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Abstract. – The numerical model of sedimentation and suspension filtration is proposed in this paper. The 
model is based on dynamic variant of discrete element method. This model represents the particles behavior on micro- 
and meso-scales: pores, arches, flocks formation. In addition, the proposed model qualitatively reproduces macro 
phenomenon: sedimentation of particle layer, slow shrinkage of the layer, sealing of the layer under its own weight of 
the particles and the external applied force. 
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1. Introduction 

Layers of dispersed material exist not only in nature, e.g. as sediment, but also in technical 
processes such as water purification or phases separation by sedimentation and filtration [Zhuzhikov, 
1971; Wakeman, Tarleton, 1999]. Density of sediment mainly determines not only the moisture con-
tent, but also the mechanical characteristics of the layers, such as their mobility. 

Modeling layer formation by methods of continuum mechanics doesn’t allow taking into ac-
count events that occur at the micro level – the level of individual particles and pores. Physical and 
chemical factors, such as the effects arising due to surface charge, hydrophobicity / hydrophilicity of 
suspension particles or a filter layer, is also absent in the classical models of layers formation of dis-
persed materials. 

The dynamic method discrete element (DEM) was selected as the main tool for numerical simula-
tion of the layers. Theoretical foundations of DEM and the review of applications can be found in [Zhu 
et. al., 2007; Zhu et. al., 2008]. This method has fundamental differences from the approaches of conti-
nuum mechanics. Within the DEM the behavior of particles is simulated at the micro and meso level, i.e. 
the motion of individual particles and the formation of mesostructures (pores, arches, flakes). In addition, 
the proposed model qualitatively reflects macro features: sedimentation of particles, slow process of 
layer shrinkage, a layer sealing of under its own particles weight and the applied external force. 

Due to the fact that the problem is rather complex: there is a huge number of particles in consid-
eration, a variety of physical interaction forces between particles and between particles and the me-
dium – numerical solution is feasible only on modern cluster computers. 

Different to the static method of discrete elements used for example in [Dueck, Ugov, 2005; Dueck, 
Dyachenko, Minkov, 2006; Neesse, Dueck, Djatchenko, 2009], the dynamic version of the method is able 
to directly simulate the transient effects of particles collective behavior, such as shrinkage of the layer. 

2. Mathematical statement 

The mathematical statement of the problem is formulated in terms of the discrete element me-
thods. It is supposed that for each spherical particle of the collective is solved the system of motion 
equations for the center of mass: 

 
,

,

i i
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where 34
3i im rρ π=  – particle mass; t – time, iF  – the resulting force acting on the particle; ix – the 

coordinate of particle center of mass; iv  – the particle velocity; ρ – density of material of the particle. 
It is supposed that in some moment of time the particle i has iN  contact point with other par-

ticles or with the boundary of the computational domain. 
The force iF  is written as 

 ad fr, st ,
1

( , , , ) ( , )
iN

i i j i j i j ij i i
j

r r r r m
=

⎡ ⎤= + + + +⎣ ⎦∑F f x x F F g F , (2) 

where iN  – the number of contacts of the particle with radius ir  with the neighboring particles with 
radii  jr , g – acceleration of gravity;  

( , , , )i j i jr rf x x  – elastic force of interaction between particles i and j;  
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ad ( , )i jr rF  – adhesion force between two particles; 

fr,ijF  – full sliding and rolling friction between two particles; 

st,iF  – resistance force, calculated by Stokes' law.  
It’s supposed that the forces which are out of sum affect also in absence of any contacts. 

Elastic force of particle interaction 

( , , , )i j i jr rf x x  can be found by solving the Hertz problem [Timoshenko, Godier, 1951; Landau, Liv-
shic, 1987] for hard spheres. In this problem interaction of two spheres are considered as shown in Fig. 1. 

The solution of Hertz problem gives the relation between deformation of the particles h and ap-

plied force f: 
3 1
2 2f Kh R= , where f – absolute value of the particles interaction forces, 2

2
3 1

EK
ν

⎛ ⎞= ⎜ ⎟−⎝ ⎠
 – 

effective Young’s modulus, E – Young’s modulus и ν  – Poisson’s ratio of particle material, 
2 i j

i j

r r
R

r r
=

+
 – effective radius of two particles, h – penetration of particles. 

 
Fig. 1. Relationship between the radius of contact area a and the depth of deformation h 

To account for the dissipation of energy in the process of interaction between two particles the 
energy restitution coefficient B is introduced, which varies from 1 (the particle completely restores the 
shape; energy dissipation is absent) to 0 (the particle doesn’t restore the shape; energy is completely 
transformed in plastic deformation). 

