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B mocnennee BpeMst CEUIOBBIM 3a/jauaM yAENIAeTCsl O0IbIIOEe BHIMAaHUE OIarofapsi NX MOIIHBIM BO3MOKHOCTSIM MOJIe-
JMPOBaHMS JUI MHOXKECTBA 3a/a4 M3 pa3IuuHbIX oOmacteill. [Ipumoskenus 3THX 3amad BCTPEYAIOTCSA B MHOTOUMCIIEHHBIX CO-
BPEMEHHBIX NPUKIAJHBIX 00IacTsX, TAKNX KaK poOAcTHas ONTHMH3AIMS, paclpe/ieleHHasi ONTUMHU3ANNS, TEOPHs UTP U IPH-
JIOKCHHSI MAIIMHHOTO OOy4YeHHs, TaKhe Kak, HalpuMep, MHHHUMHU3ALMs SMIIMPUUECKOTO0 PHCKa WM 00ydeHHe TeHepaTHBHO-
cocTsa3aTenbHBIX ceTeil. [loaToMy MHOTHE HMccleqoBaTenn akTHBHO pabOTAIOT Haj Pa3pabOTKON UMCIEHHBIX METOJAOB IS
pelIeHnsT CeUIOBBIX 3a7ad B CaMBIX Pa3HBIX NMPEINONOKEHHUAX. [laHHAs CTaThsl MOCBAIICHA Pa3pabOTKe YHCIECHHOTO METO-
Jla pelIeHHs] CEUIOBBIX 3a/iad B HEBBITYKJIOH PaBHOMEPHO BOTHYTOH ITOCTAHOBKE. B 3TOH NMOCTaHOBKE CUMTAETCS, YTO IO
rpyHIe NpsSMBIX NMEPEeMEHHBIX IeeBast (yHKIMS MOXKET ObITh HEBBIIYKJIOH, a IO IpyIIe JBOHCTBEHHBIX IEPEMEHHBIX 3a-
Jlada SBISCTCA PAaBHOMEPHO BOTHYTOW (3TO MOHATHE 0000OILIAET MOHATHE CHIIBHOM BOTHYTOCTH). bbul m3yden Gonee oOmumit
KJIacC CEATOBBIX 3a7ad CO CIOXKHOH KOMIIO3UTHOU CTPYKTYPOH U T€NbAEpOBO HEMPEPHIBHBIMU MIPOU3BOAHBIMU BBICIIETO T10-
psiaka. Jlns pemeHus paccMaTpuBaeMoil 3a/aun ObLT MPEIIOKEH MOAXOM, MPH KOTOPOM MBI CBOAMM 3aJady K KOMOWHAIMU
JIByX BCIIOMOTaTEJbHBIX ONTHMH3ALHMOHHBIX 33aa4 OTACIBHO UL KayKIOW IPYIIIBI IEPEeMEHHBIX: BHEIIHEH 3a1adyll MUHUMH-
3allMy U BHYTPEHHEH 3a7a4y MaKcuMum3anuu. Jis pemieHus BHEIIHEH 3aJaui MHHUMU3ALUHA MBI UCTIONb3yeM a0anmueHblll
2paouenmmublii Memoo, KOTOPBIN IPUMEHHM IJIsI HEBBITYKIIBIX 3a/1a4, a TAKK€ PadOTaeT ¢ HETOYHBIM OPAKYIIOM, KOTOPBIH reHe-
pupyeTcs MyTeM HETOUHOTO PEelIeHHs BHYTPEHHEH 3aaui MaKCUMU3auu. [l pereHns BHyTpEeHHEH 3a1adl MaKCUMU3aIuT
MBI HCIOIB3YeM 0000ujeHHbIll YCKOPEHHbLL Memoo ¢ pecmapmamii, KOTOPBIA MpeCTaBIsieT co00i MeTol, 00beTHHIIONIHI
METO/IBl YCKOPEHHS BBICOKOTO MOPSAKA JUIT MUHUMH3AIMHU BEITYKIOW (DYHKIIMH, HMEIOIICH T€JIbIepOBO HENPEPHIBHBIC TIPOH3-
BOJIHBIC BBICIIETO MOpsKa. BajkHOI KOMITOHEHTOH IPOBEIEHHOTO aHAIN3a CIOKHOCTH HPEIaraeéMoro ajiropuTMa sBIISeTCs
pasJeieHne OpaKyJIbHBIX CIOKHOCTEH HA YHCIO BBI30BOB OpaKyja IEPBOTO IOPSIKA JUIS BHEIIHEHW 3a1audl MUHHMH3AIHU

