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B nanHOl cTaThe mpemIaraloTcsi METOAB ONTHMHU3AIMU BBICOKOTO MOPsIKA (TEH30pPHBIE METOMBI) AJIS PEIICHUS IBYX
THUTIOB CEIOBBIX 3aa4. [1epBbIil THIT — 3TO KIIacCHUYECKasi MHH-MaKC-IIOCTAHOBKA IS TIOMCKA CEJIOBON TOUKHM (DYyHKIIHOHATA.
Bropoii THIT — 3TO MOWCK CTaMOHAPHON TOYKU (YHKIIMOHAIA CEIJIOBOM 3aJa4M IyTEM MHHUMH3AIH HOPMBI TpaIHCHTa
atoro ¢yHknuoHana. O4YeBHIHO, YTO CTAIMOHApHAS TOYKA HE BCErAa COBHAgacT C TOYKOWH onmTuMyMma (yHkuuw. OxHaxo
HEOOXOANMOCTD B PEIICHUHU MTOJOOHOTO THIA 331a4 MOXXET BO3HHKATh B CIIy4ae, €CIIU MIPUCYTCTBYIOT JIMHEHHbBIC OTPaHUYCHHUSL.
B manHOM ciydae u3 pemieHHs 3a7add MOWCKA CTAIIMOHAPHOW TOYKH JBOHCTBEHHOTO (PyHKIMOHAJIa MOKHO BOCCTAHOBHUTH
pCeIlICHUE 3aj1aud MOUCKAa ONTHMyMa TpsMOro (yHKIHOHala. B oboux THIax 3ajga4 Kakue-TMOO OrpaHWYCHHs Ha 00IacTb
OIpeICICHUSI LIEJICBOro (DYHKIIMOHAIA OTCYTCTBYIOT. TakKe MbI PEIoIaracM, 4To HeleBoi (GYyHKIMOHAT SBISCTCS (U-CUITEHO
BBIITYKJIBIM U (-CHJIBHO BOTHYTBIM, @ TAK)K€ YTO BBIIOJIHACTCS yciaoBUe JIMmmuna ast ero p-il IpOU3BOAHOM.

Jns 3a1a4d THIIA «MHH-MAKC» MBI IIpeIaraeM Ba alnropuT™a. Tak Kak Mbl pacCMaTpUBacM CHIIBHO BBITYKIIYIO U CHIIb-
HO BOTHYTYIO 3aj1a4y, IIepBbIi aJIFOPUTM HUCHOJIB3YET CYIIECTBYIOIUI TEH30PHBIA METOJ JIIsl PELICHUS BBITYKIIBIX BOIHYTBIX
CEIUTOBBIX 3aJ[a4 U YCKOPSET €ro C MOMOIIBI0 TEXHUKU PECcTapToB. TakuM 00pa3oM yaaeTcsi TOOMThCS JIMHCHHOW CKOPOCTH
cxoauMOocCTH. Mcrosb3ys JONOIHUTENIbHBIE MPEIIOI0KEHHS O BBIIOJIHEHUH YCIOBUM Jluniunna 1t nepBoi U BTOpoil npous-
BOJHBIX LIEJICBOTO (DYHKIIMOHAIA, MOYKHO JOTIOJHUTEIBHO YCKOPHUTH MOTYYEHHbIH MeTOA. [l 5TOro MOYKHO «IIEPEKIFOIUTHCSDY
Ha IPYyTroi CyIIeCTBYIOIINI METO UTS PELICHUs MOJOOHBIX 3a4a4 B 30HE €r0 KBaJIpaTHYHON JOKAIBbHOH cX0AUMOCTH. Tak Mbl
MOJTy4aeM BTOPOU arOpUTM, 003 Jatoliii TII00aTbHOM TMHEIHOW CXOMUMOCTBIO U JIOKaJbHOW KBAJIPATHYHON CXOAUMOCTBIO.

Hakoner, juist pemieHus 3a1a4 BTOPOro THUIA CYLIECTBYET OIpe/IesIeHHasi METOIOJIOT U ISl TEH30PHBIX METOJI0OB B BbI-
nykiIoi ontumusanun. CyTh ee 3aK/II04aeTcsl B IPUMEHEHNH CIEIHAIBHON «00EPTKI» BOKPYT ONTUMAIbHOTO METO/IA BEICOKO-
ro nopsaka. [Ipudem A7t 3TOro ycrnoBue CHIBHOW BBITYKJIOCTH HE ABIACTCS HEOOXOAUMBIM. J[0CTaTOYHO JINIIE NPaBHIBHBIM
00pa3oM peryisipu30BaTh 11eJIeBOU (PYHKIIMOHAI, C/ICJIAaB €ro TAKMM 00pa3oM CHIIBHO BBIITYKIIBIM M CHJIBHO BOTHYTHIM. B Ha-
nrei paboTe Mbl MEPEHOCUM 3Ty METOIOJIOTHIO Ha BBIMYKJIO-BOTHYThIC (DYHKIIMOHAIIBI M MCIIONB3YEM JIAaHHYIO «O0CpTKY» Ha
MPE/IIaraéMoM BBIIIE allTOPUTME C II00ATBHON JIMHEIHHOM CXOAMMOCTBIO U JIOKATIbHOM KBAIPATUYHOU CXOJAUMOCTBIO.