In addition, the interaction force between the particles depends on whether the particles are ap-
proaching or moving apart: 

 

3 1
2 2

3 1
2 2

, >0 (approaching),

, <0 (moving apart).

dhKh R
dtf
dhBKh R
dt

⎧
⎪⎪= ⎨
⎪
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 (3) 

Let’s consider a particle that had kinetic energy 0W  before the interaction with other particles. 

This initial kinetic energy is converting into the potential energy: 
max 1 5

2 2
max

0

2
5

h

pW fdh KR h= =∫ . Then the 

particles are moving apart and the energy is converting to kinetic one again: 

max

0 1 5
2 2

max
2
5h

W fdh KBR h= − =∫ . The ratio of the particle energy after the interaction to the energy before 

the interaction is the energy restitution coefficient: 0/W W B= .  
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Thus, the particle interaction force written in the form (3) meets the conditions of elastic defor-
mation with the loss of energy. Such a form of particles interaction forces is used in [Moysey P. A., 
Thompson, 2005; Ananda et. al., 2008; Vu-Quoc, Zhang, Walton, 2000]. Residual plastic deformation 
is not considered. Model with an energy restitution coefficient is called in the literature a hysteresis 
model [Kruggel-Emden et. al., 2007]. 

Weight of overlying particles is taken into account automatically. In case any new particle set-
tles on the already-formed layer the elastic force of ground reaction arises between the particle and the 
layer. This force can bring out of balance the layer particle which is in contact and it will move in the 
direction of addition force – down. Due to this shift the additional force arouses between the displaced 
particles and surrounded particles. Then the stress wave and small movements of the particles will dis-
tribute to the boundaries of the computational domain. The extra stress will occur with each of new 
settled particles in the layer so that the sum of all stresses will be the overlying layer weigh. 

The adhesion force 

During the interaction of microparticles there are the elastic forces of the material in direct con-
tact and forces of surface interaction, the role of which increases with decreasing particle size. 

The adhesion force Fad consists of attractive and repulsive components [Israelachvili, 

1995]: ad at rF F F= + , where at 2
06

AF R
H

=  – attractive components due to the Van der Waals force, 

2 2
2

r 0 0
4 exp( )z e cF H R

kT
π

ψ κ
κ
∞= − − – repulsive component according the Gouy–Chapman theory, А – 

Hamaker’s constant, c∞  – ions concentration in liquids away from the particle surface, e – electro 
charge, 0H  – distance between the surfaces of interacting particles (usually the intermolecular dis-
tance), k – Boltzmann’s constant, z – valence of medium ions; 0ψ – surface potential of particles, T – 

temperature, 0
2 2

1 kT
e c z
εε

κ ∞

= – wavelength Debay. 

Thereby the adhesion force can be written as:  
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A z e cF H R K R
H kT

π ψ κ
κ
∞⎛ ⎞

= − − =⎜ ⎟
⎝ ⎠

,  (4) 

where 
2 2

2
ad 0 02

0

4 exp( )
6

A z e cK H
H kT

π
ψ κ

κ
∞= − −  – specific surface energy of adhesion forces or the ad-

hesion coefficient, which depends on the physical and chemical characteristics of the system. Kad can 
be varied by changing of ions concentration c∞  in the solution by adding a certain amount of salts (eg, 
MgCl2, AlCl3). 

Friction force 

To simplify the consideration we introduce a generalized friction force and a generalized fric-
tion coefficient, whose value lies in the range between the coefficient of rolling friction and coefficient 
of sliding friction. In the case of simulation of particles significantly different from spheres, the value 
of the generalized friction coefficient is close to the value of the coefficient of sliding friction, other-
wise the value will be significantly shifted in the direction of rolling friction coefficient. This approach 
allows us to avoid the consideration of the equation of force moments. 

Let’s consider the frictional force acting on the particle i in contact with particle j (particle in 
rest relative to each other), with some forces acting at particle i and tending to unbalance it (Fig. 2). 
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Fig. 2. The scheme of acting forces 

The force of friction in the contact of two particles at rest is a bilinear function of the moving 
forces that can be written in vector form (taking into account that the direction of the vector of the fric-
tion force is opposite to the vector the moving force): 

 
mov mov frMax

movfr
frMax mov frMax

mov

, ,

, ,

F F

F F F

− ≤⎧
⎪= ⎨− >⎪
⎩

F
FF
F

 (5) 

where mov iF F mg= +∑  – moving force – the result of all forces except friction force in current con-

tact, frMax frF k= f  – the maximum value of the friction force. 
In case when particles are moving relative to each other the friction force can be written as 

 fr frMax
ij

ij

F= −
v

F
v

, (6) 

where ij i j= −v v v  – a velocity of the particle i relate to particle j. 
The common friction force acting on the particle is the vector sum of the forces in each contact.  

