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Image denoising is one of the fundamental problems in digital image processing. This problem
usually refers to the reconstruction of an image from an observed image degraded by noise. There are
many factors that cause this degradation such as transceiver equipment, or environmental influences,
etc. In order to obtain higher quality images, many methods have been proposed for image denoising
problem. Most image denoising method are based on total variation (TV) regularization to develop
efficient algorithms for solving the related optimization problem. TV-based models have become
a standard technique in image restoration with the ability to preserve image sharpness.

In this paper, we focus on Poisson noise usually appearing in photon-counting devices. We
propose an effective regularization model based on combination of first-order and fractional-order
total variation for image reconstruction corrupted by Poisson noise. The proposed model allows us to
eliminate noise while edge preserving. An efficient alternating minimization algorithm is employed to
solve the optimization problem. Finally, provided numerical results show that our proposed model can
preserve more details and get higher image visual quality than recent state-of-the-art methods.
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1. Introduction

Image denoising is one of popular problems in digital image processing and. In receiving and
transmitting process, the image is always degraded by noise [Pham, 2015; Pham, 2018a]. In photon-
counting devices such as radiography, astronomical imaging, electronic microscopy. . . [Bardsley, 2011;
Frosioa, 2009; Sarder, 2006; Wang, 2013], images may be corrupted by noise. In this case, the
noise is often referred to as Poisson noise. The Poisson component accounts for the signal-dependent
uncertainty inherent to the photon counting process [Lanza, 2014; Li, 2015; Pham, 2018b]. As is well
known, several approaches have been developed for recovering images corrupted by the Poisson noise.
Among them, one of popular approaches for Poisson noise removal is perhaps total variation model
(TV) using the TV norm as regularization term, formulated as follows [Le, 2007]:

u∗ = argmin
u

⎛
⎝
∫

Ω

|∇u| dx+ β

∫

Ω

(u− f log u) dx

⎞
⎠, (1)

where the reconstructed image u∗ is computed from the observed image f = f(x) with x = (x1, x2) ∈
∈ Ω, Ω ⊆ R

2 being an open bounded domain; u must be positive almost everywhere over Ω; β are
positive regularization parameter; ∇u stands for first order total variation of u defined later in (4).

As is well known, the TV regularizer framework causes the numerous artifact effects in the
recovered results, such that small details filtered out with noise in the process of denoising, and
translation of smooth regions into piecewise constant regions [Zhang, 2012; Khan, 2017]. To avoid this
problem, many regularization techniques for the denoising problem have been introduced by replacing
the TV norm by a high-order TV norm, such that second order total variation [Lysaker, 2003; Zhang,
2019; Pham, 2021], non-local total variation [Kayyar, 2018], Euler’s elastic model [Zhang, 2017],
a mean curvature model [Zhu, 2014; Myllykoski, 2015], total generalized variation [Bredies, 2010;
Liu, 2019]. Besides, hybrid regularizers models for image denoising are also introduced by combining
a higher-order regularizer with the TV norm [Chan, 2015; Jiang, 2013; Papafitsoros, 2014; Yang, 2019].

Recently, fractional-order derivatives are widely applied in image processing [Zhang, 2015;
Chen, 2015; Chowdhury, 2020]. The works have reflected good performance of the fractional-order
derivative in image denoising with edge preserving. Authors in [Chowdhury, 2020] proposed the
fractional-order total variation model (FTV) for Poisson image denoising as follows:

u∗ = argmin
u

∫

Ω

|∇uα| dx+ β

∫

Ω

(u− f log u) dx, (2)

where β are positive parameters; ∇uα stands for fractional-order total variation defined in (5).

Motivated by the previous works, we propose a Poisson noise removal model that can
substantially reduce artifact effects while preserving edges in the restored images. The proposed model
is designed by combining advantages of the first-order (1) total variation and fractional-order total
variation total (2). We extend an efficient alternating minimization method for solving the optimization
problem. Furthermore, we provide experimental results to demonstrate the efficiency of our algorithm
for considered problem, in comparison with state-of-the-art methods.

