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B crarse npeacraBiaeHsl MaTeMaTH4E€CKUE M YUCIEHHBIE MOJAEIH B3aUMOCBSA3aHHBIX TEPMO- U TUAPOIMHA-
MHYECKHX IIPOIECCOB IKCILTyaTallMOHHOTO peXuMma pa3paboTKu eJUHOro He(Teq0ObIBAIOIIEro KOMILIEKCa IpH
THIPOTETICBOM 3aBOJHEHWH HEOTHOPOIHOTO HE(TIHOTO IUTACTa, BCKPBHITOTO CHCTEMOW MPOM3BOJIBHO PACIOO-
KEHHBIX HaHETATEIbHBIX CKBAKUH U JTOOBIBAIOIINX CKBa)KMH, OCHAIIEHHBIX MOTPY>KHBIMH MHOTOCTYTICHYATHIMH
ANIEKTPOIEHTPOOSKHBIMUA HacocaMi. OCOOEHHOCTHIO HAIIETO IMOJXOAA SIBISIETCS MOACIMPOBAHHE PabOTHI CIe-
[IMaJIBHOTO Ha3eMHOTO 000PYyIOBaHUs (CTAHIMK YIPaBJICHUS MOTPY>KHBIMH HACOCAMH M INTYLEPHON KaMephl Ha
ycThe J00BIBAIONINX CKBAXKHH), PEAHA3HAYEHHOTO [UIsl PETYIMPOBAHUS PEKUMOB PabOTHI KaK BCETO KOMILIEKCa
B II€JIOM, TaK M €T0 OTJCIBHBIX 3JICMEHTOB.

[onaas quddepernnansHas MOIETb BKIIOYaeT B ceds ypaBHEHNS, OMICHIBAIONINE HECTAIIMOHAPHYIO ABYX-
(ha3HyI0 MATHKOMITOHEHTHYIO (MJIBTPANMIO B IJIACTE, KBa3UCTAI[IOHAPHBIE MPOILECCH TEIUIO- U MaCcCOMEpeHoca
B Tpy0ax CKBaKMH M pabOYMX KaHaJIaX MOTPYKHBIX HacocoB. CrienuanbHble HEJIMHEHHbIE T'PAaHUYHBIC YCIOBUS
MOJIEJIMPYIOT, COOTBETCTBEHHO, BIMSHUE JHAaMETpa JPOCCEIsl Ha PacXoJl U JaBleHHe Ha YCTbe KaxJO0H J00bIBa-
IOIIeH CKBa)KUHBI, & TAKXKE YACTOTHI AJIEKTPUUECKOTO TOKA Ha IKCILUTyaTallMOHHbIE XapaKTEPUCTUKH MOTPYHKHOTO
HAcOCHOTO y3ma. Pa3paboTka HEPTAHBIX MECTOPOXKACHUHM TaKKe PErylUpyeTcss MOCPEACTBOM HM3MEHEHHS 3a-
60iftHOTO JaBNCHMS KaKIOH HAarHETaTeNbHOW CKBA)KMHBI, KOHIICHTPAIWH 3aKauMBAEMBIX B HEE Iesie00pas3yromux
KOMITOHEHTOB, UX OOMIMX 0O0BEMOB M ITPOJODKMTEIBHOCTH 3aKauKH. 3ajiada peraercsi YUCICHHO C HCIIOIb30-
BaHHWEM KOHCEPBATHBHBIX PA3HOCTHBIX CXEM, ITOCTPOCHHBIX HA OCHOBE METO/Ia KOHEUHBIX pazHocTel. Paszpabo-
TaHHBIE UTEPALUOHHBIE AITOPUTMBI OPHEHTHPOBAHBI HA HCIOIb30BAHUE COBPEMEHHBIX MapaelbHbIX BEIUUCIHU-
TENBHBIX TEXHOJOTHH. YnCIIeHHas MOAETh peaIn30BaHa B MIPOTPAaMMHOM KOMILIEKCE, KOTOPBIIf MOXKHO paccMmar-
pPHUBATh KaK «MHTEIUIEKTYaJIbHYIO CHCTEMY CKBAXXHWH» IUIS BHPTYaJbHOTO YNpaBICHHUA Pa3paboTKoi HEe(TIHBIX
MECTOPOXKIACHUM.
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The paper provides the mathematical and numerical models of the interrelated thermo- and hydrodynamic
processes in the operational mode of development the unified oil-producing complex during the hydrogel flooding
of the non-uniform oil reservoir exploited with a system of arbitrarily located injecting wells and producing
wells equipped with submersible multistage electrical centrifugal pumps. A special feature of our approach is
the modeling of the special ground-based equipment operation (control stations of submersible pumps, drossel
devices on the head of producing wells), designed to regulate the operation modes of both the whole complex
and its individual elements.