Tak Kak cemioBas 3aada SBISETCA YACTHBIM CIlydaeM MOHOTOHHOTO BapHALMOHHOTO HEPAaBEHCTBA, NpeJlaracMble
METOJBI TAK)KE MOAOWIYT AJIs TIOMCKA PELICHUS] CHIIBHO MOHOTOHHBIX BAPHAIL[IOHHBIX HEPABEHCTB.
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TCH30PHBIC METOJbl, MUHUMH3AallUsl HOPMBI I'PpaiiC€HTa
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In this paper we propose high-order (tensor) methods for two types of saddle point problems. Firstly, we consider
the classic min-max saddle point problem. Secondly, we consider the search for a stationary point of the saddle point
problem objective by its gradient norm minimization. Obviously, the stationary point does not always coincide with the
optimal point. However, if we have a linear optimization problem with linear constraints, the algorithm for gradient norm
minimization becomes useful. In this case we can reconstruct the solution of the optimization problem of a primal function
from the solution of gradient norm minimization of dual function. In this paper we consider both types of problems with
no constraints. Additionally, we assume that the objective function is u-strongly convex by the first argument, pu-strongly
concave by the second argument, and that the p-th derivative of the objective is Lipschitz-continous.

For min-max problems we propose two algorithms. Since we consider strongly convex a strongly concave problem,
the first algorithm uses the existing tensor method for regular convex concave saddle point problems and accelerates it with
the restarts technique. The complexity of such an algorithm is linear. If we additionally assume that our objective is first and
second order Lipschitz, we can improve its performance even more. To do this, we can switch to another existing algorithm
in its area of quadratic convergence. Thus, we get the second algorithm, which has a global linear convergence rate and
a local quadratic convergence rate.

Finally, in convex optimization there exists a special methodology to solve gradient norm minimization problems by
tensor methods. Its main idea is to use existing (near-)optimal algorithms inside a special framework. I want to emphasize
that inside this framework we do not necessarily need the assumptions of strong convexity, because we can regularize the
convex objective in a special way to make it strongly convex. In our article we transfer this framework on convex-concave
objective functions and use it with our aforementioned algorithm with a global linear convergence and a local quadratic
convergence rate.

Since the saddle point problem is a particular case of the monotone variation inequality problem, the proposed methods
will also work in solving strongly monotone variational inequality problems.

Keywords: variational inequality, saddle point problem, high-order smoothness, tensor methods,
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Introduction

In this work we focus on two types of saddle point problems (SPP). The first one is the classic
minimax problem:
min max g(x, y), 1
min mas 8(x, y) M
where g: X x Y — R is convex over X and concave over Y, and the sets X, Y are convex. This is
a particular case of a more general problem, called monotone variational inequality (MVI). In MVI we
have a monotone operator F' : Z — R” over a convex set Z C R” and we need to find

77eZ: VzeZ, (F(2), 7 —2)<0. ()

If we set Z = X x Y and F(z) = (V,g(x, y), —Vyg(x, y)), then MVI is equivalent to the min-max
SPP (1).
The second problem is the gradient norm minimization of SPP:

min |[Ve(x, . 3
(o, min yll g(x, Y, (3

For both problems we consider an unconstrained case with X = R"” and Y = R™. Additionally,
we assume that g(x, y) is u-strongly convex in x € R" and u-strongly concave in y € R™.

There is a number of papers on numerical methods for SPP (1) in a convex-concave
setting [Korpelevich, 1976; Tseng, 1995; Nemirovski, 2004; Nesterov, 2007; Tseng, 2008]. One of
the most popular among first-order methods for this setting is the Mirror-Prox algorithm [Nemirovski,
2004], which treats saddle-point problems via solving the corresponding MVI. According
to [Nemirovsky, Yudin, 1983], this method achieves optimal complexity of 0(%) iterations for first-
order methods applied to smooth convex-concave SPP in large dimensions.

The additional condition of strong convexity and strong concavity leads to better results.
The algorithms from [Rockafellar, 1976; Tseng, 1995; Nesterov, Scrimali, 2006; Gidel et al., 2018;
Mokhtari, Ozdaglar, Pattathil, 2020] achieve iteration complexity of O(L/,u log(é)). In [Lin et al,,

2020] the authors proposed an algorithm with complexity O(L/ V[, log? (é)), which matches up
to a logarithmic factor the lower bound, obtained in [Zhang, Hong, Zhang, 2019]. It is worth
mentioning that log? (%) factor can be improved, namely, it is possible to achieve iteration complexity

of O (L/ iy log (1)) (see [Gasnikov et al., 2020]).

The methods listed above use first-order oracles, and it is known from optimization that
tensor methods, which use higher-order derivatives, have a faster convergence rate, yet at the cost
of more expensive iteration. The idea of using derivatives of high order in optimization is not new
(see [Hoffmann, Kornstaedt, 1978]). The most common type of high-order methods uses second-order
oracles, for example, Newton method [Nocedal, Wright, 2006; Nesterov, Nemirovskii, 1994] and its
modifications such as the cubic regularized Newton method [Nesterov, Polyak, 2006]. Recently the
idea of exploiting oracles beyond the second order started to attract increased attention, especially
in convex optimization [Bullins, 2018; Bullins, Peng, 2019; Gasnikov et al., 2019a; Gasnikov et al.,
2019b; Dvurechensky et al., 2019].

However, much less is known about high-order methods for SPP and MVIs. In [Monteiro,
Svaiter, 2012] the authors propose a second-order method based on their Hybrid Proximal Extragradient
framework [Monteiro, Svaiter, 2010]. The resulting complexity is O (52%) A recent work [Bullins, Lai,
2020] shows how to modify the Mirror-Prox method using oracles beyond second order and improves
complexity to reach duality gap & to O (m) for convex-concave problems with p-th order Lipschitz
derivatives. The paper [Huang, Zhang, Zhang, 2020] proposes a cubic regularized Newton method for

2022, T. 14, Ne 2, C. 357-376
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solving SPP, which has a global linear and a local superlinear convergence rate if Vg(x, y) and V2g(x, y)
are Lipschitz-continuous and g(x, y) is strongly convex in x and strongly concave in y.