This paper is organized as follows. In section 2, we briefly describe the proposed model. We
establish the proposed algorithm for solving the optimization problem in section 3. In section 4,
numerical experiments to illustrate the outstanding performance of our approach are provided. Finally,
we make conclusions of this work in section 5.
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2. The proposed model for Poisson noise removal

In this paper, we consider to modify the total variation model (1) by adding a fractional-order
functional for restoring Poissonian images. It leads to the following minimization problem:

u∗ = argmin
u

E(u), (3)

E(u) = γ1

∫

Ω

|∇u| dx+ γ2

∫

Ω

|∇uα| dx+ β

∫

Ω

(u− f log u) dx,

where γ1, γ2, and β are positive parameters; Ω ⊂ R
2 be bounded open set and u must be positive

almost everywhere over Ω; ∇uα stands for fractional-order total variation defined in (5).
The concept of the first-order and fractional-order total variation can be found in [Aubert,

2006; Zhang, 2015; Chen, 2015; Dong, 2016]. The discrete gradient ∇ of an image u for the pixel
location (i, j) in u (i = 1, . . . , M ; j = 1, . . . , N ) is defined as follows:

∇1ui,j = ui+1,j − ui,j, ∇2ui,j = ui,j+1 − ui,j,

∇ui,j = (∇1ui,j, ∇2ui,j), |∇ui,j| =
√

(∇1ui,j)
2 + (∇2ui,j)

2. (4)

Due to the convenience in numerical implementation, from Greunwald – Letnikov (GL)
fractional-order derivative, the discrete form of the fractional-order gradient ∇α can be evaluated
by [Zhang, 2012]:

∇αu = [∇α
1u, ∇α

2u], (5)

where the discrete gradients ∇α
1u and ∇α

2u are defined as follows:

(∇α
1u)i,j =

K−1∑
k=0

Cα
k ui−k,j, (∇α

2u)i,j =

K−1∑
k=0

Cα
k ui,j−k.

Parameter K is the number of neighboring pixels that are used to compute the fractional-order
derivative at each pixel; the coefficients {Cα

k } are defined as follows:

Cα
k =

Γ(α+ 1)

Γ(k + 1)Γ(α+ 1− k)
, k = 1, . . . , K − 1.

The discrete fractional-order total variation ∇α of u ∈ Ω is defined as follows:

|∇αu| =
√

(∇α
1ui,j)

2 + (∇α
2ui,j)

2.

3. Computational method

In literature, we can find many efficient algorithms for solving the TV-regularized Poison
denoising model (3), such as a primal-dual algorithm [Chambolle, 2004; Pham, 2019], an augmented
Lagrangian method [He, 2014; Huang, 2008; Wang, 2008; He, 2014], the split Bregman method [Setzer,
2010; Goldstein, 2009; Chen, 2015; Pham, 2020], etc.

In this paper, we decide to employ the alternating optimization method to solve the considered
optimization problem. In this section, we derive the numerical method for problem (3) in detail.
Referring to the variable splitting method [Huang, 2008; He, 2014; Goldstein, 2009; Chen, 2015],
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we introduce two new variables (ϑ, ω) and rewrite (3) in the constrained optimization problem as
follows:

min
ϑ, ω, u

(γ1‖ϑ‖1 + γ2‖ω‖1 + β〈1, u− f log u〉), (6)

s.t. ϑ = ∇u, ω = ∇αu.

The augmented Lagrangian functional for the constrained optimization problem (6) is defined as:

min
ϑ, ω, u, ξ1, ξ2

=
(
γ1‖ϑ‖1 + γ2‖ω‖1 + β〈1, u− f log u〉 − 〈ξ1, ϑ−∇u〉+ μ1

2
‖ϑ−∇u‖22 −

−〈ξ2, ω −∇αu〉+ μ2

2
‖ω −∇αu‖22

)
, (7)

where μ1, μ2 — positive parameters; ϑ1, ϑ2 — Lagrangian multipliers.
The minimization method to solve the problem (7) can be expressed as follows:
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

u(k+1) = argmin
u

(
β〈1, u− f log u〉 − 〈ξ(k)1 , ϑ(k) −∇u〉+ μ1

2
‖ϑ(k) −∇u‖22 −

−〈ξ(k)2 , ω(k) −∇αu〉+ μ2

2
‖ω(k) −∇αu‖22

)
,

ϑ(k+1) = argmin
ϑ

(
γ1‖ϑ‖1 − 〈ξ(k)1 , ϑ−∇u(k+1)〉+ μ1

2
‖ϑ −∇u(k+1)‖22

)
,

ω(k+1) = argmin
ω

(
γ2‖ω‖1 − 〈ξ(k)2 , ω −∇αu(k+1)〉+ η2

2
‖ω −∇αu(k+1)‖22

)
,

(8)

with update for ξ(k+1)
1 , ξ(k+1)

2 :

{
ξ
(k+1)
1 = ξ

(k)
1 + μ1(∇u(k+1) − ϑ(k+1)),

ξ
(k+1)
2 = ξ

(k)
2 + μ2(∇αu(k+1) − ω(k+1)).