Resistance force in medium 

For an accurate description of the continuous medium between the particles is necessary to use 
one of the grid method. Obviously, the mesh cells must be much smaller than the size of particles to 
adequately describe the continuous medium, such as near the points of contact of the particles. Thus, 
the main computational loading will account for on the calculation of interparticle continuous medium, 
what considerably limit the possible number of particles in the simulation. 

Below, for a more detailed study of the behavior of particles a simplified description of interpar-
ticle medium is used taking into account only the change in viscosity with the concentration of the 
dispersed phase.   

Resistance force of a particle in a medium is calculated by Stokes' law [Batchelor, 1967]: 
 st , p, l6 ( )i i irπμ= − −F v v , (7) 
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where ( )Cμ μ= – dynamic viscosity of fluid (eg, for water under normal conditions μ = 0,001 Pa·s); 

p,iv – particle velocity; lv – liquid velocity; 1C ϕ= −  – the average volume concentration of the par-
ticles; ϕ  – average porosity.  

Equation (7) is valid only for single particles at low Reynolds numbers. Because the model as-
sumes the presence of many particles, then the correction of Dougherty–Krieger for the viscosity is 
used [Volkov, 2001; Krieger, Irvin, 1972] 

 0
3
2

1
0.6
C

μ
μ =

⎛ ⎞−⎜ ⎟
⎝ ⎠

. (8) 

Boundary and initial conditions 

The computational domain is a rectangular parallelepiped with the base 1 by 1 length units (for 
different number system it can be any physical length, e.g. 1 mm) and the required height. 

Since the problem is solved in terms of discrete element method, the boundaries of the container 
is parts of the surface of pseudoparticles with radii r = rb� 1, (where rb – a constant determined from 
the condition that in the considering parallelepiped a deviation of the sphere surface from the plane is 
small, for example, rb = 1000) and coordinates bix  (i = 1 ... 5): 
(0.5, 0.5, – rb) – top particle, 
(–rb, 0.5, 0.5) – left particle, 
(rb+1, 0.5, 0.5) – right particle, 
(0.5, –rb, 0.5) – back particle, 
(0.5, rb+1, 0.5) – front particle. 

Conditions at these boundaries are formulated as follows: 

 

0, 1, 0, 1

const, 1 5,
0, 1 5,

0, 2 5.

bi

bi

fr x x y y

x i
v i

F i
= = = =

= =

= =

= =

…
…

…

 (9) 

The last condition in (9) means that the frictional force on the boundaries 2–5 equals to zero 
(this condition should be used if necessary to eliminate the influence of the side boundaries). 

The condition on the top of computational parallelepiped is determined in accordance with the 
feature of a given task.  

These are cases of the simulations below: 
а) layer formation as the result of sedimentation monodisperse and bidisperse suspensions; 
b) consolidation of the filtering layer by a piston. 
The boundary conditions corresponding to these processes will be described in conjunction with 

the results.   
Initial conditions for the set of particles are: 

 ,initial

,initial

random,
0,

i

i

=

=

x
v

 (10) 

where random – a real random number between 0 and 1 with uniform distribution low. The initial 
coordinates of particles are although determined randomly, but the condition is checked for noninter-
section of particles for any i and j: 

 .i j i jr r− > +x x  (11) 
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3. Numerical realization 

To solve the above problem the system of equations (1) integrates numerically with counting 
the relations (2)–(8), primary (10), (11) and boundary (9) conditions. 

Since the system (1) must be solved for each particle and in general each particle can interact 
with each, so the task for the system of N particles has complexity of order N2. (It means the number 
of operation is proportional tom N2). Using a spatial decomposition (partition) of the computational 
domain, it’s possible to reduce the complexity of the problem, because the particles will interact only 
with those particles that are in the same cell decomposition, thus there is need for data transfer be-
tween cells and the implementation mechanism of a particle migration from one cell decomposition to 
another. An additional significant reduction of computation time can be achieved reached by parallel 
processing of particles in each cell on multiprocessor computers. 