U opakyna 0Goiee BBICOKOTO TOpsIKa Ul BHYTPEHHEH 3adaudl MakCHMH3aluu. Bonee Toro, oneHnBaeTcs CIOXHOCTH BCETO
MpEIaraeMoro Moaxosa.
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Recently, saddle point problems have received much attention due to their powerful modeling capability for a lot of
problems from diverse domains. Applications of these problems occur in many applied areas, such as robust optimization,
distributed optimization, game theory, and many applications in machine learning such as empirical risk minimization and
generative adversarial networks training. Therefore, many researchers have actively worked on developing numerical methods
for solving saddle point problems in many different settings. This paper is devoted to developing a numerical method for
solving saddle point problems in the nonconvex uniformly-concave setting. We study a general class of saddle point problems
with composite structure and Holder-continuous higher-order derivatives. To solve the problem under consideration, we
propose an approach in which we reduce the problem to a combination of two auxiliary optimization problems separately
for each group of variables, the outer minimization problem w.r.t. primal variables, and the inner maximization problem
w.r.t the dual variables. For solving the outer minimization problem, we use the Adaptive Gradient Method, which is
applicable for nonconvex problems and also works with an inexact oracle that is generated by approximately solving the
inner problem. For solving the inner maximization problem, we use the Restarted Unified Acceleration Framework, which is
a framework that unifies the high-order acceleration methods for minimizing a convex function that has Hoélder-continuous
higher-order derivatives. Separate complexity bounds are provided for the number of calls to the first-order oracles for the
outer minimization problem and higher-order oracles for the inner maximization problem. Moreover, the complexity of the
whole proposed approach is then estimated.
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1. Introduction

Due to their numerous applications, saddle point (or minimax) problems have recently gained
significant interest in many fields, including robust optimization [Ben-Tal et al., 2009; Namkoong,
Duchi, 2016], empirical risk minimization [Tan et al., 2018; Zhang, Lin, 2015], statistics [Berger,
2013], distributed nonconvex optimization [Lu et al., 2019], game theory [Myerson, 2013; Nouiched
et al., 2019] and many applications of machine learning, including reinforcement learning [Dai et al.,
2018], adversarial learning [Sinha et al., 2020], learning exponential families [Dai et al., 2019], fair
statistical inference [Madras et al., 2018; Xu et al., 2018], generative adversarial networks [Zhang,
2021; Lei et al., 2020; Sanjabi et al., 2018], domain adversarial training [Zhang, 2021], Wasserstein
robust models [Sinha et al., 2020], robust learning over multiple domains [Qian et al., 2019], off-policy
reinforcement learning [Huang, Jiang, 2021], prediction and regression problems [Taskar et al., 2005].
Most of these applications require solving a saddle point problem in which the objective function is
nonconvex in one variable and strongly-concave (or in general uniformly-concave) in another variable.
For the saddle point problems, there is a long history of studies. Recently, in the last years, many
researchers have actively worked on the development of numerical methods for solving these problems
in many different settings.

The general setting of saddle point problems, which is nonconvex concave (without strong
concavity assumption), is extensively explored in a lot of works [Kong, Monteiro, 2021; Nouiehed et
al., 2019; Ostrovskii et al., 2021; Thekumparampil et al., 2019; Zhang, 2020]. The work [Nouiehed et
al., 2019], was the first providing non-asymptotic convergence rates for nonconvex concave problems
without assuming special structure of the objective function. The authors of [Thekumparampil et
al., 2019] proposed an algorithm for the general smooth nonconvex concave saddle point problem
with complexity 0(8_3).1 The same complexity for a simple two-time-scale inexact proximal point
algorithm was proved in [Yang et al., 2020b]. In [Zhang, 2020], a single-loop algorithm “Smoothed
GDA” (which is an iterative algorithm where each iteration step has a closed form update) was
proposed with iteration complexity 0(8_2) for the special case of the general nonconvex concave
problems, which is equivalent to the problem of minimizing the point-wise maximum of a finite
collection of functions. The complexity 0(8_2) improves other complexities, such as 0(8_2’5) for

triple-loop algorithms [Ostrovskii et al., 2021; Lin et al., 2020b] and O(8_3’5 ) for double-loop
algorithms [Nouiehed et al., 2019]. Also, nonconvex concave saddle point problems via zeroth-order
algorithms were studied in [Xu et al., 2021], where the authors proposed a zeroth-order alternating
randomized gradient projection algorithm for smooth nonconvex concave problems.