In our work we make the next step and propose a tensor method for strongly monotone variational
inequalities and, as a corollary, a tensor method for saddle point problems with a strongly-convex-
strongly-concave objective. Based on the ideas from [Bullins, Lai, 2020] and [Huang, Zhang, Zhang,
2020], our work can be split into three parts.

Firstly, we apply the restart technique [Stonyakin et al., 2018] to the HighOrderMirrorProx
Algorithm 1 from [Bullins, Lai, 2020], which is possible because of the strong convexity
and strong cg/r(lcal\)lity of the objective. Such a modification improves the algorithm complexity

L R p+ R2
toO((’# ) log’fg—G,
—=(x*, y)ll, and L, is the Lipschitz constant of the p-th derivative, and & is the error in terms of duality
gap.

where R is an upper bound for the initial distance to the solution ||(x,, y,)—

Secondly, using an estimate of the area of local superlinear convergence, when the algorithm
reaches this area, we switch to the Cubic-Regularized Newton Algorithm 3 from [Huang, Zhang,
Zhang, 2020] to obtain the local superlinear convergence of our algorithm. The total complexity of the
final Algorithm 4 becomes

L L3
LpRp—l 2/(p+1) Lszax{l, 7‘} logzﬂT'SC
0 log + log |
# # log =2
u

where L, and L, are Lipschitz constants for first and second-order derivatives, respectively. We want
to emphasize that the obtained the log log(é) dependency on & cannot be improved even in convex
optimization [Kornowski, Shamir, 2020].

Thirdly, we apply the framework from [Dvurechensky et al., 2019] to Algorithm 4 to solve the

2/(p+1

problem (3) and obtain Algorithm 5. Its convergence rate is o (( LZ I;p) b , where by tilde we mean
an additional multiplicative log factor, and by &, an error in terms of the gradient norm of the objective.

Our paper is organized as follows. First of all, in «Preliminaries» we provide necessary
notations and conditions. Then, we present the new algorithm and obtain its convergence rate in
«Main Results». Firstly, in the subsection «Restarted HighOrderMirrorProx» we talk only about the
restarted algorithm from [Bullins, Lai, 2020] and get its complexity. Secondly, in the subsection «Local
quadratic convergence» we describe how to connect it to Algorithm 3 from [Huang, Zhang, Zhang,
2020] in its quadratic convergence area and get the final Algorithm 4 convergence rate. Thirdly, in
the subsection «Gradient norm minimization» we focus on how to wrap Algorithm 4 in a framework
from [Dvurechensky et al., 2019] and obtain its complexity. Finally, in «Discussion» we discuss our

results and present some possible directions for future work.

Preliminaries
We use z € R" X R™ to denote the pair (x, y), VPg(@)[h, ..., hp], p = 1 to denote the directional
derivative of g at z along directions h, € R" x R™, i =1, ..., p. The norm of the pth order derivative

is defined as

IV7g(2ll, := i Iglgéanm{lV”g(Z)[hl, e bl bl < 1,i=1, .00, p)
1o flp

or equivalently

p — P Pl <1
V75, == max (V’g@UAPl: I, < 1)
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Here we denote V7Pg(z)[h, ..., h] as VPg(z)[h]”. Also, here and below || - ||, is a Euclidean norm for
vectors.

Denote the Taylor approximation of some function f at point z up to the order of p by

P
1o i
@ = ) SV@E-.
i=0
For ease of notation, we denote the Taylor approximation of the objective g by d)(x’y)’p(}\, N=D, p@ =

= 0% ,(2).
By D: ZxZ — R" we denote the Bregman divergence induced by a function d: Z — R, which
is continuously-differentiable and 1-strongly convex. The definition of the Bregman divergence is

D(zy, z,) := d(z) — d(zy) —(Vd(25), 2, — 25)-

In our paper we use half the squared Euclidean distance as the Bregman divergence
1 2
D(Zl, Zz) = 5”11 - Zz”z- 4

For the analysis of convergence of our approach for the gradient norm minimization (3) we will
need the regularized Taylor approximation of objective g:

()"

-1
Ly (V2)'
L 14 p+l 14

Q(x,y),p,L,,GC: V)= (D(x,y),p@ M+ (p+ 1) b -

_ p+1
Ty Iy =yl

I — ]
Denote its min-max point by

Tﬁ,LP () € Are i g {Q(x,y),p,Lp(z 37)}

XER™ yeR™M

As we mentioned earlier, in this paper we consider two types of SPP: the classical minimax
problem (1) and the gradient norm minimization (3). We need to introduce the definitions of
approximate solutions of these problems. We use different indices in error notations for these problems
to avoid ambiguity.

Firstly, the problem (1) is usually solved in terms of the duality gap
G yyy(X, y) = max g(x, y') - min g(x’, y). Q)

Since in our case X = R" and Y = R™, we drop the notations of these sets from the index of the duality
gap and denote the duality gap just as G(x, y). Then we define the & ;-approximate solution of (1):

X eR", Y eR"=GX,Y) < g (6)

Secondly, for the problem (3) we don’t need any additional functionals, and the &-approximate
solution of (3) of the form

X eRY Y eR" = [[Vg(x™, Yl < &y. (7

2022, T. 14, Ne 2, C. 357-376
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Conditions
We assume that objective g is strongly convex, strongly concave and p-times differentiable.
Condition 1. g(x, y) is u-strongly convex in x and u-strongly concave in y.
Recall that the definition of strong convexity and strong concavity is as follows.
Definition 1. g: R” X R"™ — R is called p-strongly convex and u-strongly concave if

Vxp, X, €R", y € R” = (V,g(x;, ¥) = V,8(xy, ¥), X — ) > pllx; — 5,13, 3
Y1, ¥, € R, x € R = (=V g(x, y) + V,8(x, ¥,), v = ¥,) > lly; = I3 )

Before showing the connection between problem (1) and MVI (2), we need the definition of
strong monotonicity.