The following results were obtained on a cluster computer SKIF-Cyberia (performance 
12 TFlops), using a program written in C++ library and MPICH for parallel computing. 

As a test problem the system of 10 particles falling serially to the bottom of the container was 
considered. At the initial time the particles are strictly one above the other at a distance of 0.1 mm 
along the vertical axis Z. Obviously the particles will fall down forming a vertical column because 
there are no forces that would be displace the particle in X and Y directions. 

In this example, taken: particle size d = 0.1 mm, density ρ = 2500 kg/m3 (sand), Young's mod-
ulus E = 100 GPa, and Poisson's ratio 0.2ν =  (silicon), the coefficients of adhesion and friction are set 
to zero, μ  = 1·10–3 Pa·s (water), B=1.  

The dependence of join deformation of the 1st and 2nd particles 2 1d x xh
d d

⎛ ⎞− −
=⎜ ⎟

⎝ ⎠

G G
 on time is 

shown at Fig. 3а. Every subsequent particles fall on the column with a period T≈0.075 s. Every time 
when the next particle touch the column the oscillations occurs due to the convertation of kinetic ener-
gy to the potential elastic energy.  

There is the detailed picture of the deformation in contact of 1st and 2nd particle occurred as a result 
of the fall of 3rd particle on column of the first two particles at Fig. 3b. highlighted by the dotted line.  

The relative position of two particles is characterized by fluctuations, which decay due to the 
viscosity of the medium among the particles (Fig. 3b). Without viscosity (μ = 0) particle bounces after 
the fall and the height of the rebound remains constant, i.e. total energy is conserved, and the computa-
tion scheme hasn’t numerical viscosity. Minor oscillations in the system of 10 particles remain in time 
from t = 0.71 s and up to the end of the simulation; probably these variations are due to numerical er-
rors which is also noted in [Siiriae, Jouko, 2007].  
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(b) 

Fig. 3. The dependence of join deformation of the 1st and 2nd particles on time (a) and the detailed picture of the 
deformation occurred as a result of the fall of 3rd particle (b) 
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The weight effecting on the 1st particle from the overlaying 9 particles can be defined analytical-
ly: 79 1.15 10F mg H−= ≈ ⋅ . This weight leads to the relative join deformation of 1st and 2nd particles 
due to the solution of the Hertz problem: 7/ 3.0 10h d −≈ ⋅ . This magnitude is in good agreements with 
the computed one (Fig. 3а). 

Priori underestimate of the characteristic time of interaction of particles is based on the fact that 
the average velocity of the particle in the interaction is less than the velocity of the particle before the 
interaction, which can be token as steady-speed particle according to Stokes (7): 22 / 9v r gρ μ= Δ . 
According to the energy conservation law if the kinetic energy of the particle is completely converted 

into elastic energy it is possible to determine the maximum deformation 
13 6 4 4 2
5 5 5 5 5

max 5h r g Kρ μ≈ Δ . 

Then the characteristic time of interaction between the particles is 3 25
max*t h v r K gρμ= ≈ Δ . This is 

7* 3 10t −≈ ⋅  s for above-mentioned physical parameters. 
It is clear that in order to correctly calculation the time step must be chosen much shorter than 

the characteristic period of elastic vibrations (in the example in Fig. 4b about 10–5 s). In all the calcula-
tions, this step is automatically selected during the computation from the condition (derived from the 

same considerations that *t ): 
2 2

5
2

max

25
9tt k r

K v
π ρΔ

Δ = , where maxv  – the maximum velocity of all par-

ticles, tk  – dimensionless coefficient of the calculation scheme ( 0 1tk< < ). 
It is known that the stress wave is spreading at a speed of sound in the medium so for accurately 

describing the propagation of stress waves and displacement a step of time integration must be defined 
from the condition than the shift of the stress wave is not more than one diameter of the smallest par-
ticles from the existing set. Otherwise, the velocity of wave propagation in the model will be lower 
than the physical speed of sound in the solid matter. 

As shown above the simulation includes a wide time scales range of the processes: from the mi-
cro-level interaction between individual particles (about 10–6 s) up to the macro-level effects of shrin-
kage and creep, which in practice can be occurring during days (about 105). This wide range of time 
scales (11 orders) makes a big contribution to the simulation complexity. 

With a rough estimate, given that the current cluster supercomputer has a performance of sever-
al tens of teraflops (operations per second), in real time can be proceeded a system of about 1000 par-
ticles. Proceeding of a system of 105 particles at time scale 1 s needs about 3 hours of computer time. 