The complete differential model includes equations governing non-stationary two-phase five-component
filtration in the reservoir, quasi-stationary heat and mass transfer in the wells and working channels of pumps.
Special non-linear boundary conditions and dependencies simulate, respectively, the influence of the drossel
diameter on the flow rate and pressure at the wellhead of each producing well and the frequency electric current
on the performance characteristics of the submersible pump unit. Oil field development is also regulated by the
change in bottom-hole pressure of each injection well, concentration of the gel-forming components pumping into
the reservoir, their total volume and duration of injection. The problem is solved numerically using conservative
difference schemes constructed on the base of the finite difference method, and developed iterative algorithms
oriented on the parallel computing technologies. Numerical model is implemented in a software package which
can be considered as the «Intellectual System of Wells» for the virtual control the oil field development.
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Introduction

The subject of the study is the interrelated thermo- and hydrodynamic processes in the unified
oil-producing complex consisting of the oil reservoir, a system of arbitrarily located injecting wells and
producing wells equipped with multistage electric submersible pumps (ESP).

Earlier a computer models were proposed to study such processes for cases of water-oil
displacement [Konyukhov et al., 2017] and polymer flooding [Konyukhov et al., 2019] of the oil
reservoir. In the second method, thickener in the form of an aqueous polymer solution of the desired
concentration and volume is pumped into the oil reservoir within a certain time interval from all or
from some injecting wells. Sorption of this thickener is irreversible and affects the permeability of the
porous medium. An appearance of a sorbed polymer in well-developed areas with high permeability
leads to the rise of the resistance factor proportionally to the polymer concentration, so that an effective
permeability in these areas is significantly reduced. It results in the redirection of two-phase flows to the
low-permeable zones of the reservoir and, as a consequence, more intensive and uniform displacement
of oil by water in comparison with the usual flooding. In this regard, physical and chemical methods
of improving the water-oil displacement are widely used in the extraction of oil from heterogeneous
reservoirs.

In this article, we continue our research and generalize the mathematical, numerical and
algorithmic models [Konyukhov et al., 2017; Konyukhov et al., 2019] for a more complicated physical
and chemical method — hydrogel flooding. Such action on the reservoir provides the generation of the
moving hydrogel fields directly in the areas of porous medium with different permeability and leads to
a more significant improvement (compared with polymer flooding) in the uniformity of oil displacement
and an increase in the main operating characteristics of oil production due to the redirection of fluid
flows [Altunina et al., 2015; Chekalin et al., 2009]. The thickener R (hydrogel) is generated in the
result of chemical reaction «|R| + k2 Ry = kR in mixture (water phase) between the aqueous solutions of
two gelling components R, R, which injecting into the oil reservoir one after another with given time
delay, where «, k1, k, are the constants of this reaction. The first component is sorbed more intensively
and moves more slowly than the second one, so the moving hydrogel field begins to arise when the
the second solution comes close to the first solution and begins to react chemically with him. Creation
of the moving hydrogel field induces very complicated two-phase filtration flows in the non-uniform
porous medium [Altunina et al., 2015; Imankulov et al., 2014; Chekalin et al., 2009; Chekalin et al.,
2017; Walter et al., 1994].

In the operating mode of the oil fields development, the processes of heat and mass transfer in
three-phase gas-water-oil mixtures moving in the wells and working channels of the electric centrifugal
pumps are of quasi-stationary nature, but they are also very complex and accompanied by phase
transitions during oil degassing in pipes and gas dissolution in pump channels, compressibility of
phases, friction, gravity force, restructuring of gas-liquid flow, inversion of phases, drift motion of
disperse components, heat exchange between flow and rock formation around the well, etc., see [Brat-
land, 2010; Hasan, Kabir, 1988]. Performance characteristics of submersible pump unit essentially
depend on the properties of the pumped mixtures [Lyapkov, 1979]. In addition, at the present time the
control for the current working modes of ESP are often realized with ground-based control stations
(GCS) to analyze of the telemetering data (direct coupling) and to generate of the needed actions
(back coupling) for improving of the work conditions of submersible equipment, up to its disable in
emergency situations.