Definition 2. F: Z — R” is strongly monotone if

(F(z)) = F(z2,), 2 — ) = pllzy — 2,13 (10)

Denote z = (}), and operator F: R” x R” — R" x R™:

(1)

F(Z) — F(x, y) = ( ng(-x’ )’) )

-Vyg(x, y)

According to these definitions, the min-max problem (1) can be tackled via solving the MVI
problem (2) with the specific operator F' given in (11). In our work we use the following conditions.

Condition 2. F(z) satisfies the first-order Lipschitz condition:

||F(Zl) - F(Zz)llz < L]llzl - 22”2 A ||Vg(21) - Vg(z2)||2 < L1||Z1 - 22”2- (12)

Condition 3. F(z) satisfies the second-order Lipschitz condition:

IVF(z)) = VF(zy)ll, < Lyllzy — 2,ll, © IV%8(z)) — VZ8(2o)lls < Lollz; — 2]l (13)

Condition 4. F(z) satisfies the pth-order Lipschitz condition (p-smooth):

VP~ F(z)) = V' F(zy)ll, < Lylizy = %ll, © 11V78(z)) = VPg(@)ll, < Lyllzy = 2l (14)

It should be noted that, to be consistent with [Bullins, Lai, 2020], we define the pth-order
smoothness (Lipschitzness) of F' as a property of the (p — 1)th derivative of F, and, therefore, as
a property of pth derivative of g.

KOMIIBIOTEPHBIE UCCIIEJOBAHUS U MOJAEJIUPOBAHUE
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Main results

Firstly, in this paragraph we propose an algorithm for finding an &,-approximate solution to
problem (6), where g: R" X R — R is p-smooth and u-strongly-convex-concave (conditions 4 and 1),

(L’)Rpfl )2/([7+1) 2

which allows us to achieve the iteration complexity of O( log ”81), where R > ||z, — 2°l,.
G

This algorithm is a restarted modification of Algorithm 1.

Secondly, we develop an algorithm for tackling the same problem, where g is the first, second and
pth-order Lipschitz and u-strongly-convex-concave function (all conditions 1, 2, 3, 4). It involves the
idea of exploiting the previous algorithm and then switching to Algorithm 3 in its quadratic convergence
area. Thus, we obtain Algorithm 4, which allows us to achieve the iteration complexity of

3

L L
LR 2w+ LR max{l, 7‘} log ﬁ
oll 22— log + log 7T
u H log 2
u

Thirdly, we propose an algorithm to find an eg-approximate solution to problem (7), where all the
conditions 1, 2, 3, 4 hold. To achieve this we use Algorithm 4, which we mentioned previously, within
the framework of [Dvurechensky et al., 2019]. The final complexity of such an algorithm in terms of

2/(p+1)
the norm of the gradient is O ((LZ—W) ), where by tilde we mean the additional multiplicative log
v

factor.
Restarted HighOrderMirrorProx

As mentioned above, in this subparagraph we provide the restarted modification of Algorithm 1.
But initially we need to give some additional information from [Bullins, Lai, 2020].
Since our goal is an approximate solution to MVI, we define its e-approximate solution as

7e€Z: Ve Z=>(F@),7 -2 <e (15)

At the same time, the bounds of Algorithm 1 are of the form

T

D VFGE) 5 - <e, (16)

T =1

RS

Y
zeZ::»r

where points z, and y, > 0 are produced by Algorithm 1, and I';, = é ¥,- The following lemma
establishes the relation between (15) and (16).

Lemma 1 (Lemma 2.7 from [Bullins, Lai, 2020]). Let F': Z — R", be monotone, z, € Z,
t=1,...,T, andlet y, > 0. Let 7, = ﬁ é v,z,. Assume that (16) holds. Then Z, is an e-approximate
solution to (2).

The MVI problem (2), which is sometimes called «weak MVI», is closely connected to the
strong MVI problem, where we need to find

eZ: VzeZ=(FE@), 7 -2 <0. (17)

If F is continuous and monotone, the problems (2) and (17) are eqiuvalent.
The convergence rate of Algorithm 1 is stated in the following lemma.

2022, T. 14, Ne 2, C. 357-376
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Algorithm 1. HighOrderMirrorProx [Algorithm 1 in [Bullins, Lai, 2020]]

I: Inputz, € Z,p>1,T > 0.
2: fort=1to T do
3:  Determine 7y,, z, such that:

7 = argmin{y (@7 , @), 2= 2) + Dz 7)),

p! < p!

<N <,
32L,liz, — 7l 16L,|1z, = z,lI;
Ty = QI rzgilr}{mF @), 2 =7 + D(z, 7))}

T
4: Define I'. = 3 v,

5. return 7p = g

Lemma 2 (Lemma 4.1 from [Bullins, Lai, 2020]). Suppose F: Z — R" is pth-order Lipschitz
T
and let ') = Z}l Y, Then the iterates {z,} e[T] generated by Algorithm 1 satisfy

T
1 e
VieZ = = ;mF@), Z - 2) <

16L, (D(z, z,)\P*V/?
P (—(Z Zl)) . (18)

p! T

Thus, these two lemmas tell us that, if z, and y, are generated by the Algorithm 1 and the right-
T

hand side of (18) is smaller than &, then z, = FL 2. 7%, 1s an e-solution to regular MVI (15). Hence, it is
T =1

also a solution to a convex-concave SPP. A natural way to improve the method for the convex-concave
problem in a tighter strongly-convex-strongly-concave setting is to use restarts [Stonyakin et al., 2018].
As a result, we obtain Algorithm 2.