4. Results of simulations 

Sedimentation in nature and technology often leads to the formation of sediment (silt in water 
reservoirs, precipitation in wastewater treatment plants, etc.). The structure of the sediment is deter-
mined by the deposition process, the composition of the dispersed phase and shrinkage characteristics 
of sediments after the proper sedimentation of particles of  the suspension finishes. 

Modeling the formation and dynamics of sediment was carried out herewith on the basis of the 
DEM. The Stated below results were obtained with the following values of physical constants: 2000 
particles with a radius of 0.05 mm, the width of the container 1 mm, initial height of layer 10 mm, the 
initial volume concentration of the suspension C = 0.1, Young's modulus E = 100 GPa, and Poisson's 
ratio 0.2ν = , kfr = 0.1, Kad = 0.1 N / mm, ρ  = 2500 kg/m3, μ = 1 · 10–3 · Pa s, B = 0.9. 

Sedimentation of bidisperse suspension  

At Fig. 4 the chronogram of the particle sedimentation are presented at moments 0, 0.5, 4, 8 s. 
At the initial time the concentration of particles is approximately uniform by height; since half 

a second of the particle deposition process a small sediment layer has formed (in frame of the numeri-
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cal simulation we will call "sediment layer" a system of particles which have many contacts between 
each other – the number of contacts for each particle is greater than 5). At time 4 s, the deposition 
process is completed; it’s visually noticeable that the upper layer is less dense than the lower, which 
was compressed by overlying particles. Then a layer continues to slowly sit down 4 s more. 

    

(a) t = 0 s; (b) t = 0.5 s; (c) t = 4 s; (d) t = 8 s 

Fig.4 The chronogram of the particle sedimentation at moments 0, 0.5, 4 and 8 s 

 
(а) simulation; 1 – Kad=1, 2 – Kad=0.5, 

3 – Kad=0.1, 4 – Kad=0.01 

 
(b) experiment [Dueck, Purevjav, Kilimnik, 2004]; 

concentration MgCl2: 
1 – 10–1 mol/l, 2 – 10–2 mol/l, 
3 – 10–3 mol/l, 4 – 10–4 mol/l. 

Fig. 5. The dependence of dimensionless height of sediment layer on the dimensionless time for different magni-
tudes of the adhesion forces between particles 

Fig. 5a shows the results of modeling the growth dynamics of sediment over time, as in Fig. 5b – 
the corresponding results of the laboratory experiment [Dueck, Purevjav, Kilimnik, 2004]. Layer 
height is measured in fractions of the initial height of the suspension; dimensionless time is time di-
vided by deposition time of a single particle according Stokes: 2

0 09 / 2t L r gμ ρ= Δ . 
In the experiments, the level of adhesive force varies due to changes in the MgCl2 solution. Ac-

cording to [Dueck, Purevjav, Kilimnik, 2004] change in the concentration of MgCl2 10–4 mol/l to 10–1 
mol/l varies the adhesive force of nearly 100 times. It can be seen that there is a qualitatively similarity 
of results in experiments and calculations. Quantitative agreement with experimental results cannot be 
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achieved due to the fact that there are a few orders more particles with much less size in the experi-
ment than in the calculation.  

A layer of contacting particles with porous unstable structures is forming during the relatively 
rapid sedimentation. This instability is the stronger the higher Kad. 

The phase of shrinking followed after sedimentation occurs due to the slow movement (friction 
force inhibits  this movements) of searching stable positions particles. 

The obtained in the simulations dependence of the minimum porosity attained at t�  t0 on the 
adhesion coefficient obeys the equation: 0.53

0 ad0.21 Kϕ ϕ− ≈ ⋅ , where 0 0.4ϕ = ; and the dependence of 

( )01 ϕ ϕ−  on 1/Kad is linear function: 
( )0 ad

1 10.77 3.35
Kϕ ϕ

≈ −
−

. The linearity of ( )01 ϕ ϕ− on 1/Kad 

is followed from the theoretical consideration and proved by the experiments [Dueck, Purevjav, Ki-
limnik, 2004]. 

Case of bidisperse suspension 

In the following calculations, all particles have one of the two sizes r1  = 0.0025 mm, r2  = 0.05 
mm, thus r1/r2 = 2. Initial height of suspension – 10 mm, the initial volume concentration of fine and 
coarse particles are equal and is С1=С2=2.5 %, and the distribution of fine and coarse particles at the 
initial time is taken uniform throughout the volume. Other parameters remain the same. 