Under the strong concavity assumption, several algorithms were proposed for the non-convex-
strongly-concave (NC-SC) class of problems, including GDmax [Nouiched et al., 2019], GDA [Lin
et al., 2020a], alternating GDA [Bot, Bohm, 2020; Xu et al., 2020; Yang et al., 2020a]. Recently,
in [Lin et al., 2020b], the authors proposed an accelerated algorithm for smooth NC-SC and nonconvex
concave minimax problems. This algorithm achieves the best dependency on the condition number by
combining proximal point algorithm with accelerated gradient descent. Namely, it achieves a gradient
complexity bound of O( \/Es‘z) which improves upon the best known bound O(KZS_Z) [Lin et al.,
2020a]. Another line of research is devoted to solving NC-SC minimax problems under additional
structural properties [Diakonikolas et al., 2021; Lin et al., 2021; Song et al., 2021; Yang et al., 2020a].
For more details in the recent works in NC-SC in different settings, including the general and average-
smooth finite-sum settings, see [Zhang et al., 2021; Luo et al., 2020; Ostrovskii et al., 2021; Luo, Chen,
2021] and references therein.

!'Here and below we use the notation O(-) to denote non-asymptotic upper bounds up to constant factors. More precisely,
a = O(b) means that there exist a constant C such that a < Cbh. We use O(-) for the same purposes, but when the constant C
may include polylogarithmic factors of the parameters of interest, e. g., the desired accuracy ¢ and confidence probability o
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Despite this active line of research for different settings of saddle point problems, to the best
of our knowledge, the case when the objective function is nonconvex in one variable and uniformly
concave in another variable instead of strong concavity assumption (where the strong concavity case
is a spacial case of the inform concavity, see Definition 1 below), has not been investigated so far.
Therefore, we address this setting of the problem in this paper that is devoted to the development
of a numerical method for solving saddle point problems in the nonconvex uniformly-concave setting.
Moreover, we study a more general class of saddle point problems with composite structure and Holder-
continuous higher-order derivatives. In order to solve the problem under consideration, we propose an
approach in which we reduce the problem to a combination of two auxiliary optimization problems
separately for each group of variables: outer and inner problems. For solving the outer minimization
problem, we use the Adaptive Gradient Method [Dvurechensky, 2017], which is applicable for
nonconvex problems and also works with inexact oracle. For solving the inner maximization problem,
we use the Restarted Unified Acceleration Framework [Song et al., 2019], which is a framework
that unifies the high-order acceleration methods for minimizing a convex function that has Holder-
continuous higher-order derivatives. Separate bounds are provided for the number of calls to the first-
order oracles for the outer minimization problem and higher-order oracles for inner maximization
problem. Moreover, the complexity of the whole proposed approach is then estimated.

The paper consists of the introduction, conclusion, and two main sections. In Section 2, we
present the problem statement, its connected assumptions, and some necessary facts that will be
used in the proposed approach. In Section 3, we present the proposed approach in order to solve
the considered saddle point problem by applying Adaptive Gradient Method [Dvurechensky, 2017] and
Restarted Unified Acceleration Framework [Song et al., 2019]. When analyzing the proposed approach,
separate complexity bounds are provided for the number of calls to the first-order oracles for the outer
minimization and higher-order oracles for the inner maximization problems. Moreover, the complexity
of the whole proposed approach is then estimated.

2. Preliminaries and Problem Statement

Problem Formulation and Assumptions

We focus on the following structured composite saddle point problem
minmax {S(x, ) := F(x, y) = k() + r(0}, @)
xeX ye

in the case when X C R™ is a compact convex set, and Y = R’. The function h: Y — R is
differentiable and uniformly convex (see Definition 1, below), the function r: X — R is a simple
(maybe nonsmooth) convex function, e.g. ||x]|,. Note that when A(y) = r(x) = 0 Vx € X, Vy € Y,
we obtain a problem which is a special (unstructured) case of problem (1). We assume that the
function F(:, y), for every y € Y, is possibly nonconvex in the primal variable x € X, and F(x, -)
for every x € X is concave in the dual variable y € M. Thus, the function S (x, y) will be nonconvex
uniformly concave (NC-UC), for every x € X and y € Y. Moreover, we assume that the p-th
derivatives of F' with respect to its variables satisfy the Holder condition (in other words, the function F
has (p, v)-Holder-continuous derivatives, for some v € [0, 1], p € {1, 2, ...}). More precisely, for
arbitrary x, x’ € X, y, y € Y, the following inequalities hold (here and in what follows, the norm || - ||
denotes the Euclidean norm)