Algorithm 2. Restarted HighOrderMirrorProx

I Inputz, € Z,p>1,0<g; <1, R: R >z, = Z"l,.
2: k=1
7, =7

W

4: for i € [n], where n = B log ’fgiz-‘ do
G

5. SetR, = %
2/(p+1)

64L R
6: Set T, = —r

Bun Algorithm 1 with 'z, p, T, as input
i1 < ZT,-
9: return Z,

Theorem 1. Suppose F: R"XR"™ — R"XR™, which is defined in (11), is pth-order Lipschitz and
u-strongly monotone (conditions 1 and 4 hold). Denote R such that R > ||z, — z*||,. Then Algorithm 2
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complexity is

LRI
ol =~ log 2= |. (19)
p &g
Proof. From (17) and (18) we get the following:
ZV;(F@)—F(Z*); 7 —27) < 'p( ! 2) : (20)
p’ p! 2T
From this and the fact that F(x) is u-strongly monotone we have
T
() ( 0 1
= *12 H
plzr = 213 < F—Z - 7B < ZmF(‘) FEy5-7)'<

1= Tzl

. /2
@) 16L, (|17, - =13 (P .
= 2T > @D

p!

where (*) follows from the convexity of ||z||%.

Now we restart the method every time the distance to the solution decreases at least twice. Let T,
5=zl
2

be such that [[z; — z*||, < where 7, is the point, where we restart our algorithm. Denote R, =

R . . .
=R > |z; -Zll,, R, = 2,—_‘1 > |lz; = Z'll,- Then the number of iterations before the (i + I)th restart

18

- ” ( ) 16L “"' *“2 (p+1)/2 16Lp Rlz (p+1)/2 'u“"' z ||2 'uRl2 o
e ZT 2 lp < p' 2T <

p! 2T, 4 T4
2/(p+1 2 1
T R%(64LP )WH) 6aL, RN\ | (6ar RO
oT >+ —rt = || —Z ,
2 \pluR? Ju K

Next we need to obtain the number of restarts n required to achieve the desired accuracy. From (20)
we get

(p+1)/2
T, w12\(P+1D/2
1 ¢ 16L, (I, — 2112 R2
— FEZ)-F(I):7,-7) < <I6L,| ———— =
7, ;M @)= Fez = p! 2T, T R
o
uR?  uR? 1 ,uRz (1.  uR?
= = <g,on> -logt— =|=log—
4 T ST E R T T e

Finally, the total number of iterations is

64L R!” 1]2/(” Ul earL,\ 2D @
(%)

N = Z T, = Z [ p Z}R?(P—l)/(pﬂ) +n<

U
64L, Rp-1 /7D 4L, RPNV R T uR?
<|——— n+n=|———— —log— |+ |zlog—| =
u 7 2 &g 2 &g
L Rp—] 2/(P+1) 2
=0 ( ! ] logﬁi .
H e
This completes the proof. m
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Local quadratic convergence

Just as in the previous subsection, an addition to introducing Algorithm 3 and its convergence
rate, we need to provide some prerequisite information from [Huang, Zhang, Zhang, 2020].

Algorithm 3. CRN-SPP [Algorithm 1 in [Huang, Zhang, Zhang, 2020]]

1: Input z,, &, 7 > 0, p, @ € (0, 1), g satisfies conditions 1, 2, and 3.
2: while m(z;) > & do

3: Y = Y

4:  while True do

5 Solve the subproblem (x,,,, y,,,) = arg mxin myax g%, ¥ v

6 if (%, — %/l + 1D, — D > u then
7. Y = PYx

8: else

9: break

100 dp = (XN = X5 Vi =)
1. if m(z, + ad) <m(z, +d,) then

12: Zy =4 tad,

13:  else if m(z, + ad,) > m(z, +d,) then
14: Y1 = G+,

15 k=k+1

16: return %

Because of the strong convexity and the strong concavity of g(x, y) a unique solution z* to
a SPP (1) exists, and F(z*) = 0. Thus, we can use the following merit function from [Huang, Zhang,
Zhang, 2020] in the analysis of Algorithm 3 complexity.

1 1
m(@) = SIF @I = F1V.8Cx VI + 119,806 MIR). (22)

Algorithm 3 solves an additional saddle point subproblem on each step, which we denote as

. 1 Y Yk
min max g,(x, y, ¥,) := &(z,) + (Ve(z), 2 — 70 + =V2e(z )z — 2l + ZXllx = 5,13 = ZElly - y,lI3,
xeR" yeR™ 2 3 3

where 7y, is some constant.

This proposition provides the relation between the merit function m(z) and the duality gap under
conditions 1 and 2.

Proposal 1 (Proposition 2.5 from [Huang, Zhang, Zhang, 2020]). Let conditions 1 and 2
hold. For problem (1) and any point 7 = (x, y) the duality gap (5) and the merit function (22) satisfy
the following inequalities

H L
—m(2) < G(x, y) < —m(2). (23)
Ly u
The next theorem proves the local quadratic convergence of Algorithm 3, and it is based on

Theorem 3.6 from [Huang, Zhang, Zhang, 2020].
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Theorem 2 (Theorem 3.6 from [Huang, Zhang, Zhang, 2020]). Suppose F: Z — R" is
a p-strongly monotone, first- and second—order Lipschitz operator (conditions 1, 2 and 3 hold). Let {z,}

be generated by Algorithm 3 with y = ¢ = max {1 —} and

L2 ’
. H
2ot llzg =2, < =—. (24)
0 0 2 ng
Then L¢
Vk>0llz,, —2'll, < #iuzk -7’3 (25)

Proof. Here we provide only the modified part of its proof. The rest of it can be found in [Huang,
Zhang, Zhang, 2020].
Ifz,,, =7, = % +d,, then

Ly

L
* 2.k %12 2 %112
”Zk+1 _Z*”z = |[Zk+1 -z ”2 < T Iz =z ”2 < r ”Zk -z ”2

Otherwise, if z, .| =7, = 7, + ad,, then

gy =<l =Ry =<'l < = 750" = 211 < = Il = 2l
Hence, we get (25).
Now we need to find the area where (25) works:
* ng %112
HC: Vk 0 “Zk —Z ”2 Cc = ”Zk+l Z ||2 < THZk —Z ||2 &
L.¢ Léc? L
Sl — 2l < =g -2l < F—=coc=—.
Thus, we get (24). |

Our idea is to use Algorithm 2 until it reaches the area (24) and then to switch to Algorithm 3.
Algorithm 4 provides the pseudocode of this idea. From Proposition 1, our Theorem 1 and Theorem 2,
we obtain the complexity of Algorithm 4.