 
0 s   2 s  40 s 

(a) 

 
0 s  1.7 s  8.7 s 

(b) 

Fig. 6 The state of sedimentation process at different times: (a) Kad = 0 N/mm, (b) Kad = 0.1 N/mm 

In Fig. 6 the state of the process of sedimentation at different times is visualized for cases 
Kad = 0 N / m and Kad  = 0.1 N / mm. 

It is evident that in the case Kad  = 0.1 N / mm initially homogenous suspension in the process of 
sedimentation becomes significantly heterogeneous – the particles form flakes. Similar effects have 
been observed in experiments [Hogg, 2000; Obiakor, 1969]. Noteworthy that there isn’t the coagula-
tion in the suspension in the case if the particles have the same size that can be seen from Fig. 4. 

The formation of flakes, as shown in Fig. 6b, can be explained as follows. Large particles ac-
cording the Stokes' law are moving faster than small ones, "sweeping" them on their way. And be-
cause there is the adhesive force between the particles, the small particles stick to big ones, and they 
continue to move as a whole collecting along the way more and more small particles. In the case of 
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a monodisperse suspension of the effect of flakes formation will not be presented due to the fact that 
all particles move at the same velocity until the touch the lower boundary of the computational domain 
or the layer of already deposited particles. 

Fig. 7 shows the concentration distribution by height of fine and coarse fractions at a time when 
all the particles have settled. 

There is only a slight separation of the layer by sediment fractions in case of Kad  = 0.1 N / mm, 
probably, due to the fact that at some point of time the small and large particles have formed flakes 
and moved as an unit with the same speed. If Kad  = 0 N / mm there is a significant separation of frac-
tions along the height layers: large particles are in the bottom, small ones in the top part. These results 
agree qualitatively with the experimental data [Purevjav, 2006]. 

(a) (b) 

Fig.7. The concentration distribution by height of fine and coarse fractions at a time when all the particles have 
settled: (a) Kad  = 0 N / mm, (b) Kad  = 0.1 N / mm 

There are significant stochastic fluctuations of curves in this and subsequent figures due to ran-
dom initial conditions of the system and a small amount of particles because each calculation is carried 
out on a computer long enough time (several days), and as a consequence, there is no opportunity to 
carry out and averaging the data obtained from a few realizations of the numerical experiment with 
different initial conditions. 

Case of polidisperse suspension 

Sedimentation of polydisperse suspension demonstrates the same characteristics as mono- and 
bidisperse cases: sedimentation is accompanied by formation of a layer and its subsequent shrinkage. 
Segregation of the particle by size and formation of flakes in suspension are observed in the layer if 
there is adhesion. Therefore, the presentation of the results here will be limited to an illustration of the 
nature of particle motion in a layer at the stage of shrinkage. 

The mechanism of shrinkage of the layer at the micro level is illustrated in Fig. 8, which shows 
the visualization of the shrinkage of polydisperse layer of particles at different times. At some moment 
since the beginning of shrinkage four particles are highlighted and their subsequent trajectories are 
tracked over time. 

 
 1 2 3 4 

Fig. 8. Position of the particles in moments: 1 – t/t0=1; 2 – t/t0=1.5; 3 – t/t0=2; 4 – t/t0=2.5 
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The figure shows that over time both absolute and relative positions of the particles changes, 
and the layer shrinkage occurs due to these micromotions. It is seen that during this period of time, 
each of the selected particles moved (not necessarily in a downward direction) at a distance of about 
one particle size. In general, during the reporting period the porosity of the layer decreased by 
about 10%. Noticeably there is predominance of small particles at the bottom of the container. 

Consolidation of the filtration layer 

Compaction the filtration layer in practice is a necessary stage in the general process of filtering. 
This is done purposefully to dehydrate the dispersed material and often compaction is a process that 
determines the quality of the product (e. g., paper). During compaction (consolidation) of the layer by 
external device (piston, rolls) the significant pressure acts on the particle forcing the particles to move 
relative to each other. The water from the pore space is squeezed out, and the particles form a dense 
packing. 