[VEF(x, y) = VEF(X, y)|| < Lyllx = XI1, )

[VRF(x, y) = VEF(x, )| < Ly lly = YII", ?3)

[VPF(x, y) = VIF(, y)|| < Ly llx = X|I", (4)

VY F(x, y) = VEF(x, )| < Lyylly = 11", 5)
where L, Ly, L, L, > 0.
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Let
S(x, y) = F(x, y) = h(y) (6)
and
g(x) := max S(x, y). 7
yey

Then the problem (1) can be rewritten as follows:

min{g(x) + r(x)}. (®)
Let
y*(x) € arg meg( §(x, y) VxelX )
yE

be a solution of the maximization problem (7). Then
g =S (x, y' ) = F (x, y'(0) = h (" (). (10)

For an arbitrary x € X and some 5> 0, the point ig(x) € Y is called ag—approximate solution of
problem (7), if
g0 =5 (% 750) = S(x, y' () = 5 (x. 750) <.

Necessary Auxiliary Statements

In order to solve the considered problem (1), we propose an approach that uses several auxiliary
results and algorithms as building blocks. In what follows, we present these auxiliary results, whereas
the used algorithms in the proposed approach will be presented in the next section.

Definition 1. We say that a differentiable function f is uniformly convex of degree ¢ > 2 on
a convex set Q C dom f if for some constant o, > 0 it satisfies the following inequality:

(o3
FO) = f0) + (V) y— x) + ?qny —-xl Vx,yeQ.

We note that the uniformly convex functions of degree g = 2 are strongly convex with o, as the strong
convexity parameter.

The next lemma gives us the main properties of the function g defined in (7) and the mapping y*
defined in (9).

Lemma 1. Let h: R — R be a uniformly convex function of degree q > 2 with
constant o, >0, and the function F have (1, v)-Holder-continuous derivative with respect to the
variable x € X, for v € [0, 1]. Then the mapping y*(-) satisfies the Hélder condition on the set X.

vg=v-1)

Also, Vg is Holder-continuous with Hoélder constant L,(g) := Ly, (quy)H + L, D,*" and Hélder

(Tq

exponent v, := q%v, where Dy = sup |[lx" — x||.
x, xeX

Proof. Similarly to [Alkousa et al., 2020]. Since §(x1, -) is uniformly concave of degree g with
constant o, for arbitrary x,, x, € X, we have

Iy*(r) =" (I < - (Sry. 3" (r) = Sy ¥ ().
q

2022, T. 14, N\e 2, C. 225-237
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On the other hand, since y“(x,) attains the maximum to §(x2, -), then :S’\(xz, yix)) -
- §(x2, y*(x,)) < 0. Therefore, we can write

Sy, Y () = S (s () < S (xps () = S (xps ¥ (6) = S (30 ¥ (x))) + S (%, ¥ () =
= (F(xp, ¥ () = Flxp, Y (5)) = (F(xy0 Y (x))) = Flxy, () =

1
= f‘(VxF(x1 +1(xy — xp), Y (x)) = V. F(x; +1(x, — X)), ¥'(xy)), x, — X)) dt <
0

< ||VXF()C1 + t(xz - xl), y*(xl)) - VXF()CI + t(xz - xl), y*(xz))” : ||x2 - xlll <
< Ly " (ep) = Y Gepll” - llxey = xyl,

where in the last inequality we used (3) for p = 1. Thus, we have the following inequality:

L 1
, " q - 1
I () =y el < [—=] Iy —x, 177 Vx;, x, € X,

Oy

which means that y*(-) satisfies the Holder condition on X.
Similarly to [Nouiehed et al., 2019], we find
Ve(o) = V. S(x, y' (1) = V,F(x, y'(x) YxeX. (1