As a result of this, computation of these processes and optimization of the oil production should
be done with taking account all above mentioned factors. These problems are very complex (see,
e.g. [Barenblatt et al., 1984; Bear, 1988; Walter et al., 1994] and can be effectively solved on the basis
of mathematical and numerical modeling using parallel computing technologies.
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1. Mathematical model

Generalizing the unified mathematical models [Konyukhov et al., 2017; Konyukhov et al., 2019]
for the case of hydrogel flooding results in the following conjugated system of non-linear differential
equations:

a) two-dimensional equations of the two-phase five-component isothermal filtration in the porous
reservoir D, = {0 < x < L,,0 <y < L}:
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b) one-dimensional quasi-stationary momentum (force-balance) and energy equations for the
disperse water-oil-gas flow with discrete phases (gas bubbles, water drops or oil drops) in the m-th
producing well D, = {0 <z < H,},m=1,M,:
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c) one-dimensional heat and mass transfer equations for the three-phase flow in the channels of
the m-th multistage electric centrifugal pumping unit D,,, = {0 <& < 1}, m = 1, M), located in the
m-th well:
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Here M, is the number of the producing wells; 7 is the time; the sub-indexes “w, o, g” denote
characteristics of water, oil and gas, respectively; L, and L, are the length and the width of the
reservoir; H,, is the depth of the m-th producing well; M, is the number of the pump stages.

System (1)—(6) consists of the mass balance and momentum (the Darcy’s law filtration) equations
obtained with the use of the averaging procedure over the reservoir thickness without the regard to
the capillary effects, gravity, compressibility of the phases and the porous medium. Mass transfer
equations (3)—(6) are developed in [Chekalin et al., 2009; Chekalin et al., 2017] on the base of general
principles of hydrogeochemistry [Walter et al., 1994]. The relationships (6) are written under the
assumption that chemical reaction in a porous medium is very close to local equilibrium and the
dynamic viscosity p,,(c) of water solution depends only on the hydrogel concentration c.
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In these equations, x and y are spatial coordinates; P is the pressure; S is the water saturation;
¢ and ¢; are the mass concentrations of components R and R; in water solution (i = 1,2); M and M; are
their molecular masses, M = M| + M»; k;, and k), are the functions of relative permeability of water and
0il; vy, vy, Vi x, Wiy are the projections of the filtration velocity vectors ¥, ¥, of the water-oil mixture
and water phase to axis Ox and Oy; K(x,y) and m(x,y) are the absolute permeability and the dynamic
porosity of the porous medium of the oil reservoir; H,(x,y) is its thickness; f(S) is the fraction of
water in the total two-phase flow (the Bacley-Leverett function); y, is the dynamic viscosity of oil; u,
is the viscosity of the hydrogel water solution at ¢ = 0, @, is an empirical coefficient; a;(c;) and a(c)
are mass concentrations of the i-th gelling component and thickener in the absorbed (immovable) state.
Their dependencies on concentration ¢ and ¢; are determined by the the Henry sorption isotherms,
I, I'; are the Henry coefficients which can be obtained experimentally. Sorption is considered here as
an effective total factor caused by the physical and chemical adsorption on the pore surface, dissolution
in the formation rocks and mechanical retention in the narrowing of pore channels. The function w is
a difference between the numbers of acts at direct “+” and reverse “—"" chemical reactions per unit time.
Under the local equilibrium hypothesis, w is taken as an unknown function in the equations (3)—(6) and
must be computed from one of them [Walter et al., 1994].