(9)

The u subproblem in (8) is given by:

u(k+1) = argmin
u

(
β〈1, u− f log u〉 − 〈ξ(k)1 , ϑ(k) −∇u〉+ μ1

2
‖ϑ(k) −∇u‖22 −

−〈ξ(k)2 , ω(k) −∇αu〉+ μ2

2
‖ω(k) −∇αu‖22

)
=

=
μ1

2
‖ϑ−∇u(k+1) − ξ

(k)
1

μ1

‖22 +
μ2

2
‖ω −∇αu(k+1) − ξ

(k)
2

μ2

‖22 + β〈1, u− f log u〉.

Thus, we get:

μ1∇T

(
∇u+

ξ
(k)
1

μ1

− ϑ(k)

)
+ μ2(∇α)T

(
∇αu+

ξ
(k)
2

μ2

− ω(k)

)
+ β

u− f

u
= 0.

At the k-th iteration, we use the following discretization scheme:

μ1∇T∇u(k+1) + μ1∇T

(
ξ
(k)
1

μ1

− ϑ(k)

)
+ μ2(∇α)T∇αu(k+1)+

+ μ2(∇α)T

(
ξ
(k)
2

μ2

− ω(k)

)
+ β

u(k+1) − f

u(k)
= 0.
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Therefore, we have:

(
u(k)(μ1∇T∇u(k+1) + μ2(∇α)T∇α) + β

)
u(k+1) =

=

(
μ1∇T

(
ϑ(k) − ξ

(k)
1

μ1

)
+ μ2(∇α)T

(
ω(k) − ξ

(k)
2

μ2

))
u(k) + βf. (10)

Under the periodic boundary conditions, u(k+1) in the system (10) can be efficiently solved by
fast Fourier transform (FFT) [Wang, 2008] as follows:

u(k+1) = F−1

⎛
⎜⎜⎝
F
((

μ1∇T

(
ϑ(k) − ξ

(k)
1
μ1

)
+ μ2(∇α)T

(
ω(k) − ξ

(k)
2
μ2

))
u(k) + βf

)

u(k)(μ1F(∇T∇) + μ2F((∇α)T∇α)) + β

⎞
⎟⎟⎠, (11)

where F and F−1 are the forward and inverse Fourier transform operators.

The ϑ and ω subproblems are given by:

ϑ(k+1) = argmin
ϑ

(
γ1‖ϑ‖1 − 〈ξ1, ϑ−∇u〉+ μ1

2
‖ϑ−∇u‖22

)
=

= argmin
d

⎛
⎝γ1‖ϑ‖1 +

μ1

2

∥∥∥∥∥ϑ−∇u(k+1) − ξ
(k)
1

η1

∥∥∥∥∥
2

2

⎞
⎠;

ω(k+1) = argmin
ω

(
γ2‖ω‖1 − 〈ξ(k)2 , ω −∇αu(k+1)〉+ μ2

2
‖ω −∇αu(k+1)‖22

)
=

= argmin
ω

⎛
⎝γ2‖ω‖1 +

μ2

2

∥∥∥∥∥ω −∇αu(k+1) − ξ
(k)
2

η2

∥∥∥∥∥
2

2

⎞
⎠.

The generalized shrinkage formula can be employed for solving the ϑ and ω subproblems as
follows:

ϑ(k+1) =
∇u(k+1) +

ξ
(k)
1
μ1∣∣∣∣∇u(k+1) +
ξ
(k)
1
μ1

∣∣∣∣
·max

(∣∣∣∣∣∇u(k+1) +
ξ
(k)
1

μ1

∣∣∣∣∣−
γ1
μ1

, 0

)
, (12)

ω(k+1) =
∇αu(k+1) +

ξ
(k)
2
μ2∣∣∣∣∇αu(k+1) +
ξ
(k)
2
μ2

∣∣∣∣
·max

(∣∣∣∣∣∇
αu(k+1) +

ξ
(k)
2

μ2

∣∣∣∣∣−
γ2
μ2

, 0

)
. (13)

The complete method is summarized in Algorithm 1. For the stopping condition, we end the loop
if the maximum number of iterations N has been carried out or the following condition is satisfied for
prescribed tolerance ς:

‖u(k) − u(k−1)‖2
‖u(k)‖2

< ς, (14)

where ς is a small positive parameter.
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Algorithm 1. Algorithm for solving the optimization problem

Initialize: u(0) = f ; ϑ(0) = ω(0) = 0; k = 1
1. While Stopping condition is not satisfied
2. – Compute u(k+1) according to (11)
3. – Compute ϑ(k+1) according to (12)
4. – Compute ω(k+1) according to (13)
5. – Update ξ1 and ξ2 by (9)
6. – k = k + 1
7. EndWhile
8. Return u