Algorithm 4. Restarted HighOrderMirrorProx with local quadratic convergence
1: Inputz1 €Z,p>21,0<g;<LLR:R2|z; —Z'll,, p€ (0, 1), @ € (0, 1).

3: for i € [n], where n = {log + 1} do
4: Set R = F

PuR
Run Algorithm 1 with z;, p, T, as input
Z. = ZT

1+

2/(p+1)
5: SetT—{ (64L) J

o0

: Run Algorlthm 3 with z;
9: return z,

8:

i+1° L’,7=W,p,a/,gasinput
1
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Theorem 3. Suppose F: R"XR™ — R"XR™, which is defined in (11), is a u-strongly monotone,
first-, second- and pth-order Lipschitz operator (all conditions 1, 2, 3, 4 hold). Denote R: R > ||z, —7"||,

and ¢ = max {1, %} Then the complexity of Algorithm 4 is

L
L Rp-1\?/P*+D LR log 77—
( L ) log ] +log ———¢ (26)
g o log

Proof. First of all, we need to find the number of restarts n of Algorithm 2 to reach the area of
the local quadratic convergence of Algorithm 3 from (24): |[z, — z*||, < LLE We can choose such n that
S

« H
Iz, - z'll, <R, < —.
Therefore, the number of restarts is
R L.R
< Eoon= log 224
=l T Lé

Next, we switch to Algorithm 3 and we need to obtain its number of iterations until convergence.
Denote by &’ the accuracy of the solution in terms of the merit function (22). Owing to the first-order
Lipschitzness of F(z) and the fact that F(z*) = 0, we can get

/o _ 1 2 _ 1 N L% x112
g =m(z) = §||F(Zk)||2 = §||F(Zk) - F@)I; < jllzk -z I3 (27

Now we establish a connection between the solution in terms of the merit function m(z) and the duality
gap G(x, y). From (27) and (23) we get the following:

’ . ’ Ll Ll ’ 'u28G ’
g; = G(x, y) =§}1§§,5f(x, Y') = min f(x', y) < Em(zk) =2t ° T <e.

o (28)

Then, from (25), (24), (27) and (28) we can obtain the needed number of iterations k

2 2 2 2 2 2\2
ueg @N.28) L v @29 L7 (L L . Ly (L,L, (L,L .
< Sle-2lE < Sl —2B) <5 |5 (e — L) | < S

L, 2 2| p?
2 2k-1_2 2 2k=1_2 2k
< ]1 L1L2 I 2K (2<4) i L1L2 #2
<5 \7Q7 -2 < >\ L &
H 12
) 28 2 k=119 2 28 2
& M3G s(ﬂ—) @log'u—f<(2k_1+2)log'u—.
L1 1L2 L1 L1L2
Since log (4~} < 0
mce Og(m)< ,
3
21“ng ,uz 1Og 2,14129
log —— <2 logL— ok = log—LLG + 1.
Ly LiL, log =32
U

KOMIIBIOTEPHBIE UCCIIEJOBAHUS U MOJAEJIUPOBAHUE




TeH30pHbIE METOBI I CUIIBHO BBINYKIIBIX CHJIBHO BOTHYTBIX . . . 369

Finally, the total number of iterations of Algorithm 4 is

3

L
64L R\ L log 57—
N = ZT+k {log +1]+ |log +1+10gﬁ+1=
log —7*
2/(p+1) L
+

(LR LR log 375

=0 log + log T

H log —5* -1z

Gradient norm minimization

In this subsection we apply the framework of [Dvurechensky et al., 2019] to Algorithm 4,
introduce Algorithm 5 for problem (7) and analyze its complexity in terms of the norm of the
gradient ||Vg(x, )l

Firstly, we need to introduce some technical lemmas.

Lemma 3. [f g(x, y) is p-Lipchitz (14), then its partial pth-order derivatives are also Lipschitz.

VX, x€R"J y €R" = V) g Y) = VI, 8(x Yy < Lyl =2l (29)

Proof. Here we provide the proof only for V2 .. For other partial derivatives the proof is
analogous.

From the definition of || - ||,

VY (e, 3) — VL _glx, Y, = max (VY 8.3 = Vi _g(x, Y)sP| =

sll,<1
)4
max |[(V7g(x,y) — VPg(x, y)[h]"| =

= max (V/g(x,y) — VPg(x, y))[() \”h” X
= [IVPg(x, ) = VPe(x, Yl, < L,z = zl,.