To simulate the process of compression the additional six pseudoparticles is used (additional 
boundary condition), which locates on top of the computational domain and presses on the underlying 
particle with a certain pressure. The initial position of the particle is set equal to b6 b0t

r H
=
= +x , 

where H – initial height of the piston. 
The pressure drop is calculated as the difference between the defined pressure of piston, the 

pressure at the filter output and pressure, which the particles of layer are provided on the piston: 
press 0 partP P P PΔ = − −  ,where pressP   – constant pressure of the press, 0P  – the pressure at the filter out-

put, which is assumed to be zero: 0 0P =  Pa. The pressure of the particles on the piston is given by: 
p

part p press
1

/
N

j
j

P f S
=

=∑ , where pN   – the number of particles, which are in contact with the piston, pjf  – 

the force of elastically interaction of particles with the piston, pressS  – piston area. 
The initial condition for the piston velocity in case of movement with constant pressure is de-

fined from the Darcy’s law [Nigmatulin, 1978]: l D
L

Pv k
hμ
Δ

= , where lv  – velocity of liquid and there-

fore the velocity of the piston, PΔ – pressure drop on the layer Lh  (the height of the layer in that case), 
μ – liquid viscosity, Dk – Darcy permeability coefficient, which for the bulk layer of particles of ra-

dius r  and porosity of the layer ϕ  is determined according to Kozeny–Carman:
 

2 3

D 2 .
37.5 (1 )

rk ϕ
ϕ

=
⋅ −

 

Since the filtration of fluid takes place not only through the layer of particles, but also through 
the filter material located on the lower boundary of the computational domain, then the effective per-

meability coefficient for such a system can be written as: filterL L

ef D filter

hh h
k k k

= + , where filterk  – coefficient of 

filtration referring to the bottom of the filter. Then Darcy's law can be written as 
D filter

l
filter filterL D

k k Pv
h k h k μ

Δ
=

+
. 

For the calculations we used the following parameters: 2000 particles with a radius of 0.05 mm, 
the width of the container 1 mm, initial height of layer 10 mm, the initial volume concentration of sus-
pension C = 0.1, Young's modulus E = 100 GPa, and Poisson's ratio 0.2ν = , kfr  = 0.1, Kad  = 0.1 N / 
mm, ρ  = 2500 kg/m3, μ  = 1 · 10–3 · Pa s, B = 0.9, the pressure piston Ppress = 1 MPa. 

Fig. 9 shows the visualization of the layer compression by piston. The dynamics of the piston and 
the dependence of the particle-fluid pressure on the piston are shown in Fig. 10. It is seen that at 
time 3.5 s, the piston has touched sediment layer, what is reflected in the fact that the amount of the 
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contact particles with the piston increases quickly. After that the backpressure of the particles on the 
piston increases during the compression layer. 

(a) t=0 s; (b) t=3.5 s; (c) t=4 s; (d) t=8 s; 

Fig. 9. The chronogram of filtering process 
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Fig. 10. The dynamics of the piston and the dependence of the particle-fluid pressure on the piston 

Fig. 11 shows an example of the dependence of the layer density distribution (one numerical realiza-
tion) and the pressure of the layer on height at different times. As a layer pressure we suppose a ratio of the 
sum of all elastic forces acting on the particle by other particles to the surface area of the particle. 

 
(a) 

 
(b) 

Fig. 11. The distribution of the particle concentration through the layer (a) and pressure ob particles (b) by layer 
height in different time moments: 1 – t = 3 s, 2 – t = 5 s, 3 – t = 8 s 
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The figures show that at time 3 s, before the press began to effect on a layer, the corresponding 
parameters – the density and pressure – decreasing with increasing of height. After the filtering 
process both parameters were approximately monotonic, the average density of the layer increased by 
approximately 2 times in comparison with the uncompressed state. 

5. Discussions 

The proposed numerical model of sedimentation and filtering of the suspension includes the 
phenomenon of particles sedimentation, microinteraction of particles, the formation of mesostructures 
(pores, arches, etc.), shrinkage and compaction of sediment layer, flocculation. 

Formulated mathematical model based on the discrete elements method, which solved the dy-
namic problem of motion of individual particles in a collective. 

Within the scope of implementation of the model one must take into account the fact that only 
limited number of particles (about 103) can be involved in the simulation and only small computational 
domain of a few millimeters can be processed. Length of the edge considered here container exceeds 
only about 10–20 times of the particles size. It is known that the influence of near-wall effects on the 
structure of packing propagate for approximately 2–4 particle size [Dueck, Dyachenko, Minkov, 2006; 
Neesse, Dueck, Djatchenko, 2009]. This thickness of simulated domain can be minimized by formu-
lating the absence of friction on the wall, such a computational domain is to be considered as repre-
sentative volume of the whole simulating region. 