Further, from (11), we have

IVe(x;) = VeIl = IV F(xy, ¥ (x))) = V. F(xy, y* ()l =
= IV F ey, y5 () = Vo F(xy, Y () + Vo F(xy, ¥ (x5)) = Vi F(xy, y (o))l <
SNV F ey, y () = Vo F (g, Y o)l + IV F (g, v (x6) = Vi F (o, Yy ()l <
< Lylly" (xp) =y Coll” + Ly llxy = x,l1" <

quy - v
< LX}’( ”xl o x2||q_v + Lxx”xl - x2”V =
Oy
V
quy F v v v(g=v-1)
= ny = [lx; = xpl[47 + Ly llx) = %l - flxy — x|l <
q

v

quy I Mav-D) v

) (ny( —) LDy |l =l
q

This means that Vg is Holder-continuous with the Holder constant
v(g—v-1)

gL, \7 ==
L,(g) = ny( (T"y) +L.D, ",
q

o _ v
and the Holder exponent v, = = O

3. Used Algorithms and The Proposed Approach

When solving the considered saddle point problem (1), as we saw, we deal with two problems,
the outer is a minimization problem and the inner is a maximization problem. Using an iterative
method for the outer problem requires solving the inner problem numerically in each iteration. Let
us first mention some methods that will be used in order to solve the outer and inner optimization
problems.

KOMIIBIOTEPHBIE UCCIIEJOBAHUS U MOJAEJIUPOBAHUE
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Algorithm for the outer minimization problem

For the outer minimization problem (8), we will use an algorithm that was proposed
in [Dvurechensky, 2017; Bogolubsky et al., 2016]. This algorithm (listed as Algorithm 1 below)
is a first-order method and it was developed for composite nonconvex minimization problems with
inexact oracle. Moreover, it is universal with respect to Holder parameters of the problem. Firstly, let
us introduce some fundamental concepts, connected with Algorithm 1.

Let d: X — R be a prox-function (distance generating function), i.e. it is continuous, convex
on X and

1) admits a continuous selection of subgradients Vd(x), in x € X°, where X° C X is the set of all x
such that Vd(x) exists;

2) d is 1-strongly convex with respect to the norm || - ||, i. e.
1
d(y) > d(x) + V(). y = x) + 5y - AP VxeXe, yedX.

The corresponding Bregman divergence is defined as
V.(x) =d(x) —d(z) —(Vd(z), x—2z) VxelX, ze X

In particular, in the standard proximal setup (i. e. Euclidean setup) we can choose d(x) = %llxll%
(Euclidean prox function), leading to V,(x) = %le - zII%.
Now, let us consider the following minimization problem:

min{f(x) = £(x) + {(0)}, (12)

where £(x) is a simple convex function, and &(x) is a nonconvex function, endowed with an inexact
first-order oracle (see Definition 2, below), and has Hoélder-continuous gradient on X, with constant L,
and exponent v.

Definition 2 ([Dvurechensky, 2017]). We say that a function &(x) is equipped with an inexact
first-order oracle on a set X if there exists ¢, > 0 and at any point x € X for any number 6. > 0 there
exists a constant L(d,) € (0, +o0) and one can calculate &(x, §,., §,) and g(x, J., J,) satisfying

€)= E(x, 8, 6,)| < 6 + 6,0

and
—~ L(,)
£0) = (v, 600 6,) = @3 6. 6,). y = 1)) < S —5IF 46,48, YyeX.
REMARK 1. By Lemma 1, we have
IVg(x)) = VeIl < L,(llx; — x,ll" Vxy, x, € X.
Then
Lv(g) 1+v
8(2) < g(x) +(Vg(x), z— x) + mllx -7 VY, ze X

g
Now, for all x € X and 6 > 0, we have (see [Nesterov, 2015], Lemma 2),
L(0)
80~ (&) ~ (Vg 2= ) < “ -2 40 Ve X,
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where .
l—v, 2\™ 2
Lo = 3) e (13)

l+vg 0

Thus, according to Definition 2, (g(x), Vg(x)) is an inexact first-order oracle with ¢, = 0, 6, = 6, and L(6) given
by (13). Note that, if (g(x), Vg(x)) can only be calculated inexactly, then their approximations will again be an
inexact first-order oracle.