4. Numerical experiments

In this section, we present some numerical results for Poisson noise removal obtained by our
proposed method. All experiments were carried out in Windows 10 and Matlab running on a desktop
equipped with an Intel Core i3, 2.1 GHz and 12 GB of RAM. In experiments, we compare our method
with known methods for Poisson noise removal using total variation model (TVM) shown in (1), and
fractional-order total variation model (FTVM) shown in (2). The compared models are implemented by
the state-of-the-art alternating minimization algorithm. The original test images are shown in Figure 1.

Fig. 1. Test images

For assessing the quality of restoration results with compared methods, we use peak signal-to-
noise ratio (PSNR) and Structural Similarity Index (SSIM) defined as follows [Bovik, 2006]:

PSNR = 10 log10

(
2552 ·MN

‖u∗ − u‖22

)
,

SSIM(u, u∗) =
(2μuμu∗ + c1)(2σu,u∗ + c2)

(μ2
u + μ2

u∗ + c1)(σ
2
u + σ2

u∗ + c2)
,

where M and N are the number of image pixels in rows and columns; u, u∗ are the original image,
the reconstructed or noisy image accordingly μu, μu∗ are the means of u, u∗ respectively; σu, σu∗ their
standard deviations; σu,u∗ the covariance of two images u and u∗; c1 = (K1L)

2; c2 = (K2L)
2; L is

the dynamic range of the pixel values (255 for 8-bit grayscale images); and finally K1 	 1, K2 	 1
are small constants.

For our experiments, we set tolerance in (14) ς = 0,00004 and N = 500. The observed images in
our experiments are simulated as follows. To test different noise levels, the noisy images are generated
by Poisson noise with some fixed value Peak. Empirically, all of the compared methods perform image
denoising with their optimal parameters. All images are processed with the equivalent parameters γ1 =
= 0,6, γ2 = 0,4, which gave the best restoration results. For our models, we set empirically μ1 = 0,01,
μ2 = 0,01, and α = 1,6.
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In Figures 2 and 3 we show the results of compared methods for noise levels Peak = 120.
In Figures 2, a and 3, a, we show the original images. In Figures 2, b and 3, b we show the noisy
images. In the others Figures 2, c–e and Figures 3, c–e we show respectively the reconstructions given
by TVM, FTVM, and proposed model.

Fig. 2. Results for image «Lake»: recovered images of different approaches for image denoising: a) original
image; b) noisy image f with Peak = 120; c) restored image by TVM; d) restored image by FTVM; e) restored
image by our approach

In Figures 4 and 5 we show the results details of compared methods for noise levels Peak =
= 120. In Figures 4, a and 5, a we represent the details of original image. In Figures 4, b and 5, b we
represent the details of noisy images, while in the others Figures 4, c–e and Figures 5, c–e we show
respectively the reconstructions given by TVM, FTVM, and our proposed model. It can be seen that
our method gives even better visual improvement than the other two methods. For the comparison of
the performance quantitatively, we report the PSNR and SSIM values in Table 1.

In Figure 6 we exhibit the results of compared methods for noise levels Peak = 60. In first
column 6, a we also represent the original images, while in second column 6, b we show the noisy
image. In columns 6, c–e we show reconstructions given by TVM, FTVM, and our proposed model.

In Figures 7, a we represent the details of original image. In Figures 7, b we represent the details
of noisy images, while in the others, in Figures 7, c–e we show respectively the reconstructions given
by TVM, FTVM, and our proposed model. The measures of PSNR and SSIM values are also reported
in Table 2.

Finally in Figure 8 we show the results of compared methods for noise levels Peak = 20. In
first column Figure 8, a we also represent the original images, while in second column Figure 8, b we
show the noisy image. In columns Figure 8, c–e we show reconstructions given by TVM, FTVM, and
our proposed model. Meanwhile in Figure 9 we show the zoomed-in part of the recovered images in
Figure 8. The measures of PSNR and SSIM values are also reported in Table 3.