The following group of equations (7), (8) is obtained in a framework of the Zuber-Findlay model
and a quasi-stationary approximation (see, e.g. [Bratland, 2010; Hasan, Kabir, 1988]) for dispersed
three-phase flow in the producing well when discrete components are the gas bubbles or drops of water
(or oil) inside the continuous oil phase (or water phase, respectively). In these equations Oz is the
vertical coordinate axis directed upwards the well from its beginning on the reservoir roof;, P and T
are the pressure and the temperature, identical for all phases; p is the mean multiphase mixture density;
v is the overall mixture flow velocity; p;, v;, ¢;, Bi and G; are the density, the actual velocity, the
volumetric concentration, the consumption content and the mass flow rate (debit) of the i-th phase
(i = o, g,w), averaged over the well pipe cross-section f, of radius r.; G is the overall mixture debit;
F(P,T) is the relative gas factor which is defined as the ratio of the mass of gas released from
the oil phase at certain (P, T)-conditions to the total amount of the initially dissolved gas; C; is the
corresponding mass concentration of gas in the oil phase at P > P, where P; is the saturation pressure;
L is latent heat of gas dissolution into the oil phase; 7., and ¢, are the hydraulic friction and the heat
flux density at the internal surface of the producing well; Q, is the intensity of the external heat source
distributed along the producing well; «,; and C),; are the coefficients of volumetric thermal expansion
and volumetric elasticity of i-th phase; g is the gravity acceleration; ¢(z) is the angle between the well
profile and the axis Oz.

Equations (9) govern the thermal and hydrodynamic processes in the channels of the multi-stage
pump. They were developed under the assumption that all the phases become highly dispersed in
the pump stage and move without slippage in the result of the enormous rotation speed of blades,
i.e. ¢; = Bi, v; = v. In the equations (9) ¢ is a share of the pump stages; H, n = goHQ/N and N are the
head, the efficiency factor and the power consumption of the pump stage. These characteristics depend
on the volumetric flow rate Q = G/p and the effective viscosity u of the three-phase mixture [Lyapkov,
1979] that can be significantly decrease by compressing the phases and dissolving the gas in the oil as
the flow moves along the pump.

REMARK 1. In this paper we present only some relationships closing the equations (1)-(9). A whole set
of special constitutive relations is too large and can be found in our publications (see e.g. [Chekalin et al., 2009;
Chekalin et al., 2017; Konyukhov et al., 2017; Konyukhov et al., 2019]). Formulation of the boundary, initial
and conjugation conditions for the system of differential equations is also discussed in details in these works.

The most important for modeling are formulated bellow a special non-linear boundary condition
at the wellhead of the m-th producing well and relationships simulating the control actions on the
operation modes of the m-th submersible pump and its electric motor by varying the frequency w of
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the electric current with the use of the ground-based equipment [Konyukhov et al., 2019]:

Plep, = Piin + 0.5 - G4 (dap) pU°| _, (10)
Oy = Qhw/w*, Hy = Hy(w/w)?, Ny =N,wlw*, Ny=Niw/w). (11)

Here the local resistance coefficient ¢, of the regulating drossel is the function of its variable diameter
dgr affected on the values P|._y, and v|._p, ; Pin is the constant line pressure behind the drossel;
0, Hy,, and N, are the volumetric flow rate, head and useful capacity of a certain pump stage during
its operation on water at the nominal conditions at w*=50 Hz; N, is the nominal consumed power
of the motor at w = w*; Qw, Hw, Ny, and N,, are the similar characteristics of the stage and motor
at w # w*.

Oil field development is also controlled by the change in bottom-hole pressure of each injection
well, concentration of the gel-forming components pumped into the reservoir, their volume and duration
of injection.

2. Numerical model

The problem (1)—(11) is solved numerically using conservative finite difference schemes. In
detail the numerical models for case of the water-oil displacement and polymer flooding are discussed
in [Konyukhov et al., 2017; Konyukhov et al., 2019]. The following is a brief summary of some
principal results of these works and their extension to the case of hydrogel flooding.

The pressure P is computed from the elliptic equation div[A(S, c)gradP] = 0 that is obtained
from equations (1) and approximated by the five-point finite difference scheme of the second order,
A(S,c) = K(x,2) - K*(S,c). The corresponding system of algebraic equations with respect to P is
solved by a special iterative method of high convergence [Konyukhov et al., 2017].