" sl

O
Lemma 4. Let VY  g(x, y) be Lipschitz (29). Then
p—n p—n L (\/_) n+l1
V€ (p) = IVEi8@ = Vi), @l < o HE- 2B (30)

Proof. We prove this by induction.
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The base of induction n = 1 follows from the definition of Taylor approximation. Denote f(z) =
= V§ xg(z)

Vi 8@ = Vi@, @l = IV 18@) — Vi 18(2) = Vi _wg@IF - x] - Vi 8@ - ylll, =

=f@ - f@) - Vf@lz-zl, = f(Vf(z +7Z-2) - Vf(2): 7-2)dr| <
0 2
fH xxg(z + T(\ Z))) (Vgxxg(z)) T
V” 8@ +1@-2)) \VE_4e@))|,
1

29)
= f \/ IV 8@+ 7@ —2) = V5 8@ + VY. 158G + 7@ —2) = Vi 8@l — 2l dr <

0

Z||2 dT =

29) 1 L,\2
< V2L, Tzl deT =L — I3
0
Now assume that it holds forn = p — 1:
”ng@ - Vx(D(x,y),p@Hz = ||ng@ - ng(Z) - (Vixg(z)[?— x] = nyg(z)liv\— )’]) BEERE
p-1
1 Ll’(\/z) p
— Vx —‘Vpg(z)[’z\— Z]p < — 1 |E_ Z”z- (31)
p: 2 p

And consider n = p

|g@ - (D(x,y),p@l =

1
8@ -8 -V, 8@KxX-x1-V ey -yl -...- FV”g(z)[?— 7P| <

1
< f H V.8 + 1@~ z))) ) (ng@) B ( 2 8@F - x] + V2,6 - y)
S J I\WVec+1@-2)) V80 S 8@X - x] + V2 8@ =yl

1
‘ |rz‘—z||2dr=f(‘
2 0
p—1

~H(VLg@T = 2]+ Vi g@F =) = o = =V (Vg(E -

Tp ! (V (Vf’g(z)r z]?) V.g(z+ 1z-2)-V 8(z)—

p! \V(VPe()lz - z]”)

2
+

2

V8 + 1@ -2) - V,8() — 7V, g@X - x] + V;, g@y - yD — ... -

p-1 2

12
- T—'Vy(Vpg(z)fZ— z1?) ) Iz - zll, dr.
p!

2

If we denote 7 = z + 7(z — ) in (31), each of two factors under the square root is indeed what we had
for n = p — 1. Finally,

-1 1
L,(v2)" L,(v2)"
P p+1 _ p+1
19,6 = V.0, @l < VI Il [rrar- L=
0

For any other partial derivative in (30) the result is the same and can be obtained in a similar
way. O
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The next lemma is a modified version of Lemma 5.2 from [Grapiglia, Nesterov, 2019] for SPP.
Lemma 5 (Lemma 5.2 from [Grapiglia, Nesterov, 2019]). Let (x,y) = Tﬁ’M(x, v, p =2
where M > 2 2pL, > pL and condition 4 holds. Then

MBPH/Cp)

(p+D)/p < — o(x%
Ivg(~ A_)” 2(2p2+p+1)/(2p)p(p + 1)' = g(xa F)j) g(x’ y) (32)

Proof.
Ve, DI = IV,8 D3 + IV,8 D

Firstly, consider V :
V.85 M5 = IV,8E M=V, D) , & N+V. D, D=V, Q0D+, E DS <

— — — — — 2
<(IV.8G 3 = V@, & Dy + IV, @ G T) = V. Qg G DI+ IV, Qe E D) <

2r-bi2p 2(-D)2 .

M _ 2
<\ — -l + Tnx—xn’; <Mz -2l

For V we get the same result in a similar way

— 2
IV e 5 < 2P M|z -zl

Summing these two results, we obtain

IV PIB < 27! M (IF - 3 +15 - y1B)” - (33)
Secondly, consider point (x, y). From (30) it is obvious that
L,(V2) L,(V2)
8. ) = D,y & VI < () IGE ») - G I = M||3?— Al

(p+ D! (p+ D!

From this fact we get

_ L) A0C
8 y) <) (X, y) + W“ i = DO,y p (5 ¥ + WHX— Al -
M(\/E)p_l ~ +1 LP (\/i)p +1 (\/i)p_l ” B x“l’“
o T - AT | = Q@ ) - (M -L,\2) IS
_ () -
<Q @ = (M- L,V2) D :

Since M > \/szp ©-L, V2> —%. We have

Mip—D(VD)IE- g m- g

Q X,y —gx, y) > > 34
Now consider the point (x, y). In a similar way we can get the following result:
M-y
,y) —Q ,Y) > ——. 35
g('x ’)7) (x,y),p’M('x ’.)7) p(p + 1)| ( )
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From the sum of (34) and (35) we obtain

— M —~ +1 +1
g(x, y) - g%, y>>m(ux—xn§ + 15— y15"). (36)

Finally, we need to connect (33) and (36). From Hoélder’s inequality we can get
n 1/p n 1/q
(Z xl{’] < nl@-p)/ap) (Z x?) ’
i=1 i=1

where ¢, p € N, g > p > 1. Now from (33) it follows that

Ve, I3
20+ M

1/(2p) 12
) <(IF -« + 15 -13) .

And from (36) we can get

— 1 11/ (p+D)
> (IF = x5 + 15— yl5 )

(p(p + Dl(g(x, ) - g(x, y)))l/(p“)
M

Since p > 2, we obtain the final result

MBPH/Cp)

— 1 —
Vg, PILDP < g(x ) - g ).

22P+p+D/CP) p(p + 1)!

O

Now we have all the needed information to estimate the final convergence rate of Algorithm 5
for gradient norm minimization.

Algorithm 5. Restarted HighOrderMirrorProx with local quadratic convergence for gradient norm
minimization

I Inputz, € Z,p>1,0<e; < L,R:R>|lz; = Z'll,, p € (0, 1), 2 € (0, 1).