Definition 3 (|[Dvurechensky, 2017]). Let E be a finite-dimensional real vector space and E*
be its dual. Assume that we are given 0,. > 0, ¥ > 0, x € X° and 7 € E*. We call a point x =
= X(X, 1, V> Op, 0p,) € X°, an inexact composite prox-mapping iff for any ¢,. > 0 we can calculate X
and there exists s € dZ(x) such that it holds that:

1 -
<7] + —(Vd(x) -VdXx)) + s, 2 — x> 20,0, VYZE€AX,
Y

and we write
— ) 1
X = arg min’re*Opu {(77, X+ =Vax)+ ¢ (x)}.
xeX Y

Algorithm 1. Adaptive Gradient Method for Problems with Inexact Oracle [Dvurechensky, 2017]

Require: starting point x, € X°, accuracy & > 0, initial guess L, > 0, 6, > 0 and 5,,, > 0.
1: Setk=0.

2: repeat
3 Set M, =L /2.
4:  repeat
5 Set My = 2Mj, 6, =6, = i
6: Calculate E(xk, O, 1o (5u) and §(xk, 0, 1> (5u).
7: Calculate ’ ’
7, = arg I;g\r,l(sl’f-’f+6”” [ (30 0,p0 6,) x) + MV () + L)}

8: Calculate g(zk, 0, 1> 6u).
9:  until ’

_ _ 5 M

£ (25 St 04) E (% Ooger 8) + (8 (30s 0 )7 = x) + 5 o ="+ %A/Ik +26,.

10.  Setx,, =z,L,, =M/2andk=k+1.

11: until min M.(x.—x‘ )H<8.
icl. ...k i\7i i+1

Ensure: The point x,_,, such that K = arg iel%l?.r.lk HMi (xl. - xm)”.

In [Dvurechensky, 2017], for Algorithm 1, it was proved that if L(d,.) in Definition 2 is given by

L) =122 27 5, 550, and ve. 1]
= — an
¢ 1+v 6, voooe ’ Y T
then after 1
Ly (f(x)) - f*
of £ 1) 09
E2v

KOMIIBIOTEPHBIE UCCIIEJOBAHUS U MOJAEJIUPOBAHUE




ITomxox K penieHuIo HeBBITYKJIOW paBHOMEPHO BOTHYTOW CEUIOBOM 3a/ladM CO CTPYKTypor 233

iterations of Algorithm 1, it holds that
2
||Mk(xK - xK+1)|| <e.
Algorithm for the inner maximization problem

For the inner maximization problem (7), when Y = R, we will use the Restarted Unified
Acceleration Framework (Restarted UAF) [Song et al., 2019], see Algorithm 2 below. The
Restarted UAF algorithm was proposed in [Song et al., 2019] for uniformly convex functions,
it represents a general restart scheme for a such general class of problems. The Unified Acceleration
Framework (UAF) [Song et al., 2019], is a framework that unifies the high-order acceleration methods
for minimizing a convex function that has Hdlder-continuous derivatives. The iteration complexities
of instances of both the UAF and the Restarted UAF match existing lower bounds in most
important cases [Grapiglia, Nesterov, 2019]. Let us mention here briefly the statements of the algorithm
Restarted UAF, in order to solve the following composite optimization problem:

min{f() = () + ¥} (15)
yeR™

where ¢, Y are convex functions. Assume that

1. Assumption 1: the function ¢ has (p, v)-Hdlder-continuous derivatives, with the constant of
smoothness L > 0. This means

V76 = V7o < Lix=yl" ¥y, ' € R™,
where v € [0, 1] and p € {1, 2, ...}.
2. Assumption 2: the objective function f is uniformly convex of degree ¢ > 2 and constant o, > 0.
For the problem (15), let A, (y) denote the output of an algorithm A after m iterations with an

input y which satisfies
4

f(A) = f) < Cﬂ”% (16)

for some constants r > 0, v >0, c 4 > 0, and y, is a solution of (15).
Let R > 0 be a constant such that ||y, — y,|l < R, where y, is the starting point of algorithm A.

We define
24gc. RV-\'"
mﬁ{(l) l k =
0yq

1 4 1 ch[

-+ —log,(R) + log (—)], q<v,

g q > v-q oy, (17)
+ oo, q=zv.

In [Song et al., 2019], for Algorithm 2, the following result was proved.

Theorem 1. Under Assumptions 1 and 2 above, to achieve an e-solution of the problem (15)
by Algorithm 2 with A being UAF, the number of iterations we need is at most

2
L 3(p+v)-2 1
0((—) ’ log(—)], ifq=p+v,
O'q E

—2 +V\ 757
L \3pm=2 O-g ptv=q 1
O(—) + loglog N7 -1, fg<p+v,
4 &

2(g—p-v)

2
O[(L)‘wm—‘z (E)W], ifq > p+v.

O'q &
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Algorithm 2. Restarted Unified Acceleration Framework (Restarted UAF) [Song et al., 2019]

Require: g > 2, starting point y, € R™, K € Z,, an algorithm A satisfying (16), constants m, and k,
which is defined in (17).