2021, Т. 13, № 5, С. 965–978
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Fig. 3. Results for image «Lamp»: recovered images of different approaches for image denoising: a) original
image; b) noisy image f with Peak = 120; c) restored image by TVM; d) restored image by FTVM; e) restored
image by our approach

Fig. 4. The zoomed-in part of the recovered images in Figure 2: a) original image; b) noisy image f with Peak =
= 120; c) restored image by TVM; d) restored image by FTVM; e) restore images by our approach
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Fig. 5. The zoomed-in part of the recovered images in Figure 3: a) original image; b) noisy image f with Peak =
= 120; c) restored image by TVM; d) restored image by FTVM; e) restored image by our approach

Fig. 6. Recovered results for the test images with noise level Peak = 60: a) original images; b) noisy images f
with Peak = 60; c) restored images by TVM; d) restored images by FTVM; e) restored images by our approach

2021, Т. 13, № 5, С. 965–978
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Fig. 7. The zoomed-in part of the recovered images in Figure 6: a) original images; b) noisy images f
with Peak = 60; c) restored images by TVM; d) restored images by FTVM; e) restored images by our approach

Fig. 8. Recovered results for the test images with noise level Peak = 20: a) original images; b) noisy images f
with Peak = 20; c) restored images by TVM; d) restored images by FTVM; e) restored images by our approach

КОМПЬЮТЕРНЫЕ ИССЛЕДОВАНИЯ И МОДЕЛИРОВАНИЕ
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Table 1. PSNR and SSIM values for noisy images and restored images with noise level Peak = 120

Image
PSNR SSIM

Noisy TVM FTVM Ours Noisy TVM FTVM Ours
Lake 23,8684 27,4118 27,4606 28,1593 0,6794 0,8543 0,8495 0,8659

Peppers 23,5030 30,1413 30,3140 30,9169 0,5707 0,8802 0,8952 0,9051
Lamp 21,9740 32,9495 32,7573 33,5627 0,3505 0,9189 0,8916 0,9276

Airplane 22,3381 26,9513 27,4429 27,8502 0,5129 0,8279 0,8231 0,8438
Brain 26,9486 30,8859 31,3027 31,9143 0,7873 0,9174 0,9216 0,9332

Average 23,7264 29,6680 29,8555 30,4807 0,5802 0,8797 0,8762 0,8951

Table 2. PSNR and SSIM values for noisy images and restored images with noise level Peak = 60

Image
PSNR SSIM

Noisy TVM FTVM Ours Noisy TVM FTVM Ours
Lake 20,8402 25,3176 25,4088 25,5867 0,5733 0,8171 0,7956 0,8224

Peppers 20,5111 28,1191 28,4811 29,0469 0,4619 0,8421 0,8655 0,8742
Lamp 18,9986 31,3696 30,8046 31,9269 0,2634 0,8953 0,8704 0,9101

Airplane 19,2591 25,9806 25,9168 26,5753 0,4136 0,8003 0,7680 0,8070
Brain 24,0254 29,6099 29,98667 30,6999 0,7133 0,8900 0,9048 0,9123

Average 20,7269 28,0794 28,1196 28,7671 0,4851 0,8490 0,8409 0,8652

Fig. 9. The zoomed-in part of the recovered images in Figure (8): a) original images; b) noisy images f
with Peak = 20; c) restored images by TVM; d) restored images by FTVM; e) restored images by our approach

From Figures we can see that the images recovered by our proposed model are better quality than
those of the compared approaches. Beside the measurable comparisons reported in Tables 1–3, the our

2021, Т. 13, № 5, С. 965–978
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Table 3. PSNR and SSIM values for noisy images and restored images with noise level Peak = 20

Image
PSNR SSIM

Noisy TVM FTVM Ours Noisy TVM FTVM Ours
Lake 16,0928 22,4960 22,2765 22,8623 0,3975 0,6991 0,6641 0,7170

Peppers 15,7160 25,7891 25,5059 26,2656 0,3007 0,7772 0,7498 0,8291
Lamp 14,1413 28,0472 27,0481 28,8260 0,1538 0,8330 0,7367 0,8615

Airplane 14,5166 23,5288 22,8528 23,9178 0,2727 0,6470 0,7149 0,7227
Brain 19,6973 26,6947 26,9622 27,4305 0,6047 0,8114 0,8424 0,8663

Average 16,0328 25,3112 24,9291 25,8605 0,3459 0,7535 0,7416 0,7993

proposed approach gets higher PSNR, SSIM values than those of the TVM and FTVM approaches on
all images. It indicates the competitive superiority of the proposed method for Poisson noise removal.

5. Conclusions

In this paper, we have researched the hybrid regularizers model, combining the first order
and fractional-order TV for denoising image corrupted by Poisson noise. Computationally, an
improved highly efficient alternating minimization algorithm is employed for solving the proposed
optimization problem. Finally, compared with several existing state-of-the-art approaches, the
experiments demonstrate the superiority of the proposed method for suppressing Poisson noise.
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