The mass balance equation (2) for the water saturation S is approximated in the all points (x;, y¢)
of the discrete domains D" except the centers of wells with the use of points (x;;0.5, Vx+0.5) of additional
grid D" by the upwind finite-difference scheme of the second order with respect to average integral
values Jj; of this function:

erh(ij,ZhT —Ji)/he = Visipk = Vicrpk + Viksrz = Vikerjas - Jiy = h_12 Sdxdy.  (12)
D

Here h; is the time step; 4 = h, = h, is the step of grid along the axes Ox and Oy in the discrete
domain D5 Vizijox = h(fve)izijon; Vikstz = h(fvy)iks1/2; Dix is the rectangular element of the
grid Di‘ with the vertices located in the points (X105, Vk+0.5) € Dﬁ‘. The values Sii12x and S;xc1/2
are defined by the linear-fractional interpolation through integral values Jj; in depending on the flow
direction. Let, for example, Vi 124 < 0, i.e. fluid flows through the border I';; 1,2 from the cell Dy
into the cell D;y1 4. Then

ST, S*—s*SJ,-k,
Fa FE[Ji+l,kaJik]a S*+8*SJik<S*_8*a
Siv1/2k = £ (13)

Jits F & [Jivrao Ju], S+ e < Ty <S* =&,

S*, ijSS*+8*;

0.5 (Jic1x + Jir) Jix/ Ji1.k5 Jictk = Jiks

0.5(1+Ji = (1= T/ (1= Jie1i)s Jictk < i
where S, and S* are the values of irreducible and limiting water saturation; €, and &* are the semi-
empirical parameters of the scheme (12), (13).
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Before constructing the finite-difference schemes for equations (3)—(6), it is convenient to reduce
them to the form of the transfer equation (2) by introducing the new functions:
¢ c XMy

C= L =12 C= ey =
/ ciMyv; J ciMv Y M'M}?

I+ +T)7;
@;=S[1+Tpu;+(C-T;)C|. uj=C+C;, j=1.2. (14)

Then, the equations (4)—(6) can be written in the following form:

9; 4 0 :
erE + a(ujfvw,x) + a(ujfvw,y) =0, j=12 (15)
(O1/S —CA+D)Y(O/S —C(A+T))? =C". (16)
Now, with the use of the relationship (16) the function C can be expressed in terms of ®; and ®; as
follows:
(0] 1+T)A+T
C=A—- |a2_ 10, . AZO.S{[®1+®2]+)/1/V( +T')( -2|' 2)}. (17
S2(1+71) 1+Ds (1+0)

Further, by analogy with [Chekalin et al., 2009; Konyukhov et al., 2019], the equations (15) can
be approximated by finite-difference schemes taking into account the possible arising both the leading
and back fronts of concentrations, as well as changes in the magnitude jumps of these functions:

Ut+hT U
jik — Yk .
erhh— Givt2k = Wiicik * Wik = Wiik-12, j=1,2; (18)
T
1
Ujir= o) f Ojdxdy;, Wiiz1px = h(fuivo)izioe Wik = h(fujvy)ig)2-
D

The grid functions Uj ;1124 and U ;+1/2 are defined on the base of parabolic interpolation through
values Uj also taking into account the flow direction. So, at W ;1/2x <0,

0, Ujir < €1,
0, &1 < Ujix £ &Ujmax, Ciz1x < &1,
Ujir126 =\ { €1 <Ujix £ &Ujmax, Cis1x > €1, (19)
’ &2 Cmax < Uj,i,k < &3 Uj,maXa
Uj max> €3 Uj,max < Uj,i,k,

where ® = 5/6U;;i + 1/3U iz146 — 1/6Uji—14; Ujmax = max Ujik; &1, 1 — &3 and &; are the given
D'

parameters [Chekalin et al., 2009]. The first and second of thém provide the calculation of U ;; within
the assumed error. The value &, is less than 2/3 of the jump concentration amplitude of the j-th
component at its forward front.

The grid functions UT+hT and UT+hT are calculated from the equations (18), i = 1,2. After this

T+]’l-r

the concentration C can be determmed from the relations

It = A= \JA2 = U U T Tt (14 TR, (20)

A=05{ f*’}; + US| 1A+ D) + (4 T (1 + )/ + D).