1: Set z, =y,
2: fork=0,1,..., K—1do
3 ifk<k0—1then
ey
4: m, = [mOZ a
5 Zp = ﬂmk (zk).
6 else
7 Ly = Ay (Zk)'
8: end if
9: end for

Ensure: y, :=z,.

The Proposed Approach

We are now in a position to combine all the building blocks and present our proposed approach.
For solving the considered saddle point problem (1), we reduce it to a combination of two auxiliary
optimization problems separately for each group of variables: outer and inner problems, which are (8)
and (7) respectively. By using Algorithms 1 and 2 we propose the following approach.

Approach 1. The outer minimization problem (8) is solved via “Adaptive Gradient Method
for Problems with Inexact Oracle” (Algorithm 1), and in each iteration of Algorithm 1, the inner
maximization problem (7) is solved via “Restarted Unified Acceleration Framework” (Algorithm 2).

Recall that the objective function S(x, y) = F(x, y) — h(y) + r(x) Vx € X, y € Y = R™, in the
considered problem (1), is nonconvex in x, and uniformly concave in y via the uniform convexity of A.
The function F has (1, v)-Holder-continuous derivatives with respect to the primal variable x and it has
(p, v)-Holder-continuous derivatives with respect to the dual variable y, for v € [0, 1], p € {1, 2, ...}
(see (2)—(5)). Let L= max{Ly,, L,}.

For the complexity of the proposed approach, we find that from (14), Algorithm 1 will perform

1/v,
(%) steps (first-order oracle), where A = g, — g, is the difference between the value of the
& &

function g at the initial point and its minimal value, and L,(g), v, are given in Lemma 1. At each step
of Algorithm 1, Algorithm 2 will perform at most the following number of iterations, depending on p,
v and ¢ (the degree of the uniform convexity of the function #):

—

2
L 3(p+v)-2 1
(O_—) log(g)], ifg=p+v,
q

)

—

L W 1 O_P+V m
O(—) + loglog —(ﬁ ) , ifg<p+v,
Ty e\ 14
—~ s 2(g—p-v)
L 3(p+v)-2 T N\ B
o (O_—) (?q)qmp ) 2)], ifg>p+v
q

From the above, we can see that the proposed approach is universal, in the sense of the order of
smoothness of the objective function, where the considered class of problems contains more classes of
problems as a special case, depending on the values of the parameters p, v, and g.
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Summarizing, we have the following theorem, which gives the complexity of the proposed
approach for solving the structured saddle point problem under consideration in the case when g,
i.e., the degree of uniform concavity of the objective function (1) equals p + v, which gives better
complexity.

Theorem 2. By applying the proposed Approach 1, in the case when q = p + v, we obtain an
1/v,
g-solution of the problem (8) (which is equivalent to the problem (1)), after O(M) calls of the

JEYE)
first-order oracle and

(Lv(g))iA . (2)3(p+—2v)—2]

1+v,
Ty

@)

8
e ZVg

calls of higher-order oracle, where 5(-) = O() up to a logarithmic factor in log(s‘l).
4. Conclusions

In this paper, we developed a numerical method for solving a more general class of saddle point
problems with composite structure and Hoélder-continuous gradients, in the non-convex-uniformly-
concave setting. We reduce the considered problem to a combination of two auxiliary optimization
problems separately for each group of variables, namely, the outer minimization problem (which is
solved by the Adaptive Gradient Method applicable for nonconvex problems and works with inexact
oracle [Dvurechensky, 2017]) and the inner maximization problem (which is solved by the Restarted
Unified Acceleration Framework, which unifies high-order acceleration methods for minimizing
a convex function that has Holder-continuous higher-order derivative [Song et al., 2019]). We provided
separate bounds for the number of calls to oracles for the outer and inner problems. Moreover, the
complexity of the whole proposed approach is then estimated. As a future work it is planned to
study the similar considered class of problems under the Polyak — Lojasiewicz condition instead of the
nonconvexity for the function with respect to the primal variable for the minimization problem, also to
generalize the proposed approach for the non-Euclidean setting, and to conduct numerical results for
some applications and to compare the results with other known approaches.
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