2: Define:

Gp+1)/2p) p+D/p
4RL1} , M©P p &y

- _ _ & _ -
21 =2 M = \/EPLP’ H= AR’ g_ max 1, €= 2(2p2+3p+3)/(2p)p(p+ 1)"

&y

g%, ) = 806 )+ 5 (I = 1B =y =, 1)

3: for i € [n], where n = {log % + 1} do
4. SetR, = %
1\ 2/(pH1)
o setT = |2
plu
6: Bun Algorithm 1 for g, withz;, p, T, as input

7 i1 = ZT,-
. e — — Ly .
8: Run Algorithm 3 withz. , &',y = 22—21%, p, @, g, as input
s~ 8
9: FindZ =~Tpf‘M(zk)
10: Output z.
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Theorem 4. Assume the function g(x, y): R" Xx R — R is convex by x and concave by Yy,
p times differentiable on R" with L ,-Lipschitz pth derivative. Let 7 be generated by Algorithm S. Then

IVg@ll, < &y,

and the total complexity of Algorithm 5 is

L _RP 2/(p+1) L R2
ey ey

SV SV

&y

where & = max {1, ARE }

Proof. Denote by z,, = (x,, y,,) the saddle point of g, (z). First of all, since g, (x, y) is a strongly-
convex-strongly-concave function, we can apply the restart technique to it every time the distance to its
saddle point ||z—z;;||2 reduces twice. To check this, we consider the upper estimate of the distance to the
solution of regular function R: R > [|z" —Z||, and show that on each ith restart llz;, —zll, <llz"=zll, <R,
We prove this by induction.

80 y) + Sl = 1113 = g, (6l 1) < 8", y) = (", yp) + SIx = x 3 <
* /“l * * *
< g0 y) + Sl = xylly @ 1 = xylly < I = xyls
8(xy, yy,) — Ellyy =il = 8,(xy, ¥) = &, (x1, ¥ = 8(xy, y7) — Elly -yl >

> g(x, ) = 5y =yl & ) =yl < I =yl

This gives us

”Z; - Zl”z < ”Z* - Z1||2 < R

Now suppose that ||z; -zl <l =zll, <R, = ;—il. Consider i + 1. From the proof of Theorem 1

and our choice of 7, in Algorithm 5, we know that

R2\PHD2

2 = 2 14 i 2

Hllziy = 2ully = mllzz, = Zll3 < o (—2T ) SHRy & N2y — Zully < Ry
: i

From Theorem 3 we already know the number of restarts to reach the area of quadratic

L,R
convergence: n = {log sz + lw.

Next, we need to show that Algorithm 5 converges in terms of Vg, @ll,. LetZz = (x,y) be the
output of Algorithm 5. From the definition of g, we get

IVe@E I3 = V.8, & ) — u(x = x5 + IV,8, & ) + uG = ypli3 <
— — 2 — 2
< (IV, 8, & Dy + T = xlly)” + (IV, 8, Dl + 5 = yll,)” <
<2(IV, 8, PIB +1IV,8,GE DIF) + 2% (IK = 3 + 7~ 1) =

= 2|IVg, & DI + 2 IE - 2,115 & 1IVeE P, < \/2||Vg#(az W + 26212 - 2,113
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Firstly, we estimate ||Vgﬂ(}?, Yll,. From (32) we know that

MGp+D/(2p) (32)
< gu(xy) —g,(x, » <

(p+1)/p
\Y )
Vg, (x, i, 222 +p /2P p(p + 1)

Smaxg,(x,y) - ming, (X, y) = G, (x, y) < g e
X

S,‘ERW!
/(p+1)
N 2@ +P+DICP) p(p + e’ ) &y
< ==
Secondly, we estimate |z — z,1l,. By definition of R we know that
”Z* - Z1”2 < R
And since 7 is closer to the solution, z,, we have
lZ=2"l, <llz" —=zl2 < R.

From these facts and the triangle inequality we get

* % SV

HIE = 2lly < (I =27l + lle” = 24ll,) < 2Ru = = (38)

Thus, from (37) and (38) we obtain

. 28% 28%
Vg, (x, W, < T + 0 Ey-

Finally, we need to estimate the complexity of Algorithm 5.

2/(p+1)
64Lp) Pl

n
N = T.+k<( RAP=VIPD 4k <
; l p!u ; 1

—1\2/(p+1)

64L,RP

< | —5
plu

L RP )2/(p+1) L2R2§)
8 b

-n+n+k=0(( L log
&y v

where & = max{l, M:i}. Here k is the number of iterations of Algorithm 3 inside Algorithm 5. We
v

dropped it due to its loglog dependence on & |

o
Discussion

In this work we propose three methods for pth-order tensor methods for strongly-convex-
strongly-concave SPP. Two of these methods tackle the classical minimax SPP (1) and MVI (2)
problems, and the third method aims at gradient norm minimization of SPP (3).

The methods for the minimax problem are based on the ideas developed in [Bullins, Lai, 2020;
Huang, Zhang, Zhang, 2020]. In [Bullins, Lai, 2020] the authors use pth-order oracle to construct an
algorithm for MVI problems with a monotone operator. As a corollary, this algorithm allows one to
solve SPP with a convex-concave objective. Because of the strong convexity and the strong concavity
of our problem, we can apply a restart technique to the method from [Bullins, Lai, 2020] and get
a better algorithm complexity. To further improve the local convergence rate, we switch to the algorithm
from [Huang, Zhang, Zhang, 2020] in the area of its quadratic convergence. In this way we get rid of
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the multiplicative logarithmic factor and get an additive log log factor in the final complexity estimate
and get a locally quadratic convergence.

The method for gradient norm minimization relies on the works [Grapiglia, Nesterov, 2019]
and [Dvurechensky et al., 2019]. From [Grapiglia, Nesterov, 2019] we take the result that connects the
norm of the gradient of the objective with objective residual, and slightly modify it for SPP. This step
allows us to use the framework from [Dvurechensky et al., 2019] and use our optimal algorithm for
minimax SPP for gradient norm minimization.

In spite of all the improvements, we should recall additional conditions about the problem, which
reduces the number of real problems, that can suit it.

One of possible directions for further research are the more general Holder conditions instead
of Lipschitz conditions and the uniformly convex case. Additionally, the author in [Bullins, Lai,
2020] provided implementation details of Algorithm 1 only for p = 2. Therefore, the questions of
its realizaition for p > 2 are still open.
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