0E eck
u
o (1) —— P (f°). (8)
u—0+
,ZZOKCZ&’ameJZbCWl@O.

CymectBoBanue pemieHust 3agad (4) u (6) caemyer W3 TOTO, YTO BBIMyKIas (PyHKIMS HA BbI-
MYKJIOM KOMITaKTe JOCTUTAaeT MUHUMYMa. lleneBble QyHKIMH BBIMTYKIIBI TIO MPENNOJIOKEHUIO | U 1Mo
BBINYKJIOCTH JIMHEHHBIX (yHKIMA. KOMIAKTHOCTh, B CBOK OYepellb, MOSBISICTCS M3-32 KOMIIAKTHO-
cti T (motoMy 4To X — KOMIIAKT). BBITyKIIOCTh OrpaHUYEeHUH TakKe CIeAyeT U3 MX JUHeWHocTH. U3
MIPENONIOKEHNS 3 CeIyeT, YTo Elfe TNF,§>0:

Vee E\E — f, < f,—6. )

U3 semyknoctu T N F CIICIyeT, 4TO BECh OTPE30K []7, %1 ¢ T nF. U3 npeanonoxenuit 1-3 u |E| < oo
cnenyer, uto Ye Ju(e), f€ € [f, fO1:

Vi < ple) = W, (f) < ¥o(f") + e (10)

CnenoBarenbHo, Yu < u(e) — lI’M( fﬂ) <Y ( f0)+ €. I3 npennonoxenus 1 cieayert, 4To lI’ﬂ( 5 =¥ (f).
Taxum obpazom, momydaem (7) u (8). Uto u TpeboBaIoCh JOKa3aTh. O

3akiIoueHue

B crarpe Obl1a ucuepmbpiBaroiie 000CHOBAHA CBS3b MEXKAY MOACIBIO CTAOMIBHON THHAMUKH (WA
Hectepoa — Jle [lanpmbl) u Monensio bokmana. M xotst paHee 3To yxe ObUTO YaCTHYHO IMPOJIEIIAHO
B pabore [[‘acuukoB, I'acHukoBa, 2020], 0 MONHOM JOKa3aTeIhCTBE aBTOpAM HHUYETO HE W3BECTHO.
OTMeTHM TakXKe, 4To 3Ta 3aja4ya Obuia mpeioxkena A. B. 'acHUKOBBIM B KadecTBe MPOEKTa IS CIaqH
Kypca 1o MaTeMaTHIeCKOMY MOACTUPOBAHUIO TPAHCIOPTHBIX MTOTOKOB M B UTOTE ObLIA pelieHa OJHUM
U3 CTyJeHTOB B coaBTopcTBe ¢ E. B. KoTnsipoBoii.

2022, T. 14, Ne 2, C. 335-342
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