Needs to note that the water saturation S, concentrations C and C; of hydrogel and the gel-
forming components are multi-valued functions at the vertical boundaries of the producing and injecting
wells. This specific feature of the problem solution can be taken into consideration by means of the
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special method [Chekalin et al., 2009], which allows us to determine the values of these functions in
eight directions to the well (in the four directions along the coordinate axes and along the four diagonal
directions). In this method the average integral values of S, C, and C; are determined with the use of
the special sector-shaped cells in the vicinity of the well borehole. For example, the finite-difference
equations for the saturation S along axis Ox and along the diagonal direction of the first quadrant are
written as follows:

Ahevy 143 /2,K

3H,mh (fr+3/2.k = fr+1.k);

Tik = Tk +
(21)

T

Tk = Jkel +
I+1,K+1 > 3H,mh

[Vx,[+%’[(+1(f[+%’[(+1 = flr1k1) + Vx,[+1’[(+%(f[+1,](+% = frr1k+0]
where indexes I = i, and K = k, denote the grid coordinates (x;,,yx,) of the m-th producing well
centre. The formulas for water saturation and concentrations along other directions can be written by
analogy with equations (21). To provide the solution stability of the scheme (12), (18), (21) the time
step . is determined in according to the Courant-Friedrichs—Lewy criterion.

Systems of first order differential equations (7), (8), and (9) are solved with the use of the
implicit Euler’s schemes. However, their realization is significantly complicated because of a large
number of the constitutive, usually non-linear relations, so that these equations can be solved only
using the iterative procedures. Moreover, the number of the producing wells equipped with ESP-units
on the oil field can reach several hundred, so the general number of grid points in all the wells may
be much more than the number of grid points in the reservoir. This results in fact that the calculating
times of filtration and heat mass transfer in the all wells become comparable.

Finally, in the presence of the drossel device on the head of the m-th producing well, the
pressure P|,_y in the boundary condition (10) can significantly exceed the linear pressure Py, at
the input of the lead pipeline. This difference is caused by the second term of this relationship, which
depends on both the drossel diameter and the three-phase flow characteristics. In this situation, the
value Pj;, is given, but the pressure, the mass flow rate of mixture, the volumetric concentration of
water and gas at the bottom hole of the m-th producing wells are unknown, as well as the second
term in (10). This leads to the fact that the unified system (1)—(11) must be solved by iterative method
in a manner which assures to satisfy the boundary conditions (10) with given accuracy on the head
of all producing wells. These features of the problem make it expedient and efficient to use parallel
computing methods.

3. Software

The numerical model (12)-(21) is implemented in the program package “Oil-RWP”. It allows
us to simulate the interconnected processes in the unified complex “oil reservoir —system of wells”
with simultaneous visualization of the results. Additionally, the special program “GCS” is developed to
simulate an operation of the ground-based control stations and to regulate the work of the underground
equipment in the producing wells. The Oil-RWP package sends telemetry data and values of the current
operating parameters of the submersible motor to the GCS module (direct coupling). In turn, the station
controller analyses incoming data and generates the required control parameters for electric submersible
pump. These parameters are sent to the Oil-RWP package (back coupling).

4. Results of computations and conclusions

The results of computational experiments and their analysis were carried out for concrete
oil-extracting complex, see [Konyukhov et al., 2017; Konyukhov et al., 2019]. It is shown that
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parallelization leads to the rise of the performance of calculations several times in comparison with
sequential calculations in the following cases:

1) computation of two-phase five-component filtration in heterogeneous reservoir with the use
of the grid consisting tens and hundreds thousand mesh points;

2) simultaneous computation of processes in every producing well equipped with its own electric
pump at the grids with a large number of nodes;

3) visualization of the filtration process in the oil reservoir when the number of display pixels
reaches several millions.

The practical results can be briefly formulated as follows:

1) the mathematical model and program package allows to realize the optimal control for the
operating modes of each well, underground equipment, and, as a result, — the development of the oil
reServoir;

2) the creation of moving hydrogel fields in the highly permeable areas of the heterogeneous
reservoir significantly increases the uniformity of the oil displacement and improves its basic
exploitation characteristics by redirecting filtration flows. The control for these moving fields is carried
out in the package by the change in bottom-hole pressure of each injection well, concentration of the
gel-forming components pumped into the reservoir, their volume and duration of injection.
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