DEM today cannot replace the simulation of sedimentation and filtration by methods of conti-
nuum mechanics [Zhuzhikov, 1971; Wakeman, Tarleton, 1999; Nigmatulin, 1978], but it may provide 
some details of these processes, especially those who are directly dependent on interaction between 
the particles through the surface physical and chemical phenomena and friction. Some of these phe-
nomena, such as shrinkage, formation of aggregates (flakes), etc have been simulated and shown 
above. In addition, this approach allows one to visualize these processes and provides data that are 
difficult to obtain from experiments, for example, the pressure distribution in a sediment layer or fil-
tration layer. 

Among the obvious disadvantages it should be noted extremely high requirements of the model 
for computing resources: even modern cluster computers cannot process number of particles that are 
present in real physical units; in addition, high resource consumption limits the possibility of parame-
tric studies in a wide range of parameters. 

6. Conclusions 

Possibilities of the discrete elements are illustrated; its limits and conditions of use are shown. 
It is shown that, in agreements with the experiments, the formation of the layers during the de-

position depends on the surface (adhesion) forces and the size distribution of the suspension. It’s illu-
strated that if the adhesion is strong enough the shrinkage of the layer occurs after the sedimentation 
leading to a nonmonotonic dynamics of its height. At low adhesion the height of the forming layer 
tends to its end value monotonically. 

It’s noted that there is the phenomenon of flakes formation in settling nonmonodisperse suspen-
sion if there exists adhesion. It is shown that the adhesion prevents segregation in the layer of the par-
ticle by size. The character of movement of particles, leading to the formation of stable packages is 
shown on an example of the simulation of polidisperse particles shrinkage. 

The slowing down movements of the piston under resistance from the particles and the forma-
tion of a density homogeneous (except for the top region) layer is illustrated by the simulation of com-
pression of the filtration layer. 
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Legends 

А – Hamaker’s constant, а – acceleration, J; B – energy restitution coefficient; C  – average vo-
lume concentration; c∞  – ions concentration in liquid away from particle surface; d – diamets of par-
ticle, m; e – electron charge, Cl; E – Young's modulus, Pa; f  – elastic interaction force between two 
particles, N; f – magnitude of interaction force, N; F  – resulting force acting on the particle, N; adF  – 
adhesion force between two particle in contact, N; frF  – generalized rolling and sliding friction force, 
N; stF  – resistance force according Stocks, N; atF  – attractive component of adhesion force due to Van 
der Waals force, N; rF  – repulsive component of adhesion force according  Gouy–Chapman theory, 

N; movF  – moving force, i.e. the result of all force except the friction force in the current contact, N; 

frMaxF  – maximum possible friction force, N; g  – gravity acceleration, m/s2; h – penetration depth of 
particles, m; H – initial height of the piston, m; 0H  – distance between the surfaces of interacting par-
ticles (usually the intermolecular distance), m; Lh – particle layer height, m; k – Boltzmann’s constant, 
J/K; K  – effective Young’s modulus, Pa; Kad – adhesion coefficient, N/m; Dk – Darcy permeability 
coefficient, m2; efk – effective Darcy permeability coefficient, m2; fk – coefficient of filtration refer-
ring to the bottom of the filter, m2; frk – effective friction coefficient; tk  – coefficient in calculation 
scheme; L0 – initial height of suspension, m; m  – particle mass, kg; N  – number of contact of par-
ticle; P – pressure, Pa; 0P  – the pressure at the filter output, Pa; partP  – pressure of the particles on the 
piston, Pa; PΔ – pressure drop on the layer, Pa; r  – particle radius, m; R  – effective radius of two 
particles, m; random  – a real random number between 0 and 1 with uniform distribution low; t – time, 
s; *t  – characteristic time of interaction between the particles, s; T – temperature, K; v  – vector ve-
locity, m/s; pv – velocity of the particle, m/s; lv – liquid velosity, m/s; ijv  – velocity of the particle i 
relate to particle j, m/s; W – particle energy, J; W0 – initial particle energy, J; x – particle center posi-
tion, m; z – valence of ions in medium; ε  – permittivity of the medium; 0ε  – the electric constant, 
F·m–1; ρΔ  – the difference between density of matter of particles and interparticle medium, 
kg/m3; tΔ  – integration step is computational scheme for the time, s; ϕ – average volume porosity of 
particle layer; 0ψ – the surface potential of particles, J; μ – liquid viscosity, Pa·s; ρ – particle matter 
density, kg/m3; ν  – Poisson’s ratio of particle material, κ – reciprocal Debye length, 1/m. Indexes: 
b – boundary; press – piston, max – maximal. 
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